Partial Differential Equations

Fall 2025, Math 475 Course Notes

McGill University

By Jiajun Zhang

December 1, 2025

© All rights reserved.
This book may not be reproduced, in whole or in part,
without permission from the author.



Acknowledgments

I would like to extend my deepest thanks and appreciation to the following people,
without whose support this note would not have been possible:

[Adam Oberman], Professor, McGill University
I would like to express my deepest gratitude to Professor Oberman,
the instructor for this course, whose guidance and expertise
were invaluable throughout the development of my notes.

Despite all efforts, there may still be some typos, unclear explanations, etc. If you find potential
mistakes, or any suggestions regarding concepts or formats, etc., feel free to reach out to the author at
zhangjohnson729 @ gmail.com.



Contents

1 FKirst-Order Linear PDEs

(1.1.2  Change of Variable Method. . . . . .. .. ... ... ... ...........

(1.2 Nonhomogeneous Problem and Method of Characteristics|. . . . . . .. ... ... ...

2 Wave Equations|
[2.1 Interpretations and Derivations|

2.3 Energy Conservation| . . . . .

B Dirac Dela F . I Distributions

(3.1 Basic Definitions and Properties|

[3.2  Convergence of Functions in Distributions| . . . . . .. . ... ... ... ... ...,

4 Heat Equations|
4.1 Simple Diffusion Equations| . .

[5  Laplace Equations|

[5.1 Properties of Harmonic Functions| . . . . .. . ... ... ... ... .. ........

{6  Boundary Problems|

[6.1 Separation of Variables and the Dirichlet Condition| . . . . . . ... ... ... .....

[7__FKourier Series|

[/.2  Orthogonality and General Fourier Series| . . . . . ... .. .. ... ... ... ...

[7.3 Convergence of Fourier Series|

0o LN W W W

12
12
12
14

16
16
19

22
22
24

28
28
31

34
34



First-Order Linear PDEs

In this section, we will dive into some basic and elementary structures of partial differential equations.
Throughout the section, consider u(xy,---,x,) as a multivariate function, uy,,--- ,uy, as its first order
partial derivatives, and uy,; - -+ as second order partial derivatives and so on.

1.1 Constant Coefficient Linear PDEs

In this part, let u(x,y) : U C R2 5 R, a,b € R not both zero, and we are interested in the PDE of the form

(aty+buy =0 (1.1)

A very intuitive example is u(x,y) = bx — ay, where u, = b,u, = —a and au, + bu, = ab — ab = 0. But
in general how can we solve it? We will give two methods.
1.1.1 Geometric Method Via Directional Derivative

When we have a multivariate function (in our example it suffices to illustrate with 2 variables) z = u(x,y),
the two partial derivatives are defined by

Definition 1. Let z = u(x,y) be a multivariate function, then the partial derivatives uy,uy at (xo,yo) are

defined as
i, = lim u(xo + Ax,yo) — u(xo, o) (12)
Ax—0 Ax
. u(x0,y0+Ay) —u(x0,y0)
=1 . 1.
"y A;EO Ay (1.3)

Just like normal derivative with one variable, the partial derivatives u,,u, are the rate of change along
the x,y axis respectively. We may further extend this idea to any direction, say the “partial derivative”
or the “rate of change” along the line y = x, y = 2x — 3 (a linear combination of x,y coordinates) etc.
That’s where we introduce directional derivatives. So we may then define the directional derivative along
a vector v= (a,b):

Definition 2. The directional derivative of u(x,y) at (xo,yo) along =(a,b) is given by

. u(xo+ha,yo+ hb) — u(xo,
DV“('anyO):%l_r)% (% Y0 W )~ 4(x0,0) (1.4)

and we can easily see that u,u, is just the special case when v = (1,0), (0, 1) respectively. Below is a
figure to illustrate directional derivative geometrically:



T P(xy, Yo, Z0)
\ /

Figure 1: The directional derivative at (xo,o,z0) of the function z = u(x,y). It can be viewed as the slope
of tangent line of the curve obtained by slicing the function with a vertical plane that passes through the
direction of the directional derivative. (Credit: James-Stewart Calculus, early transcendentals, Eighth
Edition, Page 946)

Theorem 1. The directional derivative of u(x,y) along v = (a,b) can be computed by

Dyu(x,y) = ux(x,y) -a+uy(x,y)-b (1.5)

The proof of this theorem can be done by using Chain rule and hence the readers are encouraged to try it
themselves.

After knowing some directional derivatives, we go back to the equation a - uy + b - uy, = 0, we realized this
means the directional derivative of u(x,y) along v = (a,b) is equal to zero, meaning u(x,y) is constant
along v. The line equation of v can be expressed by bx —ay = 0, and the set of lines parallel to v has the
general form of bx —ay = C, where C € R. They are called the characteristic lines, and on each of those
lines Dyu(x,y) is a constant and the entire plane R? is generated by the set of all characteristic lines. So
we see that in this case u(x,y) only depends on bx — ay, i.e which characteristic line it belongs to, and
hence the general solution to au, + buy = 0 is

u(x.y) = f(bx—ay) (1.6)

where f is a function of one variable, and the exact f may be obtained once extra conditions are given.
To verify the correctness of (1.6), we two partial derivatives:

uy = bf'(bx—ay),uy = —af' (bx — ay) (1.7)

and hence auy + buy, = abf’(bx — ay) — abf'(bx — ay) = 0.

