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1 Introduction to PDEs

Definition 1.1. (General Form of a PDE) The general form of a PDE is given by:

F(D*u,D*tu,...,Du,u,z) =0€ U (1)

such that z € U open subset of R, k,n € N, I : R xR™ ' x ... xR*xRxU — R is given, and
u : U — R is the unknown function.

Definition 1.2. (u is a Solution) We say that u is a solution (or classical solution or strong solution) of
(1) if all derivatives in (1) exist and are continuous and (1) is satisfied at every point € U.

Remark 1.1. For time evolution PDEs, we consider U = R"™ x I — R where U is an open subset of R"
and [ is an open interval in R.

Example 1.1.
1. Heat Equation: u; — Au=0in U = R" x [.
Wave Equation: uy — Au=0in U =R" x I.
Schrodinger Equation: iu; + Au=01in U = R" x [.
Navier-Stokes Equation: p(u; +u-Vu) = =Vp+ pAu+ fin U =R" x [.
Laplace Equation: Au =0 in U = R™.

Poisson Equation: —Au = f in U = R™.

N vk W

Transport Equation: u; +V - (bu) =0in U = R" x I.
Definition 1.3. (PDE Classifications)
1. The order of a PDE is the highest order of the derivatives in the PDE.

2. Linear PDEs are of the form Y aq(2)D®u = f(z), where an, f : U — R are given and o =
|a|Ck
(a1, ...,ay) is a multi-index of length |a| = a3 + ... + ay

(i) That is: D@0Vy =92 9,,u,((2,0,1)| = 3

3. Semi-linear PDEs are of the form 3. an(z)D®u = f(D*u, ..., Du,u,z).
|a|=k

4. Quasi-linear PDEs are of the form > ao(D* 1u,..., Du,u,:c)D(O‘)u = f(D*tu,..., Du,u,zx).
|a|=k

5. Fully non-linear PDEs are any PDE that is not quasi-linear, semi-linear, or linear.
Definition 1.4. (Boundary Value Problems (BVP))
1. Dirichlet BVP: uw = g on OU.

2. Neumann BVP: 0,u = g on OU.
3. Robin BVP: au + f0,u = g on oU.
Definition 1.5. (Initial Value Problems (IVP))
1. Cauchy Problem: u(z,0) = g(z).
2. Initial Boundary Value Problem: u(z,0) = g(z) and v = g on 9U.

Definition 1.6. (Well-posed) We say that an IVP is well-posed if there exists a unique solutions and this
solution depends continuously on the initial data.



2 First Order PDEs

2.1 The Method of Characteristics

Definition 2.1. (Linear Method of Characteristics)
Set up: a first order linear PDE defined as

F(Du,u,z)=0€ U CR" (E)
such that F : (p,z,2) = F(p,z,z), F € C*(R" xR x U), u € C*(U)
We need some regularity to apply the method.
Assume D,f #0,let 2 : J CR — U be a C! curve such that 2/(s) = D, F(Du(z(s)), u(z(s)),z(s)) (x1)
We define z(s) = u(z(s)) and p(s) = Du(z(s))
By differentiating z(s) and p(s), with respect to s, we get:
2'(s) =< Du(z(s),2'(s)) > (%)
and
P (s) = D*ula(s))2'(s)  (x3)
By differentiating (E) with respect to = we get:
Dy F(Du(x),u(x), ) D*u(z) + 9o F(Du(z),u(z), z) + Dy F(Du(z), u(z), ) =
At z(s), by using (*1), (x2), (x3) we have:
2'(s)D?u(x(s)) + 82 F (p(s), 2(s), 2(5))p(s) + DaF (p(s), 2(s), 2(s)) = 0
We now obtain the system of characteristics:
a'(s) = DpF(p(s), 2(s), x(s))
(s) =< p(s), DpF(p(s), 2(s), x(s)) > (2)
P'(s) = —02F (p(s), 2(s), 2(s)) — Do F(p(s), 2(s), z(s))

Remark 2.1. In order to have existence and uniqueness, we require that it is Lipschitz continuous, and
we get well-posedness with initial conditions.

Remark 2.2. When F € C?(U) standard ODE results give local well-posedness with respect to any
initial data.

Definition 2.2. (Quasilinear Method of Characteristics) Set up: < b(u,z), Du >= f(u,x) € U for some
bf e CYR x U)

F(p,z,x) =<b(z,x),p > —f(2,)

D,F(p, z,x) = b(z,x) hence the first two equations give:

{x'<s> = b(z(s), 2(5)) -
#(5) =< p(s), b(a(5), 2(5)) >= f(=(5), (s))

In this case, we don’t need the third ODE equation. We can also assume that u € C(U) instead of
C*(U).

Example 2.1. < z, Du >= 0 in R"\{0}

2(s) ==z x(s) = zpe’
' =
Z'(s) =<p,x>=0 z(s) = 2o
Hence u(zpe®) = 2.

That is, u is constant along s — zge® Vzg € R™\{0}



Definition 2.3. (Linear Time-Evolution Method of Characteristics)

Set up: F(Du,du,u,z,t) =0€ U x I

In this case, replace z(s) by (x(s),t(s)) and define z(s) = wu(x(s),t(s)), pz(s) =
pi(s) = dpu(x(s), t(s))

Then the characterstic system is:

V)
S~—

~
—

V)
S~—
S~—

(2/(5) = Dp, F(pu(s), e(s), 2(5), z(
t'(s) = O, F(pa(s), pe(s), 2(5), 2(s), 1(s))
"(8) =< Dp, F(pz(s), pi(s) ot

Pi(8) = —0:F(pa(s), pi(s), 2(s), (5), (5))px (8) D F(px(S),pt(S),Z 5

pi(s) = —0:F(pz(s), pi(s

Definition 2.4. (Quasilinear Time-Evolution Method of Characteristics)

Set up: a(u,z,t)Ou+ < b(u,x,t), Du >= f(u,z,t) € U x I
We have:

N

Example 2.2. du+ < b(z,t),Du>=0€U x [

7 =b(z,t) x = b(z(s),s + to)
=1 —= {t=ty+s
Z=0 z =2z

There are two cases we can consider:

1. Case 1: b is a constant
x(s) = bs + xp, hence u(bs + xg,ty) = 29

That is, u is constant along s +— (bs + zg,s +tg) V(xo,to)

2. Case 2: b(z,t) ==z
x(s) = xpe®, hence u(zpe’, s+ ty) = 2o

That is, u is constant along s — (xzpe®, s +tg) V(xo,to) which is exponential.
Example 2.3. (Fully Nonlinear; Hamilton-Jacobi)
1 2 n
Oru + §|Du\ = f(z) € R" x (0,00)

We have: F(py,pt, z,z,t) = pt + %\px|2 — f(z)

(' = py
=1
2=t < Paspe >=pi+ pal® = (@) + %|px|2
= Df(x)
Py =0




2.2 Boundary Conditions

Set up:
F(Du,u,z) =0, in U
u=g, on ' C OU

2.2.1 Case of a Flat Boundary

Set up: TCR*" 1 x0,g€C? FeC?’(R"xRx (UUT)), u € C*(U xT)

In the classical sense that all partial derivatives of F'(p, z,-) and u exist, and are continuous at all points
in UUT.

Let (p, z,x) be a solution of the characteristics equations such that x crosses I" at s = 0.

We define: 29 = x(0), 20 = 2(0) = g(z(0)),po = (po,1,---,Pon) = p(0)
Differentiating v = g in tangent directions to I':

po,i = 0zig(xo) Vie{l,...,n—1}

Moreover, (po, o, z0) satisfy the PDE F'(pg, zo,20) =0
Combining these facts, we obtain the compatibility conditions:

20 = g(x0)
po; = 0xig(xo) Vie{l,...,n—1} (7)
F(po, z0,70) =0

We need the derivative with respect to p, be non-zero as we don’t want the characteristics to be
tangential to the boundary. To find pg, in terms of pg1,...,P0,n—1,20, %0 it usually suffices to use the
PDE F(po, 20, 7o) = 0.

Definition 2.5. (Non-characteristic condition) This is guaranteed by the implicit function theorem pro-
vided that:

IpnF (po, 20, x0) # 0, s+ x(s)
2.2.2 Case of time-evolution equations
F(Du, 0w, u,z,t) =0, inU x (0,7T)
u(-,0) = ug, wug <€ C?*(U)
In this case, we define (0) = x¢, 2(0) = 20, p2(0) = po k, P:(0) = pPo
Definition 2.6. (Compatibility conditions)
zZ0 — ’U,()(.%'())

Pox = DUO(-Z'O)
F(Pyz,po,t, 20,70, t0 =0) =0

Definition 2.7. (Non-characteristic condition)
aPtF(pO,xvpo,ta 20,0, 0) # 0

Example 2.4. (Transport Equation)

Out+ < b(z,t),Du>=0 in R" x (0,00)
u(-,0) =up onR"



We have: F(pg,pt, 2,2, t) = pe+ < b(z,t), py >
Compatibility condition:

20 = uo (o)
P,z = Dug(xo)
pot = — < b(x,0),pz0 >= — < b(x0,0), Dug(xg) >

Non-characteristic condition:

Op. F (p0,2> 10,15 20, £0,0) =1 # 0

Case 1: b is constant In this case we obtain u(bs + zg,s + t9) = z9. Here to = 0. By using the
compatibility conditions, we then obtain u(bs + xg, s) = ug(xo) and so:

T =bs+ xg xo=x— bt
-
t=s s=t

Hence, u(x,t) = ug(z — bt)

Case 2: b(z,t) ==
In this case we obtain u(zge®, s + tg) = z9. Again to = 0. By using the compatibility conditions, we then
obtain u(xge®, s) = up(xo) and so:

Hence u(z,t) = ug(ze™)

Example 2.5. (Hamilton-Jacobi)

du+ 3[Dul>* =0 inR" x (0, 00)
{u(~,0) =<V, > onR"”
We have: F(pg,pt,z,2,t) = pr + %‘px|2
Compatibility conditions:
zo =< Vo, 9 >
Poe = Vo
pot = —3lpoal? = —1Vo|?

Non-characteristic condition:
8ptF(p0,xvp0,ta 20,0, 0) =1 7é 0
Characteristic equations:

z(s) = Vos + xg
t(s

S :px,O—‘/O

(s) (s)
(s) (s)
(s) = 5pa(s o= { #s)= |Vo|28+20 *\Vo\Qer < Vo, w0 >
(s) P (s)
(s) (s)

pe(s
\



Hence we have that u(Vy, s + g, s) = %|Vo|2+ < Vb, 2o > And so:

{x:Vos—i-:Uo {xozx—Vgt
—

s=t t=s

Which gives u(z,t) = 1|Vo|*t+ < Vo, z — Vot >

2.2.3 Case of a non-flat boundary

Definition 2.8. (C*) For each k € N, we say that an open subset I' of 9U is CF if for each zp € T, 3r > 0
and a Ck-diffeomorphism by ¢, : B(z0,7) — ¢z, (B(70,7)) C R", such that CF is bijective with a C*
inverse, and we have that ¢, (U N B(zo,7)) = ¢z, (U) "R x (0, 00)

Here we interpret the diffeomorphism as straightening the boundary. The new coordinates given by
¢z, are called straightening coordinates.

Definition 2.9. (i) We say that a function g : I' — R is of class C* and denote g € C*(T) if " is C*
and for every zo € I, there exist straightening coordinates ¢4, : B(zo,7) — ¢z,(B(x0,I)) such that
g0 bz € C*(¢ay(B(wo, r) MR x {0})) in the classical sense. This is independent of choice of ¢y, .

(ii) We say that f € C*(U) if f € C¥(U) and for every j € {0,...,k}, D?f is uniformly continuous in
U (which implies that D7 f can be extended as a continuous function on U).

Remark 2.3. (i) f € C¥(U) is defined even if U is not C*
(ii) When OU is C* then f € CF(U) «= f € C¥(U) and for each z¢ € OU, there exist straightening
coordinates ¢z, at zo such that f o ¢ 1 € C¥(¢qy(B(wo,7)) "R x (0,00)) in the classical sense
Definition 2.10. (Local parametrization of I' near o) ¢z, = ¢, and yo = ¢z, (yo) so that 1z, (yo) = o
and wIO|Rn—1X{0}

Definition 2.11. (Tangent Space) We denote T}, OU = span(0y1¥z, (Y1), - - -, Oy, _1 ¥, (y1)) as the tangent
space of JU at xg.

Definition 2.12. (Outward normal vector) The outward normal vector to OU at g is v(zg) which is a
unique outward pointing vector such that |v(xg)| = 1 and < v(zg), Oy, ¥z, (Yo) >= 0Vi € [1,n — 1]

Some formulas you can use to find the outer normal vector:

. —8 T /\61 x
(i) Case (n=3): v(zo) = TrarmyUsi gl

(i) Case (n=2): v(xg) = % when Y194, (yo) = (v1,v2)
1 2

Tangent Spaces and Outward Normal Vectors Given a Parametrization Examples:

Example 2.6. U = {(z,t) € (0,00)?: ¢t > 1/z}
I'={(x,1/x) : 2 € (0,00)}
$(@) = (5,1/2)
T(z,t)0U = span(1, ;—21) = span(1, —t?)
v(z,t) = (22,1
’ Vitth
Example 2.7. U = {(z,y,t) € R? x (0,00) : t < /22 + y?}
T ={(z,y,Va? +y?) : (z,y) € R*\{(0,0)}}
b(x,y) = (2,5, vV +y?)

T(x’yvt)aU = Span{(lv 07 \/ﬁ)’ (O, 17

\/ﬁ)} = Span{(LOa %)7 (0’ 1’ %)}
_ (1,0,z/t)A(0,1,x/t) (—z/t,—y/t,1) _ (—z/t,—y/t,1)

)
v(z,y,t) = [(1,0,2/OANOLz/O] "\ [(—y/t)2+(—a/t)2+(1)? V2




F(D =0, inU — _
BVP: { (Duw,w) =0, U oy R x T, g € C2(I), u € C2(D)
u=g, onI
Definition 2.13. (Compatibility Conditions)
20 = g(z0)
Ayi(u o Yay)(Y0) =< Pos OYithuo (Y0) >= Oyi(g 0 Yay)(y0) Vi€ {Ll,....,n—1}
F(po, 20, 20) = 0
Definition 2.14. (Non-characteristic condition)
< Dy F(po, 20, 70),v(x0) ># 0

Example 2.8. (Hamilton-Jacobi)

du+ 3|Dul? =0, in U = {(z,y,t) € R? x (0,00),t < /22 + y2} F(p. pyope .4, 2.1)
T s Pty Ly Yy <y =
u(z,y, /a2 +y?) = h(z,y) on T = {(z,y, Va? + y?) = (z,y) € R?\{(0,0)}} Y

pe+ 5(P2 +p2)

Compeatibility conditions:

2o = h(zo,yo)
Pz0 + ;%‘)erg = Jzh(z0,y0)

Yo _
DPy,0 + \/@%TZ/S - ayh($0, yO)
pro+ 5(Pao +Ph0) =0
Non-characteristic condition: < (pg,0,Py,0,1), (%) > 0 as desired.
Case h-0:

z0=20 zp =0
xr
Pz.0 —@pt 0 p:c,O _7pt,0
b to 9
Yo —
Pyo = — g 7 \pyo= T3, P10 < (P20, Py0,P10) = (0,0,0)
b to b 0
1 1 2%+ 42
peo+ 5(PLo +Pyo) =0 pro=—5(=5 " )pro
0

Theorem 2.1. (Local Existence and Uniqueness Theorem) Assume that I' is a C? open subset of AU,
FeC*R"xRxU), ge C*I), and (po, 20, 70) € R™ x R x I satisfy both the compatibility conditions
and the non-characteristic condition. Then there exists a neighborhood W of ¢y in U U T and a unique
F(Du,u,z) =0, in W

such that u(xg) = 20 and Du(zg) =
u=g, on WNT (z0) 0 (z0) = po

solution u € C%(W) of {

Proof. omitted... O
Remark 2.4. (i) Counter examples to global existence are in A1Q2
(ii) Counter example when the non-characteristic condition isn’t satisfied is in A1Q3

(iii) In the quasilinear case, < b(u,z), Du >= f(u, ), the same result holds with T' € C1,b, f € C',g €
ClueCt

(iv) This method and theorem can be applied extended to higher order BVPs

(v) The method of characteristics can also be applied to some wave-type BVPs like in A1Q5



3 Linear Second Order PDEs: The Classical Theory

3.1 The Laplace Equation
For this equation, we assume n > 2 as the n = 1 case is an ODE.

Definition 3.1. (Harmonic)
Any solution v € C?(U) of Au = 0 is called harmonic (subharmonic if Au > 0 and superharmonic if
Au <0)

Case where u is irradially symmetric in R™\{0}:

u

(]

@(r) where r = |z| = i z? Vr e R"\{0}
\/ i=1

i
or;u = —1
r

2
2 _ LiNoapy Loy,
8xiu—(7)u —i—(;——T;)u
-1
Au=d"+"2— i =0

r

iW/(r)=Xe /T = Ml e R

. Nn(r)+p, n=2
’LL(?“) - 2—n
Ar +u, n>3

The only harmonic solutions on R"™ that are radially symmetric are the constants.

d
/ U = / / )dt  and / U = / U
(z,r) OB(z,r) dr B(z,r) OB(z,r)

Theorem 3.1. (Mean Value Formula)
Let B(z,r) ={yeR":|ly—z| <r}CU

Recall:

(i) Au >0 in U then u(x) < f@B(w »wand u(z) < fB(z U
(ii) Au<0in U then u(z) > JCBB () ¥ A0d u(z) > fB(I ry U

(ii)) Au=0in U then u(z) = fop, , u and u(z) = f5, . u

r"~1dS(z
Proof. Let ¢(r) = faB(x sy = change of variables (c.ov) = % faB u(x 4+ rz)dS(z)
: 8B(0,1)

i faB(m,r)<Du(2)72;z>7m LdS(z)
Now ¢/(r) = = ar faB(O 1) u(z +rz)dS(z) = invert c.o.v = e _ faB(x,r)Oﬂ/u

By the divergence theorem, it follows that: ¢'(r) fB Au > 0 if w is subharmonic.
On the other hand, ¢(r) =0, u(z). Indeed:

|o(r)—u(z)| = | u(y)dS(y)—u(z)] = | (u(y)—u(z))dS(y)| < sup [u(y)—u(z)] 1-0

OB(z,r) OB(z,r) OB(z,r) OB (z,r)

by the continuity of u. It follows that u(z) < ¢(r). Moreover,

/ u :/ (/ u)ds > / u(x)(/ 1)ds = u(x)/ / lds = u(:n)/ 1
B(z,r) 0 JOoB(z,s) 0 0B(z,s) 0 JIB(z,s) B(z,r)

That is, u(z) < fp(, ) u O



Theorem 3.2. (Maximum Principles)
Assume that U is bounded and u € C?(U) U C°(U) be subharmonic in U. Then:

(i) Weak maximum principle: maxu < max u
U
(ii) Strong maximum principle: if U is connected, then either u is constant or u < max in U.
U

Note that the strong maximum principle implies the weak maximum principle. In the superharmonic
case, we have the equivalent result but for the minimum.

Proof. It suffices to prove (ii) as (i) follows from (ii) by considering the connected components of U.
Define S = {z € U : u(xz) = maxu}. For each x € S, letting > 0 be small enough so that B(x,r) C U,
U

the Mean Value Formula gives:

max u < maxu = u(x) = ][ u = u = max u everywhere
B(z,r) U B(z,r) B(z,r)

Thus B(x,r) C S. This proves that S is open, it is also a closed set as it can be represented by the inverse
function of a singleton, namely S = u~!({maxu}).

Since U is connected it follows that S = () or S = U. Thus we have our desired result. O
Theorem 3.3. (Harnack’s Inequality)

Let V be an open, bounded, connected subset of U such that V' C U. Then there exists a constant C

depending only on U and V such that:

supu < Cinfu
v 14

for any non-negative harmonic function in U. In particular, Zu(y) < u(z) < Cu(y) for all points z,y € V.

Proof. We separate the proof into two cases, first the case with balls and then we generalize this.
Case V = B(zp,r) and B(z,4r) C U:

Observe that B(zg,r) C B(yo,3r) C B(zp,4r) C U.

Indeed, for all y € R™:

ly —x0| <r = |y —yol < |y — 20| + |T0 — 20| + |20 — 0| < 3r

ly —yo <3r = |y — 20| < |y —vol + [yo — 20| < 4r

The Mean Value Formula gives:

(o) / 1 = u(o)( /1_ / u < / u = u(yo) / 1:u(y0)(3r)"/1

B(zo,r) B(0,1) B(zo,r) B(yo,3r) B(yo,3r) B(0,1)

which gives u(zp) < 3"u(yo), our desired result.

General case:

Define ry = 1dist(V,0U) = 2 inf{|z —y| : 2 € V,y € U}

Since V' is closed and bounded, it is compact, so there exist a finite number Ny of balls B(z1,7v), ..., B(2n,,7v)

_ Ny
such that z1,...,2n, € V,and V C | B(zi,rv). Let iz, 4y, € {1,..., Nv} be such that xg € B(z, ,7v)
=1

1=
and yo € B(zi,,rv). Since V is connected, there exists paths v : [0,1] — V continuous such that
+(0) = 71y, and (1) = 2,

We then obtain the existence of a finite sequence (i;)i<j<ny in {1,..., Ny} such that N > Ny, i; =

10



N
ize, IN = dyo, Y([0,1]) € U B(zi;,rv) to ensure that any loops in the path are eliminated, and
=1

]_
B(zi;,rv) N B(Zi,,,mv) # 0.
Now for each j € {1,...,N — 1},

sup w<3" inf u<3" inf w<... <3V sup
B(Zij V) B(Zij V) B(Zij 77'V)OB(Zij+17TV) B(ZiN,Tv)

Since N < Ny. O

Definition 3.2. (Mollifiers)
We call mollifiers any family of functions (7¢)e>o in R™ defined as:

ne(w) = e (e (z)) Vo e R"
for some function n € C*°(R"™) such that:
(i) n=01in R™\B(0,1)
(ii) » > 0in B(0,1) and fB(O,l) n=1

Example 3.1. Take n(z) = {cexp(—llmz), 2l <1
0, lz| > 1
Remark 3.1. There are more general definitions of mollifiers in literature.
Theorem 3.4. (Regularity Theorem) Any harmonic function in U is smooth (C*) in U.
Proof. Let u be harmonic in U. Define
neru(@) = [ nde-putdy= [ nle - vty

B(z,e€)

for all z € Ue = {y € U : d(y,0U) > €}. Observe that n xu € C*°(U,). Indeed,

n

e x u(x + 2) — ne * u(x) —/ < Dne(z — y), 2 > u(y)dy|

= | Rn(ne(w +2—y) = ne(r —y)— < Dne(x — y), 2 > u(y)dy)|

< sw nletz—y)—nlr—y)— <Dnla—y)z>| / fu(y)|dy
yeB(e ) Blwtse) yEB(x,e)UB(z+2,€)
< ofl2]) / u
B(x,2¢)

11



This gives the first derivative, and the higher derivatives will follow by induction.
Now assuming that 7. is radially symmetric about the origin, we can write:

e x u(z) = /B e gy

- / ne(s)u(y)dS(y)ds
0 8B(z,s)

~ [0 [ uwaswis

0 0B(z,s)
= /nﬁ(s)u(w) dS(y)ds by the mean value theorem
0 0B(z,s)

Hence u = 1 x u is smooth in U.. Now, letting ¢ — 0 we obtain u € C*>°(U). O

Definition 3.3. (Fundamental Solution of Laplace’s Equation) The function ¢ : R"\{0} — R is defined

as:

Llog(i), n=2

_ ||
P(r) = { I,

n(n—2)a(n)’

where a(n) = [ B(0,1) | is the volume of the unit ball in R™. This function is the fundamental solution of
—A. ’

Theorem 3.5. (Green’s Representation Formula I)
Assume that U is bounded and U is C*. Then for every u € C?(U) and = € U,

ue) = [ (Gt —ud,0,) - [ 6.0

oUu
where ¢, = ¢(x —y)

Proof. Let € > 0 be small enough such that B(x,e) C U. Then apply the divergence theorem to:

/ (px0pu — udydy) = / div(¢zAu — uDo,)
OUUOB(x,e)

U\B(z,e€)

= / G Aut+ < Doy, Du > —ulAp— < Dy, Du >
U\B(z,e€)

~ [ oudu—ubs,
U\B(z,e€)

= / ¢zAu by the harmonicity of ¢,
U\B(z,e€)
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On 0B(z,€),
L In(e), n=2
be(y) = {2w€(52)

n(n—2)a(n)’ n

v

and

ﬁ, n =2
Dd2(y) = )1 S
n(n—2)a(n) n=

which gives

/ _ {eln(e) faB(m) oyu, n=2

5 al/ 9 Z 3
OB(x,e) n—2 fBB(:r,e) u n

/ quauu _ {610g<€) faB(w,ﬁ) 8Vu7 n=2 =0 (][ auu) —S0ase—0
OB(z,€) 52 faB(m,e) dyu, n=>3 OB(z,€)

n

| ayu|sf 0,u] < f Du| = |Du(x)
0B(z,¢€) 0B(z,¢€) OB(x€)

by continuity of u. Moreover,

/ bolu / b2 0u
U\B(z,e) U

Where we have that:

“log(1)d =2
/ ¢x:{f0 Og(’”) " " —0ase—0
B(z,e€)

—n£2 foe r2 e =ldr, n >3

and

Since

< max |Au| [
B(x,e) B(z,e€)

/ 6o Au
B(z,e)

Putting all of this together and letting ¢ — 0 we get our formula.

3.2 Poisson’s Equation

Definition 3.4. (Poisson’s Equation)
—Au=f inU

We define Poisson’s Equation by { for some functions f € C°(U) and g € C°(dU).

u=g, on QU

Theorem 3.6. (Poisson’s Formula in R™)

Given f € C2(R"™), which is the set of C? functions with compact support in R”. Then the function

u: R™ — R" defined by u(z) = [ ¢, f is a solution of Poisson’s Equation.
R

Proof. By change of variables we obtain u(x) = [p. ¢(z — y) f(y)dy = [gn ¢y)f(z —y)dy
By differentiating with respect to  we obtain that v € C?(R") and:

Viel,2 Diu= [ ¢(y)Dif(x—y)dy
Rn

Indeed, the same arguments for 7. x u from the previous regularity theorem still applies since f € C?(R™)
and f 4@ < oo for any compact set A C R™. This was verified for A = B(0,¢) in the proof of Greens

13



Formula I. In particular,
Au = A P(Y)Af(z —y)dy

o(z —y)f(y)dy
-

Pz A f
R
=—f(2)
The last equality holds by applying Green’s Representation Formula I in B(0, R) with R large enough so
that f = 0in R™\ B(0, R). This gives the desired result that —Au = f in R™. O

Definition 3.5. (Green’s Function)
Let D = {(z,x) : € U}. We define the Green’s Function of —A in U as any function G : U?\ D — R
defined by:

G(z,y) = d(z —y) —y(z —y) Y(z,y) €U\ D
where for each x € U, 1, = ¢(x,-) € C*(U) is a solution of:

Ay, =0, inU AG, =0, inU\{z}
so that
Yy = ¢, on U G,=0, ondU

Example 3.2. Let U = R""! x(0,00). Then G(x,y) = ¢(xr—y)—¢(i—y) where T = (z1,...,Tn_1, —Tp)-

Example 3.3. Let U = B(0, R). Then:

G(z,y) = bz —y) — ooz — 2y

{\fyeU A[q&(m — by = <‘x'>2A¢<|m| ~ By =0

Yy € U, :c—%'y|2 ||m|:1:|2 || y|? — 2<|?R‘ ‘x|y> R+ |22 —2< 2,y >=|v—y|?

Iz

Remark 3.2. The question of existence of Green’s functions in more general bounded domains (and
more general operators) will be addressed future chapters.

Theorem 3.7. (Green’s Representation Formula IT) Assume that U is bounded and U is C1. Let G be
a Green’s Function of —A in U. Then for every u € C?(U) and x € U,

u(x) = —/ gf)ny—/ GpAu
ou U

In particular, if u € C?(U) and it is a solution of Poisson’s Equation for some f € C°(U) and g € C°(9U)

then
ou U

Proof. The divergence theorem gives us:

[ 0w, = /U div(ths Du — uDiy) = /U e

14



By summing with the Green’s Representation Formula I, we obtain:

G0u —ud,G, = / Gz Au + u(zx)
N—— U
=—g0, Gy on OU

oUu
=0 on OU

u(z) = —/ g@VGI—/ G.Au
ou U

Thus we obtain:

O]

Remark 3.3. (i) The converse is not true in general.
Indeed, fU fG is not even C? in general. We can prove that it is C? when f is Holder’s continuous.

(ii) Incase U = B(0, R) and f = 0 we obtain Poisson’s formula for balls: u(x) = % faB(o,R) |xg£i/)|n dS(y)

Theorem 3.8. (Uniqueness of Poisson’s Equation) B
Assume that U is bounded. Then there exists at most one solution u € C?(U) N C°(U) of

—Au=f, inU
u =g, on QU

Proof. Assume there are two solutions uy and us. Let u = u; — ug, which solves —Au =0in U and u =0

on OU. By the weak maximum principle, it follows that maxu = minu = 0 in U. Hence v = 0 in U and
U U
U] = Us. ]

We will also provide an alternate proof based on the energy method.

Proof. (Energy Method)
We have that U is C! and v € C?(U). We then multiply Au = 0 by u and integrate by parts to obtain:

O:/ uAu = / u0,u —/ < Du, Du >:—/ | Dul?
U ou U U
—_——

=0 since u=0 on OU

Since |Dul? > 0 in u, it follows that Du = 0 in U. Thus u is constant and since u = 0 on U, it follows
that u =01in U. Ul

Remark 3.4. u — [, |Dul? is referred to as the energy of —A in U.
Properties 3.1. Assume that U is bounded and let G be a Green’s Function of —A in U. Then:
(i) Uniqueness: G is the unique Green’s Function
(ii) Positivity: V(z,y) € U2\ D,G(z,y) > 0. Moreover, if U is connected then G(z,y) > 0.
(iii) Symmetry: If OU is C? V(z,y) € U?\ D, then G(z,y) = G(y,z)

Proof. (i) Assume that there are two Green’s Functions G; and Gg. Define G = G1—G2 = ¢+1)1—d—1o
where G = ¢ + 11 and Go = ¢ + 9. Then G, € C?(U) solves —AG, =0 in U and G, = 0 on 9U.
Hence by the uniqueness theorem, G = 0 in U therefore G; = Gb.
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(ii) Let € > 0 be small enough so that B(z,e) C U. Since limy_,, G(y) = 0o, we obtain that G(y) > 0
on dB(z,¢) for small € > 0. On the other hand, G, = 0 on U, so by the maximum principle, it
gives that G, > 0 in U \ B(z,¢). And if U is connected, then either G, is constant on 0B(x,¢€)
or Gy > 01in U \ B(z,€). However, G, is not constant on d(U \ B(z,¢€)) since G, = 0 on 90U and
Gz > 0 on 0B(z,€), hence Gy > 0 in U \ B(z,€) when U is connected. Letting ¢ — 0, we obtain
that G, > 0in U \ {z} and if U is connected, then G, > 0 in U \ {z}.

(iii) Let € > 0 be small enough so that B(z,¢) C U and B(y,e) C U such that B(z,¢) N B(y,e) = 0.

Then by the divergence theorem, we obtain:

div(G.DGy — GyDG,) = (G0,Gy — Gy40,G)
U\(B(z,6)U(B(y;¢))) =G AGy—GyAG,=0  OU\(B(z,e)U(B(y,e)))

Since G, = Gy = 0 on U, it follows that:

/ (G20,Gy — Gyd,Gy) =0
O(B(z,)U(B(y.6))

Moreover, by same reasoning as in the proof of the Green’s Representation Formula I,

/ (Gz0,Gy) - 0ase—0
OB(z,e€)
/ (Gy0,G —z) »0ase—0
OB(z,¢)
/ (Gz0,Gy) = Gy(y) as e = 0
OB(y,¢)
/ (Gy0,G —x) = Gy(x) as e = 0
0B(y,¢)

Thus G, (y) = Gy(z) for all z,y € U.

3.3 The Heat Equation

Definition 3.6. (Heat Equation)
{8tu = Au, in U x I  where U is an open subset of R" and [ is an interval of R.

Definition 3.7. (Fundamental Solution of the Heat Equation)
We call the fundamental solution of the heat equation the function ¢ : R™ x (0,00) — R as:
1 ~lz|

o(x,t) = W@ 1w VY(x,t) € R" x (0,00)

Proposition 3.1. ¢ is a solution of

Oru = Au, in R™ x (0, 00)
u(-,0) = 0, in R* x {0}

and [p. ¢(-,t) =1 for all t € (0, 00).
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Proof. Clearly ¢ € C*°(R" x (0,00)) and it is not difficult to see that ¢ — 0 as t — 0 Vz # 0.

1 12 |z|*> n 1 ) —la® %
A= L S | =z
%0 =280 = (g ~ ) T gy Ve 2t) 0
2
And we have that: [, ¢(z,t)dx = (47rt Tamy7 Jgne de =1 O

Definition 3.8. For every subset U of R” and interval I in R, we have that:
C*U x I) = {u € CY(U x I) : D>u exists and is continuous at all points in U x I}

C3(U x 1) ={ue C}U x I : u,du, Dyu, D?u are uniformly continuous in bounded subsets of U x I)}

We say that u is a solution of dyu = Au+ f in U x I if u € C?(U x I) and the equation is satisfied at all
points in U x I.

Definition 3.9. For every point (z,t) € R" x R, > 0, the sets

E(z,t,r) ={(y,s) e R" xR:s<tand ¢(x —y,t —s) >r "}

—|o—y|?
e At=s) > 7"

(dm(t — 5))"/2

7.2

2
= |z — 2n(t — s) In(———~
|z —y|* < 2n(t — s) n(4 (t—s)

)

and E(z,t,7r) ={(y,s) e R" xR:s<tand ¢(x —y,t —s) >r "}

Theorem 3.9. (Mean Value Formula)
Let u € C3(E(x,t,7)).

(i) If dyu < Au in E(x,t,7) then u(z,t) < ;4= fE(ft ) u(y, s) |(9§:Sy)|z
x,t,T

(ii) If Opu > Au in E(x,t,r) then u(z,t) > 4%,1 fE(ft ) u(y, s) Lf:g)'i

(iif) If Qu = Au in E(z,t,r) then u(z,t) = ;5 fE(ft ) u(y, s) l(::g)g

Proof. Tt suffices to prove (i) as (ii) and (iii) follow from (i). Without loss of generality we may assume
that (z, ) = (O 0) Moreover, as a first step we assume that u € C?(E(z,t,r)).

Define ¢(r) = = ffEOOT Y, )|y|22dyds. We want to show that that ¢'(p) > 0 Vp € (0,7) and
o(p) — u(0,0) as p — 0. By change of variables, ¢(p) =1 [ u(py,p*s)'% Iy dyds. Then:
E(0,0,1)

Iyl2 lyl?
< Dyulpy, p’s) > <5 + 2pdsu(py, p*s) - dyds
E(0,0,1)

ly|?
= W // (< Dyu(% 8)7 Y > +285u(y7 5))?dyd8
E(0,0,p)
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Introduce the function ¢(y, s) = |y|2 + 2n1n(££) so that ¢ = 0 on 9E(0,0,p) \ {(0,0)}. Then we have

that Dy(y, s) = 2 and 9,0 (y, s) = 4= — 20,
It follows that:

2
y"z’z = —0s9(y,8)y — 2n%

= —0s¥(y, 8)y —nDy(y, s)

and 2@ =< Dyi(y, s),y >, which gives:

90) = 1 [ (< Do), 0:000,9) +nDy(0,9) > 00y ) < Doy, o).y > s
! —div((y,5) )~ (3.9)

By integration by parts:
// < Dyu, 059 (y) > dyds = — // < Dyosu, Y(y, s)y >
E(0,0p) E(0,0,p)

/ Osudiv(y(y, s))dyds

£(0,0,p)
Which gives:

—-n

SO = v [ (< Dby > o) dyds
P (0,0,p)

On the other hand, by continuous of wu,

2 2
// pyps|y| dyds - ———= 00 // i —5-dyds

E(0,0,p)

2 —2nln(4)
// £l ~5-dyds = na(n /1/4 / ) P dpds

E(0,0,1)

Now we consider the case where u € C?(E(0,0,7)). Let (1¢)e=0 be a family of mollifiers in R"*! and
observe 0y(ne x u) = e x Opu and A(ne x u) = ne x Au. So that if du < Au gives Jy(ne x u) < A(ne * u).
Moreover, 7. x u is smooth, hence:

1 2
ne xu(0,0) = // Ne * u(y, S)Mdyds Vpe (0,r) (%)
4pn E(0,0,p) 52

for € > 0 small enough. On the other hand, 7. x v — w uniformly in E(0,0, p). Indeed,
e x ul,£) — u(a, )] = \// He(w =yt — ) (uly, 5) — u(z, 1)dyds]
B((z,t),e

< sup lu(y, :L’t\// Ne(x —y,t — s)dyds — 0 as € — 0
(1,9)EB((xt)6) B((a,t),
uniformly in (x,t) € E(0,0,p). Therefore, by letting ¢ — 0 in (%) and then p — r in (x). We obtain
2
u(0,0) < 47«% ffE(070,7~) u(y, 3)"1;7‘2dyd3 ]
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Theorem 3.10. (Maximum Principles) o
Assume that U is bounded and assume that u € C?(Ur) N C°(Ur), where Ur = U x (0,7T] such that
ou < Au.

(i) Weak maximum principle:
max u = maxu
Ur Ir
where I'r = Up \ Ur = 0U x (0,T]U (U x {0}).

(ii) Strong maximum principle: If U is connected, and if there exists (xo,to) € Ur such that u(zo,tg) =
HIlTaxu then w is constant in U, (that is, at time ¢ = 0).
T
Proof. By considering connected components of U, (ii) implies (i). Thus it suffices to prove (ii).
Let 1 € U and t; € (0,tp). Since U is connected and open in R™, there exists a continuous path
v :]0,1] = U and joining the points such that v(0) = z¢,y(1) = 1 and ([0, 1]) is the union of straight
line segments. Then define 7 : [0,1] — U X [t1,to] such that s — (y(s), (1 — s)tg + st1). Define:

S =max{s € [0,1] : u(§(s')) = maxuVs' € [0, s]}
Ur
By continuity of u, we have that u('y(L)) = maxwu. By appling the Mean Value Formula, we obtain for
Ur
small r > 0, that:

1 // ly — =f’ a 1 // ly — z|?
ey - maxu) ———=dyds = maxu = u(vy(3)) < — u(y, s —dyds
are E(w((sn,r)( Ur ) (s -1)? Ur () < g E((5).r) (v:9) (s —1)2

where v(5) = (z,%). Hence we obtain that « = maxu on E(y(5),7). Observe that v(5 + €) € E((3),r)

Ur

for € > 0 small, hence we obtain a contradiction with the definition of s unless if § = 1, which means that

v(3) = (x1,t1), meaning that u(xy,t;) = maxu. This proves that u = maxwu in U x (0,9). By continuity,
UT UT

this is true in Uy,. O

Corollary 3.1. (Uniqueness)
Assume that U is bounded. Then there exists at most one solution u € C3(Ur) N C°(Ur) of:

Ou=Au+f inUx(0,T]
u=g¢g ondU x (0,T]
u(-,h)=h inU

Proof. Assume that u; and ug are two solutions. Then u = u; —ug is a solution of dyu = Awuin U x (0,7
and u =0 on QU x (0,7T]. By the strong maximum principle, v = 0 in U x (0,7]. Hence u; = us. O

Proof. (Alternate Energy Proof) This is the case when 9U is C! and u € C?(Ur):

E(t) :/Uu(ac,t)de

Then we differentiate with respect to t:

E'(t) = 2/Uu($,t)8tudx = Q/Uu(x,t)Au(:c,t)dx

We now integrate by parts using the Divergence Theorem:
E'(t) = —2/ \Vu(z, t)[2dx + 2/ u(z, t)Opu(z, t)dS(z) <0
U U

Hence we obtain that F(t) < E(0) = 0, and since u(z,t)? > 0, it follows that u(z,t) =0 V(z,t) € Up. O
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Remark 3.5. The function u — {t — E(u)(t) — [;; u(x,t)*dz} is sometimes referred to as the energy of
Gt —AinU.

Theorem 3.11. (Harnack’s Inequality for the Heat Equation)

Let t1,t2 € (0,T] be such that ¢; < ¢t and V an open bounded connected subset of U such that V C U.

Then e > 0 a constant depending only on 1, to, V and U such that sup u(-,t1) < cir‘}f u(-,t2) V non-negative solution:
1%

Proof. Adapt the proof of Harnack’s Inequality for Au = 0 in U, by considering a path of straight line
segments. O

Theorem 3.12. (Duhamel’s Principle)
Let f:U x (0,T] = R,g:0U x (0,T] = R, and h: U — R. Let vy € C?(Ur) be a solution of:

Ou=Au inU x(0,T]
u=g¢g ondU x (0,7]
u(+,0)=h inU

and v € C°({(z,t —s) 12 € U,0 <t <T,0 < s <t}) besuch that for each s € (0,T), vs = v(-,-,s) €
C?(Ur_g) a solution of:

Ows = Avs  inU x (0,T\ 5]

vs=0 ondU x (0,T\ 9]

vs(+,0) = f(-,-,8) inU

Assume moreover that for every compact subset K of {(z,t —s) : z € U,0 <t < T,0 < s < t},
Owvs(z,t), Dyvs(w,t), D2vs(x, ) are uniformly continuous in K N Uo<s<r(Ur\s x {s}). Then the function
u : Up — R defined as

t
u(z,t) = vo(x,t) —i—/ vs(z,t —s)ds V(z,t) € Ur
0

is a solution of:

Ou=Au+f inUx(0,7T]
u=g¢g ondU x (0,T]
u(,0)=h inU

Proof. The regularity of U follows from the assumptions above. Now, V(z,t) € U x [0,T],
t
Oru(z, t)Opvo(z,t) + ve(x,0) + / Ovs(x,t — s)ds = Au(z,t) + f(x,t)
0

Now, V(z,t) € OU x [0,T],

t
u(z,t) = vo(x,t) —i—/ vs(z,t — s)ds = g(x,t)
0
and Vo € U, u(x,0) = vo(x,t) = h(x) as desired. O
Theorem 3.13. Let h € C°(R") and f € CZ(R™ x [0,7T]) be such that:

sup [h|+ sup (|f]| + |0uf| + |Daf|+ |D2f|) < o0
R™ R"x[0,7]

Then the function u : R™ x (0,7 defined by:

t
)= [ o=ty + [ [ o=t =505
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is a solution of:
Ou=Au+ f inR"x (0,T]
u(-,0)=h onR"

Proof. The regularity assumptions from Duhamel’s Principle are not applicable here, as we are missing
some regularity conditions. We will proceed by a direct proof. By change of variables:

t
uat) = [ o=y 0ny+ [ [ o5 =t = s)ayas

By differentiating and using the assumptions on h and f, and also the fact that fRn o(y,s)dy = 1 and

fRn |8t¢’ < 007 fRn |D$(¢)| < OO? a’nd f]Rn |D37¢‘ < 0.
We obtain that u € C(Ur) and

t
Opu(x,t) = - op(x —y,t)h(y)dy + - oy, 1) f(x —y,0)dy + /O - (y, )0 f(x —y,t — s)dyds

and same Vj € {1,2}:

t
Diu(e.t) = [ Diote—p.thlo)dy+ [ [ 60 9)Dif (@~ ot = s)ayas

In particular, since 0;¢ = A¢ we obtain:

t
u(e.t) = Au(e.t) = [ )@= 0.0y + [ [ 050 = Af)w = ot = s)ayds

Integrate by parts on B(0,2) x [e, t]:

// o(y, s 8tf($—y,t—sdyd5—// oy, s)f(x —y,t — s)dyds

+f 60,17 (& 31— Yy — | ot~ y.0)dy
B(0,1) B(0,1)
We can rewrite this as:

/B(ol)gb(y’ t)f(x—y,0 dy+// o(y, s)0cf(x — y,t — s) dyds_// Bb(y, s)f(x — y,t — s)dyds

Te

+/ ) ¢(y,e)f(:r —y,t—e)dy
B(0.1)

Integrate by parts on the same domain with respect to the Laplacian:

/ / By, )AL (w — y,t — s)dyds = / /B 2y 2000900 =0t = )i

] oSt = 8) = fla it~ 5)0,0(,5)dS (0)ds
2B(0,1)

But some of the terms cancel out. Moreover:

\ // oy, s)(Of — Af)(x —y,t — s)dyds| SRsugT(lc‘?tf|+|Af!) // )
R7x [0, T\ (B(0,1) x[¢,T7) <ol R7x [0, T\ (B(0,1)x[¢,T7)
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which — 0 as € — 0. Similarily:

/ é(y,t) f(x —y,0)dy — 0 as e = 0
R7x [0,T\(B(0,1)x[€,T])

Also, the boundary term in the Laplacian integration by parts goes to zero as ¢ — 0. Hence we obtain
that:
Ou — Au= fin R" x (0,7

And the boundary conditions are satisfied, check lecture 11 for any more details. O

Theorem 3.14. (Uniqueness in R” for Cauchy Problem)

There exists at most one solution u € CZ(R" x (0, T]) N C*(R" x (0,T]) of the problem:
Oru=Au+f inR"x(0,T]
u(t,0)=h inR"

which satisfies |u(x,t)] < Ae®l* (%) V(z,t) € R x [0,T] for some constants A, > 0. However, there
exist infinitely many solutions for which do not satisfy the growth condition of the problem with f,h = 0.

Proof. Uniqueness: By considering u = u; — us we may assume that f = h = 0. For every ¢ > 0 we
define:

||
ve(,t) = u(w,t) — me‘“”‘t) V(z,t) € R" x (0,7
Then
o2 2
e, ) — Ave(z,t) = Byl t) — Aulz,t) — — emrn(— 127,
(2T — )/ 20T — 1) ' 42T — 1)
2
T T — e 20T 1)
=0
And )
€ =]
ve(z,t) = u(z,0) — CRRE T <0
and by (%),
2
x € 0B(0,R) <= vc(z,t) < Al (2T€)”/26% <0 for large R

provided that SLT > «. By applying the weak maximum principle in B(0, R) x [0, T] it follows that ve < 0
in B(0,R) x [0,7]. By letting R — oo, we obtain that v. < 0 in R™ x [0,7]. Finally, by letting ¢ — 0,
we obtain that u < 0 in R™ x [0,7]. By considering —u instead of u, the same argument gives u > 0 so
u=01in R™ x [0,T].

If T > - then apply the result successively to u(z,T — ﬁ) in R" x [0, max(g=, 7T — ﬁ)]
Non-uniqueness (Tychonoff solutions): For every a € (0, 00) define u,, : R™ x (0,00) — R, by:
A 2k
_ Vo (t)xl n
uq(x,t) = Z k) V(z,t) € R" x (0,00)

k=0

and

o [0 <o
A T Y e it >0
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The convergence and regularity of u, are left as an exercise.

o0 k+1) 2% (k) 9%—2
Vo t)x — Vo t 2k Qk; — 1)z
Ouelt) = o) = 3 = ®)
k=0
k 2(k—1 k 2(k—1
_ i vl )(t)%( : _ i (2 )(t)xl( ) -
Pt 2(k —1)! — 2(k —1)!
B (10)
Moreover, vy (z,t) — 0 at t — 0 for all z € R". .

Theorem 3.15. (Regularity)
Any solution of the heat equation in Up is smooth in Ur.

Proof. Let (xg,t9) € Up. Let » > 0 be small enough such that 3r < T and B(xg,3r) C U. Let
¢ € C®(R" x R) be such that ¢ = 0 in R"™!\ B((z0,9),2r) and { = 1 in B((z0,tp),r). Assume first that
to < T. Let (n¢)e>o be a family of mollifiers in R"*!. Define

Cue in B((zo,to), ) N Uy,

Ue = Ne x u and v, = ]
0 in Uy \ B((wo, to),2r)

It follows from previous existence and uniqueness theorems that:
T
V(l‘, t) S B((an tO)v T)a 'Ue(xa t) = / ¢($ - y7t - S)(atve - Ave)(y> S)dyds
0 Jrn

Observe that 0;,¢ = A¢ = |[V(| = 0 in R" \ Ay where Ay = U, N B((zo,t0),2r) \ B((zo,t0),r) and
Y(y,s) € Ao, |(x —y,t — )| > |(y — zo,s — to)| — |(x — zo,t — to)| > r — |(x — x0,t — to)] > 0. Since Ay is
compact and ¢ is continuous in (R™ x [0,00)) \ {(0,0)}, it follows from our previous calculations that we
can pass to the limit as ¢ — 0 to obtain:

t
V(z,t) € B((o,t0),7), v(z,t) = /0 . dlx —y,t — s)(u),¢ + uA — 2 < V¢, Au > dyds

By continuity, this formula remains valid for ¢t = T'. By using all of the equations above, since ¢ is smooth
in (R™x[0,00))\{(0,0)} it follows that u is smooth in Uy, N B((xo, o), ) and in particular at (xo,tp). O

3.4 The Wave Equation

Definition 3.10. (The Wave Equation)
The wave equation is of the form:
OPu=AuinU x I

For the case n =1 we have:
0P — Au = 0%u — 9*u = (0 — 02) (0 + O )u
Then by a change of variables y = x + ¢,z = x — t we obtain the following:
Op =0y +0., Oy =0y—0;, O0p+0 =20, 0—0,=-20.
hence 02u — Au = —49,0, = 0, which gives that

u(z,t) = F(x+t) + Gz —t), F,GecC?
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Observations:
1. u is in general not better than C?

2. There is no maximum principle or harnack’s inequality. For example, if F(s) = (s — 1)? and
G(s) = (s+1)? then u > 0 in R x (0, 00) but

t—1 =0 =0
u(z,t) =0 <= {JH_ > {x

r—t+1 =0 t =1

What still works?
1. Energy methods
2. Duhamel’s Principle

Theorem 3.16. (Uniqueness)
Assume that U is bounded and dU is C'. Then there exists at most one solution u € C*(U x [0,77]) of
the problem:

Ru=Au+f inUx (0,7

u=g,0u=nh ondU x (0,T]

u(-,0) = hy, inU

Owu(-,0)=h; inU
Proof. Assume that there are two solutions u; and ug. Define u = u; — u2. Then u is a solution of the
problem:

O?u=Au in U x (0,7

u=0,0u=0 onoU x (0,T]

u(-,0)=0, inU

Owu(-,0)=0 inU

By the energy method, we define:
B(@)(®) = [ (Deul- 0 + @uule t))do
Then by taking the derivative with respect to t:

E'(u)(t) = 2/U(< Dou(z,t), Dpdyu(z, t) > +0u(z, t)0fu(x, t))ds

We then proceed by integration by parts to obtain:

E'(u)(t) =2 /

div(0ruDgu)(x, t)dx = 2/ Oru(z, t)0,u(z, t)ds(x) =0
U U

since V(x,t) € OU x [0, T],u(x,t) = 0, hence dyu(x,t) = 0. Thus we obtain:
E(u)(t) = E(u)(0) = /U(lDzu(fC’O)\Q + (Ou(w,0))*)dz = 0

since u(+,0) = dyu(-,0) =0 in U. It follows that |D,yu| = dpu = 0 in U x [0,7T] and since u(-,0) = 0 on U,
we obtain that u =0 in U x [0, 7. O

A specific phenomenon for wave-type equations:
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Theorem 3.17. (Finite Propogation Speed)
Assume that u € C?(U x [0,T]) is a solution of the wave equation in U x [0,T] such that u(-,0) =
Owu(-,0) =0 in B(xo,t9) x {t} C U. Then u =0 in the cone |J B(zo,to —1t).

te(0,7)

Proof. Define E(u)(t) = fB(:po ot (| Dzu(, t)|? + (Oyu(x,t))?)dz. Then we have that its derivative is:

E'(u)(t) = 2/83( . Opu(z, t)Oyu(x, t)ds(z) /a (|Dyu(z, t|2 + (8tu(:n,t))2)d:n

B(wo,to—t)

Moreover, 20;ud,u < 2|0yu||Dyu| < |Dyu|? + (9;u)?. Hence we obtain that E’(u)(t) < 0. Thus E(u)(t) <
E(u)(0) = 0. On the other hand, E(u)(t) > 0 since |D,u|? + (9;u)? > 0. Thus we obtain u = 0 in the
cone. -

Corollary 3.2. Let u € C?(R" x [0,T]) be a solution of:

Ofu=Au inR" x (0,7]
u(-,0) =hy inR"
Gtu(-, 0) == hl in R"

If hy and h; have compact support in B(zg,ro) then for each ¢t € (0,7, u(-,t) has compact support in
B(xg,ro +t).

Proof. Apply the previous theorem to the cones U B(x,|x — xo| —ro — t) x {t} for all x €
te(0,|lx—xzo|—70)

R™ \B(wo,To) ]

Theorem 3.18. (Duhamel’s Principle)
Let f:U x (0,7] = R, g:0U x (0,T] =R, hg,h1 : U = R, vy € C?(Ur) be a solution of:

O2vg=Au inU x (0,7]
vo=¢g,0v0=h on U x (0,T]
vo(+,0) =hy nU

8t1)0(-,0) = hl inU

and v € CV({(x,t — s,5) : 2 € U,t € (0,T],s € [0,t]}) is such that for each s € (0,T), vs = v(-,-,5) €
C?(Ur_,) is a solution of:

O2vs = Avs  in U x (0,7 — 3]
vs =0,0vs =0 on U x (0,T — s]
v5(+,0) =0 in Udws(-,0) = f(-,8) inU

Assume moreover that for each compact subset K of {(z,t —s,s) : z € U,0 < t < T,0 < s < t},
dvs(z,t), Dyvs(z,t), D2vg(z,t) are uniformly continuous in K N Jy.so7(Ur—s). Then the function w :
U x (0,T) — R defined as u(x,t) = vo(z,t) + fg vs(x,t — s)ds is a solution of:

Ofu=Au+f inUx(0,7]
u=g,0u=nh onoU x (0,T]
u(-,0)=hy inU

du(-,0) =hy inU
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Proof. The regularity of u follows from the given assumptions. We verify it is a solution to the equation:
d t
6,52u(a:,t) = 8fvo(x,t) + ﬁ[vt(x,O) = / Ovs(x,t — s)ds]
0

t
= Ofvo(z,t) + Opve(z,0) + / Otvg(x,t — s)ds
0
= Au(z,t) + f(z,1)

We now verify that the boundary conditions are satisfied:

t
Ve € OU wu(z,t) = vo(x,t) —i—/ vs(z,t — s)ds = g(x)
0

vweU{u@ﬁ):m@ﬂD:hM@
Opu(z,0) = Opvo(x,0) 4+ ve(z,0) = hi(z)

We will now consider the case where U = R",T = oo, f = 0. We will consider the problem:

O?u=Au in R" x (0,00)
u(-,0) =ho inR"
Owu(-,0) =h; inR"

Case n=1: In this case we obtain that u(z,t) = F(z +t) + G(z —t), where F,G € C?*(R). We verify:
{F@g+cm@ = ho() @iy{F@)+G@0 = ho(z) ¢:>{F@) =
Fl(z) = G'(z) = hi(z) F(z)—G(z) =[5 hi(s)ds+ F(0) — G(0)

This gives D’Alembert’s Formula:

u(z,t) = %(ho(x +1t)+ ho(z —1t)) + ;/Q:rt hi(s)ds

Case n > 2: We will use the method of spherical means. For each x € R"™,r > 0,¢t > 0, define
Ug(r,t) = f@B(a} Wy, 1)dS(y) and H;z(r,t) = faB(a: o hi(y,t)dS(y), i€ {0,1}. Then we have that:

1
OpUy(r,t) = / Au(y,t)dy
faB(x,r) 1 B(z,r)

Recall f&B(x,r) 1=pn"1 f@B(O,l)l' We then obtain:

1
8T‘U.’L'(T7 t) = T’n_l/B( )Au(yvt)dy

For the second derivative we obtain:

—1
U0 = f  Fuly.0dS(y) - (=) [ eutynay
OB(z,r) r faB(x,r) 1 B(=,r)

We have that the first integral on the right hand side is equal to 9?U,(r,t) and the second integral is
equal to @&Usc(r, t). Thus we obtain that:

(n—1)

02U, + 0.U, = 07U,
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Therefore U, solves:

O2U, = 02U, + "1p,U,  in (0,00) x (0,00)
Uz(-,0) = Hpz(r,0) in (0, 00)
atUx(" O) = HLCC(T? 0) in (0’ OO)
Case n=3: Define U:x(r, t) = rUg(r,t). Then Gfﬁx = 0.(Uy + r0,Uy) = 20,U, + 102U, = r0*U, =
r0?U,. And U,(0,t) = 0, which gives:

8:Uy(-,0) = rHy 4(r,0) in (0, 00)

We obtain U,(r,t) = F(r +t) + G(r —t), F,G € C*(R). Then we have:

)7
F(r)+ G(r)=rHyz(r) Vr>0 Fr) =
F'(r) = G'(r) =rHy4(r) Vr>0 < { e
Ft)+G(—t) =0 Vt>0 Gr) =

(rHoq(r) + fOT shi . (s)ds)
(rHo . (r) — fOT shiq(s)ds)

N D=

which gives the formula:

_ 1 t+r
Uz(x,t) = 5((7“ +t)Ho(r +1t)+ (r —t)Hoz(t — 1) + /t sHy z(s)ds)

-Tr

provided that » —¢ < 0. The case r > t is useless since we let r — 0. Then u(x,t) = lin%) Ug(r,t) =
r—

lim 10, (r,t). We obtain that:
r—0

e <(7" +t)Hoo(r +t) — (t — r)Hoo(t — 1) N ][W SH, o (s) ds)

r—0 27“ t—r ’

d d
= f[tH()@(t)] + tHLx(t) = [t][ ho] +t][ h1
dt dt™ JoB(ay) OB(w,t)

provided that hg € C3(R3) and hy € C%(R3). This is Kirchoff’s Formula.
Case n=2: We define u(z1, z2, r3,t) = u(x1, x0,t) (fixing a variable). h;(z1, 22, 23) = hi(r1,12), i€
{0,1} so that @ solves:
0?u = Au in R3 x (0,00)

a(-,0) = ho in R3

Then Kirchoff’s Formula gives:

u(a:,t):i t][ ho —|—t][ hi
dt | Jop@.u) OB(T,t)

where T = (21, 22,23 = 0) since x3 can be chosen arbitrarily. We use the parametrization:
Yy : B(z,t) C R? = 04 B(x,t)

representing the upper and lower hemisphere of 9B(x,t) C R? such that y — (y, £1/t2 — |z — y|?). For

each i € {0,1} we have that: tfaB(x’t) hi=t faB(m) hi(y)dS(y) = 2% fB(a:,t) hi(y)|Dy, ¥+ Ay, b+ |dy Then
we have that: L L
St £ )a ayzwi = (07 1, 2 b2

V2 — |z —y[? tZ—\:ﬂ—ylz)
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Thus we have that:

o=y t*
2 — |z —y|? 2 — |z —y|?

Ty — 11 Fy2 — 2

) 71)‘2:
VI =z —yP =z —y]?

|8y1w:|: A ayﬂ/&\Q = ‘(

Which gives:

— 1 dy t dz
8B (x,t) 27t ) B(at) ()\/tQ—\x—yP 21 JB(0,1) ( ) 1—22

Moreover,
d ][ — 1 dz
— |t ho —/ ho(x +t,r)+ < Dho(x + tz), 2 >)——
dt [ dB(x,t) ] 2 B(O,l)( ( ) ( ) ) 1—1z|?
_ 1 (ho(y)+ < Dho(y) _x>)L
ot Blot) 0lY 0\Y):Y 2 _ |x—y|2

Finally, we obtain Poisson’s Formula:

dz

t
u(et) =5 F  (hil)+ho(y) + ¢ < Dholy)y — 2 >) 2
2 /B t2— |z -yl
provided that hg € C3(R?) and hy € C? (]R%) .
Case n > 4: If n is odd, we define: U(r,t) = (%d%)k_l(erHUx(r, t)) and H;(r,t) for i € {0,1}

likewise. Then we have that Ux solves:

XU, = 02U, in (0, 00) x (0,00)
Ux(O, =0 in (0,00)
Uy(-,0) = Ho . (r,0) in (0, 00)
OU,(-,0) = Hy »(r,0)  in (0, 00)

After integrating & — 1 times to obtain a formula for U,, we let » — 0 to obtain a formula for u:

_ 1 d | 1d. 2k:—1/ 1d. 2k—1f
u(:r,t) o 1x3x...X%X (2]{7 — 1) (dt (t dt) (t OB (z,t) hO) + (t dt) (t OB(z,t) hl)

provided that hg € C**2(R") and hy € CFF1(R™).

If n is even, we define U(z1, 2, ..., Tok, t) = u(z1, 2, ..., 2ok, t) and h; likewise so that U solves:
0?U = AU in R™ x (0, 00)
U(-,0) = ho in R"
oU(-,0)=h; inR"

Use the formula in R?**! to obtain a formula for u and then the change of variables ¢+ to rewrite it as:

u(a, 1) = ! a [(”)k—%t%][ ho(y) ———22
B(xz,r)

Txox. x| Ta NCErET

1 1d dy

+1><2><...><2l<:(tdt) ( B(z,r) 1(y)m)

provided that hg € C*2(R") and hy € CFF1(R™).
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4 The Modern Approach Based on Integration
4.1 Introduction

Quasilinear PDEs can sometimes be rewritten using integration.

Example 4.1. Ju + div,(F(u)) = f in U x (0,T) where f is given and F': R — R".
Vv e CX(U x (0,T)), we have that:

// (Opu + div, (F //uatv+<F) D,v >) //fv

Example 4.2. dyu = Au+ fin U x (0,7)
Vv e CX(U x (0,T)) we have that:

// (Ovu — Au) = //u@tv<DuDv> // (O + Ao) = //f

Example 4.3. Ayu = f in U where Ayu = div(|DulP~2Du)

Vv € C(U) we have that:
/ vApu = —/ |Du|P~? < Du, Dv >:/ fv
U U U

Key Observation: Do not need u € C* or u € C? for these integrals to exist.
Idea: We want to use integration to define a weak-type of solution, then prove the existence of these
solutions:

(i) either in addition to classical solutions
(ii) or in situations where classical solutions do not exist
(iii) or as a tool to then show that these solutions are classical solutions
Now we will go over key points that we need to know about integration and L? spaces.

Definition 4.1. Let U be an open subset of R” or more generall, measurable subsets of R"”. For each
p € [1,00] we define:

{u: U — R measurable such that [ |u|P < oo} if p € [1,00)
{u : U — R measurable such that 3c > 0 such that |u| < c a.e. in U} if p = oo

/(U) = {

We identify functions in LP(U) which are equal a.e. Moreover, we define:

Definition 4.2.

1
ulP)r if p € [1,00
”UHLP(U): (fU| ?) [ ) '
inf{¢ >0:|ul <cae inU}if p=o0

Proposition 4.1. |u| < [|ul[e @) ae. in U.

S ifp e (1,00)

Theorem 4.1. (Holder’s Inequality) Define p/ = {p Then for every u € LP(U)

lifp=ocoxifp=1
and v € L (U) we have that uv € L'(U) and:

woll @y < el 1vll Lo 1
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Theorem 4.2. (Minkowski’s Inequality) For every u,v € LP(U) we have that:

lu+vl[r@y < M|ullre@) + [0l e @)

Theorem 4.3. (Riesz-Fischer) (LP(U), || - |[zr(r)) is @ complete normed vector space (Banach space).
Moreover, for every sequence (ug)ren in LP(U) such that up — u in LP(U), there exists a subsequence
(ug,)jen such that ug; — u a.e. in U.

Proposition 4.2. (Hilbert Space) Define < u,v >p2)= [, uv  Vu,v € L2(U). (L2(U),< -, - >r2)) 18
a Hilbert space, i.e. <-,+>p2) is an inner product and moreover (L2(U), || - ||z2(17)) is a Banach space,

with HU’HLZ(U) = /< WU >

Proposition 4.3. If U is bounded (or more generally has finite measure) and 1 < p; < ps < oo then
Jc > 0 such that Vu € LP2(U) ||u|[er < cl|ul|pr2 (). In particular, LP2(U) C LP(U).

1 1 1
Proof. If p1 < pz = oo then ([ [ufPr)rr < (||ul|8 [,;1)71 = L5 o llulloo- If p1 < p2 < oo then
1 P1 P2y PE o
(fy, lule) o < (f, Jule) 7 (fUu)(pi) ) B = 111 2 ulloa o) < o0 since U is bounded. O

Theorem 4.4. (Fubini-Tonelli) Let U; C R™,U; C R™ be open sets. Then:

//leUQ (e, y)dady — /U </U u(m,y)dy) d = /U </U u(:n,y)dz:) dy

provided that f is non-negative and measurable in U; x Uy (Tonelli) or f € LY(U; x Uy) (Fubini).

Theorem 4.5. (Dominated Convergence Theorem) Assume that 1 < p < co. Let (ug)ren be a sequence
in LP(U) such that up — u a.e. in U and Jv € LP(U) such that |ug| < v a.e. in U for all k € N. Then
w e LP(U) and up, — u in LP(U).

Theorem 4.6. (Monotone Convergence Theorem) Let (uy)ren be a sequence in L' (U) such that ug > 0
a.e. in U and 0 < ug(x) < upy1(x) Vk € Nyz € U. Then u is measureable, non-negative a.e. in U and

Juu= Jim Jor -
These convergence results yield the following:

Proposition 4.4. Assume that 1 < p < 0o. Then the following subspaces are dense in (LP(U), |- || zr)):
1. Step functions (sums of characteristic functions on rectangles)

2. C%(U) continuous functions with compact support in U

4.2 Conservation Laws

We are considering the following problem:
Ou+divy(F(u)) =0 inU x (0,T)
where F': R — R™.
Why do we consider the conservation law?
If F € CY(R), u € CL(R™ x [0,00)) and Vt € [0, 00), assume u(-, t) and F(u(-,t)) have compact support

t
in R™ (the latter condition can be replaced by decay conditions on u and F(u) as |x| — 00). Then we
have that:
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(Z[/Rudm] :/R@tu:—/Rndiv(F(u)):O

That is, [p, u is constant in ¢.
We want to find a new concept of solutions to the following problem:

Ou + divy F(u) =0 in R" x (0,7) (%)
u(-,0)=nh in R"

If u € CY(R™ x [0,7)) and is a classical solution of (x), then Vv € C(R" x [0,T)):

/ /n (Opu + divy (F / /" (uOpw+ < F(u), Dyv >) + / u(z, 0)v(z,0)dx

Definition 4.3. (Locally integrable functions) Define L (E) = {u : E — R measurable such that VK C

loc
E compact u|g € LP(K)}.

Definition 4.4. (Integral solution/distribution solution) If h € L{. .(R"), F € C°(R), and V be an open
subset of R™ x [0,T"). We say that u € L{$ (V) is an integral solution (or a distribution solution) of the
problem:

Oru ~+ divy F(u) =0 in VNn(R, x(0,7) (xv)
u(-,0)=h in VAR™ x {0}

If Vv € C2°(V') we have that:

T
/ / udpv+ < F(u), Dyv > +/ h(z)v(z,0)de =0
0 n n

Remark 4.1. The condition u € L, can be relaxed to u € L{ . and F(u) € Li

loc loc loc*

Proposition 4.5. If F € C1(R) and h € C°(R™) and u € C*(V) then u is a classical solution <= w is
an integral solution of (*y ).

Proof. ( =) This was proven above. ( <= ) Vv € C°(V) we have that:

/ (Oru + divy (F / (Op)+ < F(u), Dyu >

/ w(z, 0)v(z, 0)da

{z:(z,0)eV}

:/ (h(2) — u(x, 0))v(x, 0)da
{z:(z,0)eV}

Let (n¢)e be a family of mollifiers. Then by letting v(y, s) = ne(x—y,t—s) we obtain: V(z,t) € R" x (0, 00),
* (Opu + divy(F(u))) = 0 for € > 0 small enough. Then for ¢ = 0 we obtain that: Vv € CX(V),
f{x:(x O)EV}(h(a;) —u(x,0))v(z,0) = 0 which implies that h(z) = u(z,0) a.e. in R™ using mollifiers. O

At points where u and F are C', the method of characteristics gives:

¥ =F'(z) x = F'(20)s + o
=1 — (t=s+1
Z=0 Z =2z
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du+ 20, (u?) =0

cg, ifx<O0
Example 4.4. )
u(xo) = co+ (c1—cp), f0<zx<1
c, ifx>1

Then we have that F(z) = é and F'(z) = z. So u(zos+xo, s+to) = z0. Letting to = 0 and zp = h(xo)
we obtain that u(h(zg)s + xg, s) = h(zg). Then:

s=t

{x:(Co—F(Cl—CO))S"’xO if 20 < 0 — {350:14_3(6;%5
t=s

Thus we obtain that:

co on the lines s + (cos + g, s) with g < 0 as long as u is !

u(z,t) = 4 (co+ (c1 — co)(lj(chéo)t)) = Cﬁ((ccllicc‘;))f for 0 < g < 1 as long as u is C*

c1 on the lines s — (¢15 + g, s) with 29 > 1 as long as u is ok

co if © < min(cpt,c1t+ 1) or it + 1 < & < T(t)

Consider u(z,t) = % if oot <z <crt+1 for some C! curve Z(t), which

c1 if x > max(cot, 1t + 1) or Z(t) < x < cot
is defined only in the case where ¢y > ¢ and when ¢ > Coiq. That is, c1t + 1 < cot.
Question: For which curve Z(¢) is v an integral solution?

More generally, we obtain:

Proposition 4.6. Let V and W be two open subsets of R” x (0, 00) be such that V' € C' and WNOV # .
Assume that u € C*(VNW) and u € CH(W \ V) and u is a classical solution of:

Ou+div(F(U))=0 inVNWand W\V

Then u is an integral solution of dyu + div(F(U)) =0in W <= (u1 —ug)vy+ < F(u1) — F(up),vy >=0
on W N oV. This is known as the Rankine-Hugomoit’s condition. where v = (v, 1) is the outward
normal vector on OV, ug and u; are the limits of u(z,t) as (z,t) — OV on the side of V and W\ V
respectively.

Proof. Yv € C2°(U), by applying the Divergence Theorem in V N W and W \ V, we get:
// udv+ < F(u), Dyv > = — // v(Opu + divy(F(u))) —i—/ v(upry+ < F(ug), vy >)
W w Wnov
- / v(urt < F(uy), vy >)
Wnov
= / v(ug — up)vp+ < F(ug) — F(uy), vy >
Wnav
It follows that u is an integral solution in W <= Vv € C*(W),
/ v(ug — up)v+ < F(ug) — F(up), vy >
wWnov

using straightening coordinates together with mollifiers we obtain that this is equivalent to Rankine-
Hugomoit’s condition. O
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For our example, W N oV = {(z(t),t) : t > Coicl}' Then we have that: v = % and we

2 2
have that ug = cp and uy = ¢1, F(ug) = ¢ and F(u1) = 4. Hence the Rankine-Hugomoit’s condition
2 2
gives: (¢ — co)Z'(t) = F — 2 which gives Z'(t) = 95%. By integrating we obtain:

j(t) = (q_C;)tH

Exercise 4.1. Verify that u is an integral solution to the problem in R™ x (0, c0).
The concept of distribution solutions can be extended. For instance,

Definition 4.5. Let U be an open subset of R”, A a finite family of multi-indices, a, € L], ,(U) for each
a € Aand f € L (U). We call the distribution solution of:

loc

Z D%aqu)=f inU

acA
a function u € L}, (U) such that Yo € C2°(U) we have that:
Z(—l)'o“ / aguD% = / fv
acA U U
where |a] = a1 + ... + a,.

Proposition 4.7. If a, € C1(U), u € N4 C*/(U), and f € CO(U) then u is a classical solution <=
u is an integral solution.

This concept can even be extended to cases where f is not a function.

Example 4.5. The Green’s function of —A in U is said to be such that for each z € U, G5(-) = G(z, )
for fixed x is a solution of —AG, = d, because Vv € C°(U), we have that — [, G,Av = v(x).

4.3 Weak Derivatives and Sobolev Spaces

Recall that if u is a classical solution of —Awu = f in U, then Vv € C2°(U) we have:

/vAu:/ <Du,Dv>:/uAv:/fv
U U U U

More generally, for p > 1, if u is a classical solution of —Ayu = f in U then Vv € C2°(U) we have:

—/ vApu:/ |Du|P~2 < Du, Dv >:—/ uApv:/ fo
U U U U

We want to use fU < Du, Dv > or fU |Du|P=2 < Du, Dv > to define our solutions as it provides a better
framework for existence. However, Du must exist in some weak sense, and belong to LP(U) for some p.

Definition 4.6. (Weak derivative) Let U be an open subset of R", a = (a1,...,a,) € (NU{0})" be a
multi-index and u € L}, (U). Then w € L}, (U) is said to be the a-th weak derivative of u if Vo € C(U),

loc
/uDO‘U:(—l)'O‘/wv
U U

We denote w = D*u.
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0, ifz<0 0, ifz<0
Example 4.6. Let n = 1. wu(x) = { n Then u/(z) = w(x) = { 1 v Then

) z, ifx>0
u,w € LS, C L}, and Yo € C°(R) we have:

loc
/Ruv’ = /000 20 (z) = [zv(2)]° — /Ooov(x)dac = —/va

Example 4.7. u(z) = |2|7%, a € R then w(z) = d,u(z) = —alz|™*2z; if @ < n— 1. Then u €
L} (R") <= a<nandwe€ L, (R") and w € L}, (R") <= a<n—1. Vv € CZ(R") we have that:

/ v = —/ w0y, (|2~ —/ ole| i (2)dS (x)
R7\B(0,¢) R7\B(0,¢) 0B(0,¢)

Moreover,

] vlz| " y(2)dS(z)| < (max\v])(/ D" 17 5 0ase—0
8B(0,¢) 0B(0,1)

since a < n — 1. We estimate:

|/ U0z, V| Smax|8xiv]/ lu| = /|u| < 00
B(0,¢) B(0,¢)

|/ vam<|x|—“>|Smax|vr/ | = /|w|<oo
B(0,¢) B(0¢)

So we apply the dominated convergence theorem, and both tend to 0.

Proposition 4.8. Classical derivatives are weak derivatives.

Proof. Direct integration by parts. O
Proposition 4.9. When it exists, the weak derivatives are unique a.e.

Proof. Assume that D*u = wy, and D*u = wy Then Vv € C°(U) we have that:

/wlv:/D“uv:/wgv
U U U

Then wy — wo = 0 a.e. The result then follows from the next proposition. O
Proposition 4.10. If u € L} (U) is such that Yv € C°(U), if [; uv =0 then u =0 a.e. in U.

Proof. We use mollifiers to prove this proposition. It follows from (iii) of the next proposition. ]
Proposition 4.11. Let (7). be a family of non-negative mollifiers in R"™. Then

(i) For p € [1,00] and u € L

loc

(U), ukxne = C*®(U) where U. = {x € U : d(x,0U) > €}.

ii 9y ) € p €/
(ii) For every p € [1,00] and uw € LP(U), u* ne € LP(U,), we have
Hu*neHLP(UE) < ||UHLP(U)

(iii) For every p € [1,00), u € L} (U), u*ne — win L} (U) and a.e. in U.

loc

Proof. (i) u*ne(z) = fB(z 0 ne(z —y)u(y)dy Va € U.. This is the same proof as for when u € C°(U).
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(i)

(iii)

We split this into two cases. Case p = oo:

% 7e(2) < [l |y / ne( — ) = |l (o

T,€

Case p € [1,00):

fux ()P < ( /B ( )ne(x—y)IU(yﬂ)

write ne(x —y) = ne(z — y)l/p/ne(x - y)l/p and apply Holders Inequality

1/p P
< (/ ne(a — y)p//p'> (/ ne(x — y)l/p!u(y)ll/p>
B(x,€) B(xz,e)

- / nee — o) u(y) P
B(z,e€)

By integrating, we obtain that:

fux el? < / / ne(x — ) |u(y)Pdydz
Ue UE B((E,E)

:/ / Ne(x — y)|u(y)|Pdydz by Tonelli
U JUNB(y,e)

— [l [ o ydedy
U UcNB(y,¢)
< |u(y)[Pdy
which is the desired result.
Let V be a compact subset of U. Let V be another compact subset of U such that V c V (the

interior). By density of CO(V) in LP(V), there exists (us); in C°(V) such that us — u in LP(V).
Then:

[uxne = ul[Lovy < [k ne —us*nel Lo vy + s * Me — usl|Lovy + [lus — ul| Loy
We have that |[us*ne — us||Lrvy — 0 as € — 0. By using (ii) it follows that |[uxne —usxne|[zr(v) =
[[(u — ug) *nel Lo vy < Jus — ull vy

limsup [|ux e — ul|zp(vy) < 2[|u — usl|pp(v) — 0 as 6 — 0
e—0

which gives that lir% l[u*ne — ul|ppvy = 0 ie. uxne — uwin LP(U). Note that by Riez-Fischer
e—

Theorem, it follows that there exists a subsequence (u x 7, )gen such that uwxn,, — w a.e. in U.
This is sufficient in practice, but we can improve it. Write:

% () — u(z)| = | / ne(z — y)(uly) — ule))dy
B(x,e)
<

< / ne( — y)|uy) — u(z)|dy
B(z,e€)

_ e / (=) u(y) — u(x)|dy
B(z,e€)

= Ty u — ul\r
= D 1Dl iy

< (/ 1) maxn][ lu(y) — u(x)|dy — 0 a.e in U
B(0,1) B(x,e€)

35



by Lesbesgue’s Differentiation Theorem.

O
Corollary 4.1. C°(U) is dense in LP(U) for p € [1,00).

Proof. Combine the density of CO(U) with (iii) of the previous proposition. O

Definition 4.7. (Sobolev Space) For each k € N and p € [1, o0], the Sobolev space denoted by:

WHP(U) = {u € LP(U) : D%u exist in the weak sense and D% € LP(U) for all |a| < k}

1/p
k S D%l | el )
Moreover, we define: Yu € WHP(U), [|ullyr.p@ry = la|<k
> D[ gy i p =00
la|<k

Definition 4.8. (Hilbert Space) When p = 2, we denote H*(U) = W*2(U) and || - ae@y = 11 w2y

and we define Vu € H*(U):
<u,v >Hk(U): Z < D%u, D%v >12(U)
la|<k

so that [|ul| gry = /< U > ey

Definition 4.9. (Sobolev Loc Space) We define

VVZIZ’CP(U) ={ue L} (U):ue W+ (V)V bounded open V C U}
0, ifxz<O

) Then u € WL (R).
r, ifx>0

loc

Example 4.8. u(z) = {

Example 4.9. u(z) = |z[7%, a € R then u € W'ZIZCP(R") if (a +k)p < n and u € WEP(R™\ B(0,1)) if
ap > n.

Proposition 4.12. For each k¥ € N and p € [1,00], (W*P(U),]| - |lwr»@y) is a Banach space and
(HMU), < -, > k(1) is a Hilbert space. Moreover, if u; — u in WHP(U) then there exists a subsequence
(ug(;)); such that u,y — v ae. in U V|a| <k.

Proof. We prove the completeness property. The other properties follow from the analog results for LP
spaces. Let (u;); be a cauchy sequence in W*P(U). Then since || D%u; — D%uj|| 1oy < ||u; —uj|lwrn ),
we obtain that (D%u;); is a cauchy sequence in LP(U) for each |a| < k. By completeness of LP(U), it
follows that D%u; — wq in LP(U). Denote wo = w(0,...,0). We need to show that D%wy = w,. For
each j € N, we have Vv € C°(U):

/UvDauj:(—l)la/UDavuj (%)

|/ UDan—/ vwe| < \/ v(D%uj — wq )|
U U U

< ||U||Lp’(U) |[D%u; — wa”LP(U)
<00 —0

Moreover,
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|/ ujDO‘v—/ woD%u| < |/(uj—wa)D°‘v
U U U

< |lw; = wallzo@) 1Dl Lo 1

~
—0 <00

Letting j — oo in (x), we obtain Vv € C2°(U) that:

/vwa: (—1)“'/ D%vwy
U U

Thus w, = D%wq as desired. ]

Proposition 4.13. Assume that U is bounded, 1 < k1 < ko and 1 < p1 < py < oco. Then de > 0 such
that Yu € Wk2r2(U),

HuHW’“M’l(U) < CHUHsz,pz(U)
In particular, W2P2(U) ¢ WhkP1(U),

Proof. Follows directly from the analog result for LP spaces. O

Proposition 4.14. Let k € N, p € [1,00], n € C®(U)NWH*>(U) and v € WFkP(U). Then nu € WkP(U)
and the product rule applies. In particular, D(nu) = nDu + Dnu.

Proof. We prove the case k = 1. For k > 2, follows by induction. Vv € C°(U), we have that:

/ v(nDu 4+ uDn) + / nuDv = / u(vDn + nDwv) +/ nuDu =0 since vn € C°(U)
U U U U

Hence [;; v(nDu+ uDn) = — [, nuDv so D(nu) = Dnu + Dun.

Moreover,
[null ey < |l ee @y llull e @)
and
[[nDu + Dnul| oy < |0l Loe @y [1Dull Loy + 1D0pee @l ul| ooy
hence nu and nDu + Dnu € LP(U) as desired. O

Proposition 4.15. Let () be a family of mollifiers in R™.
(i) If p € [1,00] and u € WFP(U), D*(ne * u) = ne * D*u
(ii) If p € [1,00] and uw € WEP(U), [lne * ullwrow) < ullwra @)
(iii) If p € [1,00) and u € WP(U), ne xu — uw in WP(U) and a.e. in U
Proof. We only need to prove (i) since (ii) and (iii) follow directly from our analog in LP spaces.
Doexu)@) = [ Dte —yyutyiy)

— (1) /B L Dy =gy

= / ne(z — y)Du(y)dy
B(z,e€)

= ne x D%u(x)
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Remark 4.2. The approximation by functions in C2°(U) of functions in I/VZIZCP(U) can be improved: It
can be shown that if U is bounded then C>(U) N W*P(U) is dense in W*P(U), and if moreover U is
C" then C*°(U) is dense in W*P(u) for p € [1,00). Evan’s book elaborates more on this in sections 5.3.2
and 5.3.3.

Proposition 4.16. Assume that U is open and connected and u € W*P(U) such that Du = 0 a.e. in U.
Then u is constant a.e. in U.

Proof. This is Q4 of A4. O

Definition 4.10. Let £ € N and p € [1,00]. We define the Sobolev space Wéc’p(U) as the closure of
C®(U) in (WkP(U),]| - lwrr@)), i-e. the subspace of all u € WEP(U) such that there exists (u;); in
C>(U) such that uj — u in WFP(U).

Proposition 4.17. Wyk, p(R") = WkP(R").

Proof. Let u € WHP(R™). Define for each § > 0, us(x) = ns(x)u(x) such that ns(x) = n(éx) for some
cutoff function n € C*°(R) such that

1, mBO1)
7730, R\ B(0,2)

And 0 < ¢ <1 € B(0,2)\ B(0,1). Then us € W*P(R") and the product rule gives for some ¢ > 0
independent of §:
llus — wllyprony < ¢ D [1D¥(G — 1) DPul| o gy
lal<k
< ey 1D = Do) [1D ull oy 50,1y,

la|<k

Note that
1, ifla|=0
ID*(Cs — Dl ooy = .
0 8NDC oy i fal > 1

We also have that || DPul| Lr(®™\B(0,1)) 0 as 0 — 0 by the Dominated Convergence Theorem since

DPy € LP(R™). Hence us — u in W*P(R™). Moreover, for each § > 0 since us = 0 in R\ B(0,2),
letting (ne)c be a family of mollifiers in R™, we have that 7. « us — us in W*P(R") hence there exists a
subsequence (e5)s such that 7, xus — u in W*P(R™) which gives that u € Wg’p(R") as us € C°(R™). O

Theorem 4.7. (Poincare’s Inequality) Assume that U is bounded, & € N, and p € [1,00). Then there
exists ¢ > 0 such that Yu € WeP(U),

lullwr @y < ellullyyrr

1/p
where ||u||W§,p(U) = (Z\alék \|D°‘u||ip(U)> . In particular, || - HWéc,p(U) is an equivalent norm to || -

lweny-

Proof. By density of C>°(U) in I/VéC P(U), it suffices to establish the inequality with u € C°(U).
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Case k=1:Vzx e U,

urs o) = | [ O ma)s?
o p
< [/ dS 1/p / |8$1u(8 x2>"->$n)|pds)1/p]
Ty
p
S [ x1 — xl ‘8$1U(87$2, s 7$n>‘pd8)1/p]
ﬂ

By integrating,

T
/|u]p§(a:1—xl)p/p// 100, (s, T2, ., 2)[P(d8)d(1, - ., 5)
Rn n ﬂ

, Tl [ T
= (:Tl—ﬂ)p/p / / / |0z, u(s, o, ..., zn)P(dz1)d(s, x2, ..., xp)
Rn—1 1 s
< (71— xl)p/p’+1=p/ |0, ul?

n

Case k > 2: By induction, Yu we have:
1Dl Loy < (@1 — 21)*1[0E 1 D | o 1)

gives [[ullwrr ) < cllully, ]

5P

Example 4.10. (A Counter Example to Poincare’s Inequality) Let U = R™ and u € C°(R). Set
us(z) = u(dr) Vo € R™ 6 > 0. Then we have that:

Jrn [DusP ) [ | Dul?

= —0asd—0
Jin lusl? Jro lul?

Lu = in U
Now consider the problem { u=7f 1n where U is an open, bounded subset of R™ and

u=g on

==Y 0 (ai(x 8u+2b )0t 4 c(x)u (%)

ij=1
for a; j,b; € L>®°(U), aij = aj;, f € L*(U), and g € HY(U).

Definition 4.11. (Weak Solution) We define Hgl(U) ={u+g:ue H}U)}. Wesay that u:U — R is
a weak solution of (x) if u € Hy(U) and Vv € C°(U):

/ Z i (0g,u) (0. ;U —l—Zb (O, u) v—}—cuv—/ fu
ij=1
Remark 4.3. (i) Holders Inequality guarantees that the integrals are finite
(i) Assuming that g € H'(U) is not a restriction, as we will see by the next proposition
Proposition 4.18. Let U be an open bounded subset of R™ such that U is C*. Then for every

g € C*(QU) there exists § € C*(U) such that § = g on OU.
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Proof. Since 9U is compact, Ve > 03N, € N, z1,...,zn. € OU, B(x1,¢€),...,B(xzn.,€) such that OU C
vazsl B(z;,€). Moreover, by using strengthening coordinates, 3¢; : U; — ¢;(U) is C* diffeomorphism such
that

¢ (U; NU) = ¢s(U;) "R % (0, 00)

¢;(U; NOU) = ¢;(U;) NR™L x {0}

and B(z;,€) C U; (possible ¢; = ¢; so that U; does not depend on €). By letting € > 0 be small enough,
we obtain that the projection

T (9i(B (i, 2€))) C ¢i(Ui)

where m,(21,...,2y) = (21, ..., 2y-1,0). Now define:
o ple=s) _
) =¢@) ) e 9( (i) @ €U

=PRI
for some cutoff functions p € C*°([0,00)) such that p =1 on [0,1], p = 0 on [2,00], and 0 < p < 1 on
[1,2], and ¢ € C*°(R"™) such that ( =1 on {z € R" : d(x,0U) < ¢} and ( =0 on {x € R" : d(x,0) > 26}.

Ne

0 is chosen so that {z € R" : d(z,0U) < 2§} C UZN;1 B(x;,€). Then we have that > p(@) > 0 when
i=1

¢(x) > 0. This implies that § € C*(U). Moreover, g = § on 9U. O

Remark 4.4. It can be extended in more generality with the Whitney Extension Theorem.
We used the following for our previous proof:

Lemma 4.1. Let K be compact and U C R™ be open such that K C U. Then 3¢ € C2°(R") such that
(=1on K and ( =0 on R"\U.

Proof. We will use a mollifiers argument. Let (1) be a family of mollifiers in R™. Then define {(z) =
1, ifze K.
0, ifzx¢g K,
then ( =1 on K and ¢ € C°(U). O

Ne * Xk, where K. = {x € R" : d(z,K) < €} and yg, = If € is chosen small enough,

Proposition 4.19. Assume that U is bounded, 9U is C1, a;; € C*(U), b; € C°(U), g € HY(U) N C(U)
and v € C?(U) N HY(U) N C°%U). Then u is a weak solution of:

Lu=— 3" 0y (a;j(x)0z,u) + > bi(x)0p,u+ c(x)u = f inU
ij=1 i=1
U=y on OU

<= it is a classical solution.

Proof. By integrating by parts, since u € C%(U), a;; € C*(U), b; € C®(U), and f € C°(U) we obtain
that Vv € C°(U):

n n

[ o= = [ o3 a5(0u)(@ue) + Y i@+ cuo — fo)

i,j=1 i=1

Hence Vv € C°(U) (x) =0 < [yv(Lu— f) =0Vv € CX(U) <= Lu = f in U. It remains to show
thatuEHgl(U) < u=gondU,ie u—géec H}U),ie u—g=0ondU. O

More generally, we prove:
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Proposition 4.20. Assume that p € [1,00), OU is C! and u € WHP(U)NC®(U). Then u € Wol’p(U) =
u=0on oU.

Proof. First, suppose that ©w =0 on QU. If U is unbounded, we can approximate u by us = nsu where ns
is as in the proof of W1P(R") = VVO1 P(R™). This reduces the problem to the case of compactly supported
u.

Let p € C°(R) be a cutof function such that p =1 on [-1,1], p=0o0on R\ [-2,2], and 0 < p < 1.
Define F(t) = (1 — p(t))t for all ¢ € R. Finally, define u.(x) = eF (¢ tu(x)) for all ¢ > 0 and = € U. By
Q5 of A4, we have that uc € WP(U) and Du, = F'(e 'u)Du.

If Ju(x)| > 2¢, then uc(z) = u(x). Moreover, |ue] < max|l — p|-|u| € LP(U) and |Du,| < max|F’| -
|Du| € LP(U). By the dominated convergence theorem, u. — u in WhP(U).

The closure of {z € U : uc(z) # 0} is contained in {z € K : |u(z)| > €}, where K contains the support
of U. This set is compact and disjoint from OU by continuity. We can thuse approximate u. by functions
in C2°(U) using mollifiers. This proves that u € I/VO1 PU).

Now, assume that u € T/VO1 P(U). Fix z € OU. We multiply u by a sufficiently small cutoff function
to use straightening coordinates. By the change of variables formula for integration, we can transfer the
problem to a flat boundary. Then u is zero outside of a compact set K such that U N K C R™ x (0, 00)
and OU N K C R"! x {0}, where the point z is now the origin.

By taking small enough €,§ > 0, we can work in [—e, e]"1 x [-4,6] C K. Since u € Wol’p(U),
there exists (uy,)ren in C°(U) such that uy, — u in WHP(U). By observing that || - W im((—e,e)n-1x(0,0) <
c||-|lw1r () for some constant ¢, we have uy, — win W1 ((—e,€)” ! x (0,0)). As in the proof of Poincare’s
Inequality, we have by writing ug(x) = ug(z) — ug(z1,...,2n—1,0) and using the fundamental theorem of

calculus that
/ gl < 6 | Dug|
(_€7€)n71><(075) (_576)n71X(076)

Letting k£ go to infinity yields the same inequality but for u. Rewriting, we have

1 /9
/ / lu|(dxy ... dxp—1)dx, < / | D
0 Jo J(—een—1 (—e,e)"—1x(0,6)

As § — 0, the right side goes to zero by the dominated convergence theorem, as the domain of integration
tends to zero. The left side, however, is

][ / lu|(dzy ... dxp—1)dx, — |ul
(0,8) J (—e,e)n—1 (—e,e)n—1

by continuity of u So the integral of |u| on this portion of the boundary is zero and thus u is zero almost
everywhere on (—e¢, €) X {0}. By continuity of w it is genuinely zero. So u(x) = 0. Thus u =0 on OU. O

4.4 Existence and Regularity of Weak Solutions

Theorem 4.8. (Riesz Representation Theorem (RRT))
Let < H,< -,- >g> be a Hilbert space. Let F' : H — R be linear and bounded. Then there exists a
unique u € H such that for all v € H, we have < u,v >= F(v). Moreover,

1 1
Slullf = F(u) = vmeig(illv\lif — F(v))
Proof. Since F' is bounded by some constant ¢, we have that for all v € H that:

1 2 1 2 c2
Slhllfr = Fw) > Sl = ellolls > =5 > o0
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so there exists (ug)gen such that

1 . 1
gl = Fu) = xi= inf (G0l -~ F(0) )

By the parallelogram law,

=502+ =201 = Sl 2+ S
Then
Uk + Up
[l = s [* = 2(]Jug ]| + [Juwe |])* = 4l =1

1 1 1 up + up U + ug

= 4(5 lurl [ = Flur) + 5 lJuw |* = Fur)) = 8(5 17 = F( )
2 2 2 2 2

—A —A >\

where \ = minveH(%HvH% — F(v)). This implies that Ve > 0, 3k € N such that Vi, k' > k.,

€

s = wpe|* < 4+ g +A+

) —8A=c¢

Thus (ug)ken is a Cauchy sequence in H. By completeness, it follows that uy — u in H. By continuity
of || ||z and F we obtain 3||u||}, — F(u) = A.
Now, Vv € H, t > 0 we have that

1 1
Sllulll = Fu) < Sllut tol - Flu+ to)

1 12
= §HUII?{ - F(u) +t(<u,v >p —F(v)) + 5Hv\l?q

So we have that 0 << u,v >g —F(v) + £||v]|3,. Now, as t — 0, we have that F(v) << u,v >p.
Considering —v instead of v, we obtain F(v) = —F(—v) > — < u,—v >g=< u,v >g so F(v) =<
u,v>g Yv e H. ]

Theorem 4.9. (Lax-Milgram Theorem (LMT))
Let < H,< -,- >g> be a Hilbert space. Let B: H x H - R and F': H — R be such that:

(i) B is bilinear

(ii) B is continuous (equivalently, bounded): there exists ¢; > 0 such that |B(u,v)| < ci||ullg - ||v||g
for all u,v € H.

(iii) B is coercive: there exists ¢ > 0 such that B(u,u) > cof|ul|3; for all u € H.
(iv) F is linear

(v) F is continuous (equivalently, bounded): there exists c¢3 > 0 such that |F'(u)| < cs||u||g for all
uec H.

Then there exists a unique solution to u € H of the equation B(u,-) = F in H. Moreover, if B is

symmetric, then:

1 't
QB(u,u) — F(u) = Umelfgl(fB(v,v) — F(v))
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Proof. We will first begin with the case where B is symmetric: In this case, B is an inner product on H
and its induced norm is equivalent to || - ||z. Indeed, Yu € H,

cillul |3 > B(u,u) > co||u||3 > 0st. =0 <= u=0

Then the LMT follows from the RRT applied to (H, B).

Now we consider the general case: By using RRT, since F' and B(u,-) are linear and bounded, Yu we
obtain that 3!f, A(u) € H such that F =< f,- >y and B(u, ) =< A(u),- >g. We want to show that
dlu € H such that A(u) = f. Since B(-,v) is linear Vv we obtain that A is linear. Moreover, A is bounded
Yu e H:

A@)I? = B, A@w) < eullul Ll A@) 1 = 1A@)ln < eillulln

Now, we will show that A is bijective. First injectivity: Yu € ker(A),
0 =< A(u),u >= B(u,u) > co||u||}y = u=0
Now surjectivity: Yu € A(H)*,
0 =< A(u),u >= B(u,u) > co||u||}; = u=0
Thus A is bijective, so Vf € H3lu € H such that A(u) = f. O

Definition 4.12. (Uniformly Elliptic)

Let L be such that u > Lu = Y1 O, (aij(2)0z,u) + D27 bi(2)0,u + c(x)u, where a;j,b;,c € L=(U),
a;; = aj;. We say that L is uniformly elliptic in U if there exists a constant C' > 0 such that Vx € U,
C: (Cl?"'aCn) Ean

n

Z ai;(z)G¢ > C|¢)?

ij=1
In particular, A(z) = (a;j(z));; is positive-definite (it has positive eigenvalues).

Remark 4.5. The wave equation is hypebolic, the heat equation is parabolic, and the Laplace equation
is elliptic.

Proposition 4.21. Assume that U is bounded, a;j,b;,c € L>(U), a;; = aj;, L is uniformly elliptic in U,
and ¢ > 0, f € L>(U), and g € H'(U). Then there exists ¢ > 0 depending only on U and the constant of
ellipticity such that if Y 7" | ||b;]| Loy < € then 3! a weak solution u of

{Lu =f in U %)

u=gqg on OU

Proof. Observe that u € H(U) is a weak solution of (x) <= @ = u—g € H}(U) and B(a,v) =
F(v) Yve C®(U) where Yu,v,

n

B(u,v) = /U Z i (Og, 1) (O, v) + Z bi(0z,u)v + cuv

i,j=1 i=1

and
n

Fv) = /va - Z a;j(0xig)(0xjv) — Zbi(ﬁmig)v — cgqu

i,j=1 i=1
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By Holders Inequality, clearly F' is linear and B is linear, and we have that:

1B(u, )| <> agl| oo @) [10mi0l |2 [10250] 20y + D 06l Lo @ |0zl 20 19] | 207y
ij—=1 i—1

+ llell oo @ lull Lz o]l 2 @)
< (Z llaijl| oo 0y + Z [1:]| oo (2ry) + el oo @) Ul gt @) 1ol @)
i,j=1 i=1

Similarily,

IF@) < ( 1fllz2@y + > il oo 10zigl| 2@ 10250 220y

ij=1
- Zn: 3] oo (1) [10Tig]| L2 0y + HCHLOO(U)H9|L2(U)> V]| 20
i=1
< ellull a0 1ol 2 o
Now we have that:
B(u,u) = /U i a;j(0xiu) (0 u) —i—ibi(@a:iu) u —i—&uf/
ij=1 i=1 >0

- —_———
>c|Dul? —¢€|Dul|ul

> || Dul 20 — € /U |Dullul

= d|ull gy — ellull gy ullz2@)
N —
SC,HUHH(%(U)

for some constants ¢, ¢’ depending only on the ellipticity of L and on U. In particular, if € < 5 we obtain
that B is coercive. Then the LMT applies and we are done. ]

Theorem 4.10. Assume that a;; € C¥TL(U), a;; = aji, bi,c € C¥(U), f € H*(U) for some k € NU {0},
L is uniformly elliptic in U, and u is a weak solution of Lu = fin U. Then u € H, l’j}iz(U) and for every
open subset V of U such that V' C U, there exists a constant C' > 0 independent of v and f such that

lull ey < Clull2wy) + 1l ar @)

Proof. We start with the case £ = 0. Consider v, = —Dl_e(pszu) where ¢ > 0 is small, [ € [n],
p € CX(U) is a cutoff function such that p =1 on V and p € [0,1] in U, and
u(z £ eep) — u(x)

Diu = . e=(0,...,0,1,...,0)
+e ———

-1

so that v; . has compact support in U for e small enough. Since u € HY(U), it follows that ve € Hy(U).
Since Lu = f in U, we obtain:

/UZ aij(aa:iu)(axjvl,e) + (Z bl(aﬂﬁzu) +cu — f)Ul,e) =0
i,J i
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which we obtained by writing v, as the limit of (vg)r C Cg°(U). Then we have that:

> [ a(0u@n00) = 3 [ Ditas @) Di(70s,01,)
— JU - JU
,J 2Y)
This implies that
> /U i (9a,u) (0, 01,6) = ) /U [aij (x + €e0) Df (O, u) + (Dfaij)a, u)(p° DfOx,v1,c + 20(Dz, p) Diw)
1,7 1,7

Z/Ucp2\DfDUI2—C’p(!DfDUD(\DEUI+\DUI)+(DUHDEUD

where ¢’ depends on max,,,(,) (|ai;| + ]2Daij\ + |p| + | Dpl|) but not on w.
By Young’s Inequality, ab < da? + % = (Véa — 2%‘/3)2 + ab). We obtain:
(i) plD§ Dul [ Djul < 67| D§ Duf> + &|Dful?
(i) plD§Dul|Dul < 52| DEDuf + [ Duf
(ii) |Dul|Djul < 31Duf? + §|Djul?
By choosing § small enough, we obtain that
n
Z/ i (Or,u) (Og;v1,e) > c/ p?| D Du|* — c’/ |Dfu|? + | Dul?
7 U U supp(p)

for some constants ¢, > 0, (different from the previous estimate) independent of u. Similarly,

| /U (Cbi0a) +eu = < /U D7 (p2D§u)|(1Du] + Jul + |

—€ € Cl
< 5/ | D “(p*Djw)|* + 3
U

Cl

<o [ IDr DR+ 5 [ iDu el I

supp(p)

for some constant ¢, ¢’ depending on maxy,,, (|c| 4 [bi|) not on w and f. Finally we obtain,
| AIDiDuP <5 [ IDFGPDR s [ |Dful 4 |Duf? o 4 £
U U supp(p)

for some cs independent of v and f. Observe that

| @k |
supp(p) supp(¢p)

2
dx

1
§/ / |0zyu(x + ese)|*dsdx
supp(p) 40

1
—// |0z u(z + esey) |*dxds
0 Jsupp(y)

1
§// |0z u|?ds
0 Jsupp(p)+tese

<inty \partialz;u|?

1
/ Oxju(x + esep)ds
0
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for V.= {z + ese; : € supp(y), s € [0,1]} C U. Similarily,

/U D (*Diu)? < /U D(¢*Dfu)?

/ch|D16Du]2 < 5/ \D((pszu)Q—i—c(;[ \Dul + [Dful + 2 + f2
U 174

< c(¢?|Df Dul* + | Djul?)

It follows that:

which gives for 6 > 0 sufficiently small, ¢ depends on maz(|¢| + |D¢|) but not on u. We have:
| AiDup < [ 1Duf + uf? + 117
U \%
Since ¢ =1 on V', we obtain:

/ |Df Dul? < / ©*|DfuDul?* < c/~ |Dul? + |u)® + | f|?
v v v

It follows that the sequence (Dzl / “Oz;u)q is bounded in L?(V). Hence, using a result from Functional

Analysis (Dl1 / “Ox;u) converges up to a subsequence weakly in L?(V). By passing to the limit into

Yv e CP(V),
/ dzuD; ‘v = —/ vDjO0x;u
1% \%

We obtain that [, dz;udxv = — [, vuy. Now we have:

/\Daxlu\Qg/ ]Dll/“”(a)Dngc[ Dul? + 2 + f2
1% 1% Vv

It remains to show that [, [Dul®* < ¢ [;; u? + f2. Consider v = ¢?u where ¢ € C°(U) is a cutoff function
such that ¢ =1 on V. Then:

/ Z a;j0x;udx;(p Z bi(dziu) + cu + f)@?

Similarily, as before, we obtain that:

/ |Du\2<c/u2+f2
1% U
which proves case k = 0.

Case k > 1: We proceed by induction. Assume that the result holds V&' € [0,k — 1]. Then we write:
Va such that |a] <k, Vv € C(U), since D§ € C(U),

/Zawﬁxlu@m]D%—F Zba u+cu— f) D% =0
U

[2¥}

Integrating by parts, we obtain:

/ZCLUO%D 0y, v + Zba D* u+cDau—f)v:O
U

]
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where f depends on derivatives of aij, bi, c,u, and f of order < k and depends linearly on the derivatives
of u and f. )
D%u is a weak solution of LD%u = f in U. It follows that,

DUl 2y < ellD®ull 2 + 1l oo
< (Il grry + 11 a1 (o))
< (Nl 2wy + 1 f e @y)
for some constants ¢, ¢, ¢’ independent of u and f. This completes the proof. O

Remark 4.6. (i) It can be shown that if f € W*P(U), p € (1, 00), then u € W) 2P(U).

loc

(ii) It can be shown that WP (V) c CJ(V) when k > 547,V is open bounded and 9V is C*. Therefore
if a;j,b;, ¢, f € C°(U) then we obtain that v € C*(U).

Theorem 4.11. (Global Regularity) Assume that U is bounded, oU is C*, a;; € C*1(U), aij = ajs,
bi,c € CKU), f e CFU), f € H*U), g € H*2(U), for some k € NU {0}, L is uniformly elliptic in U,
Lu=f inU

Then u € H**2(U) and there exists C' > 0 indepedent
U=y on U

and u is a weak solution of:

of u, f, g such that
HUHHH?(U) < C(H“HB(U) + HfHHk(U) + HQHHH?(U))

Remark 4.7. (i) Can replace H* and H*2 by WP and W*+2P respectively.

(ii) Combined with WP C CJ we obtain that if a;;, b;, ¢, f,g € C®(U) then u € C®(U).
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