Example 1. Solve the PDE 4u, — 3u, = 0 with auxiliary condition u(0,y) = ¥,
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Solution: It is first easy to see that u(x,y) = f(—3x —4y) is the general solution, where —3x —4y =
C is the characteristic line. Then plugging in the auxiliary condition, y* = u(0,y) = f(—4y) we get
f(—4y) =y? and by a change of variable we see that f(¢) = —t3/64. So we have u(x,y) = f(—3x—4y) =
(—3x—4y)3/64.

Example 2. Solve the PDE xuy + yu, = 0.

We notice that the directional derivatives along (x,y) is constant zero, and we have

dy _y (1.8)

dx x

which brings us to a separable differential equation and we have

1 1
/—dy:/—dx+C (1.9)
y by

and we have In|y| —In|x| = C, which is the characteristic curve of the PDE, and given any function g
defined through g(In|y| — In |x|) will be a solution.
1.1.2 Change of Variable Method

Now we present a different method using change of variables. Imagine using the direction of v = (a,b)
as our new coordinates x’ and v~ as y'. Then we can verify that

X =ax+by y =bx—ay (1.10)
and hence we have the relation that
/ b / b / /
_ @ by y= 224 (1.11)
a2_|_b2 a2+b2
and by Chain rule, we get
du dx Jdu 9y
I/tx:ﬁ'g—f‘a—yl'gzaux/—i—buyl (1.12)
du dx Jdu 9y
= 5w oy Tay oy b T (-
so we have
auy + buy, = a(auy + buy) +b(buy — auy) = (a® +b*)uy (1.14)

and we obtain a new equation (a” 4 b*)u, = 0, which indicates the solution u(x,y) is independent of x’
and hence we have u(x',y") = f()') = f(bx — ay). Note that this is the exact same answer we get using
the directional derivative method.

Then, we are interested in a more general form

auy +buy, = f(x,y) (1.15)

for a given function f(x,y). If f reduces to zero then it is the case in section 1.1.1.



Theorem 2. The solution to (1.13) is given by

1
u(x,y) = W/Lfds—}—g(bx—ay) (1.16)

where L is the characteristic line segment from y axis to (x,y).

Proof. We will again use the change of variable method, using the change of variables discussed in (1.8),
and the relations stated in (1.9);(1.10);(1.11), we have

ax' +by bx' —ay
a(auy +buy) +b(buy —auy) = f( 20 2R (1.17)
which simplifies to
1 ax' +by' bx' —ay
W 'f( NI X (1.18)
hence integrate 1.16 with respect to x’ gives
1 ar+ by br—ay
/. /
uy) = /a2+b2 f<a2+b2’ 2+b2)dr+g(y) (119

and we now use the original coordinates and we have

u(x,y) :/ax : (aH—b(bx—ay) br — a(bx — ay)

)dr+g(bx—ay) (1.20)

Ly BB 20 a2
r
by a simple change of variable s = ——, we have
y P g 21 b2
1 b’x+a(vVa®+b%s —by) a’y+b(vVa?+b%s — ax)
I/t( ay)_— 2 2 ) 2 2 ds+g(bx—ay)
Va4 ) an a+b a’+b
a“+b
(1.21)
and denoted by
u(x,y) = /fds+g (bx —ay) (1.22)
\/7
and as we can see L is the line segment from y axis to the point (x,y).
|

Example: Solve the PDE u, +u, = 1.

Solution: We follow the result of theorem 2, we have f(x,y) = 1,a = b = 1, then we plug these values
into (1.20), we have

u(x,y) = ds+g(x—y)

\/’ xiy
x+y

>
- Telx—y)



and we get
1

1
e=3+g 0=y w=5-g0x-y) (1.23)

where g(x—y) is an arbitrary single variable function that depends through x —y, and notice that u, + u, =
1 which means the solution is valid.

Example: Solve the PDE u, + u, = xy.
Solution: In this example, we have f(x,y) = xy,a = b =1 and (1.20) gives us

1 x+\/§s—y y+\/§s—x
u(x,y) = —= H,( )( )ds+g(x—y) (1.24)
V2 £y 2 2
1 252 — (x—y)?
=7 A;};fds—hg(x,y) (1.25)
3_ Y
_ [2s 3;5’“ y)} +g(x—y) (1.26)
2., 2
:_(X+y)(x1ﬂ;y 4xy)+g(x_y> (1.27)

hence we get the general solution to the original PDE:

2 2_4
uxy) =~ LT oy (128)

where g(x —y) is an arbitrary single valued function which depends through x —y. To verify, note that
we have

1
Uy = —E<x2+y2 —4xy + (X+y)(2x—4y)) +8'(x—y)

1
:Z<—x2—l—y2+2xy>—|—g/(x—y) (1.29)

and similarly
l/ty =

—% (x2 +y” —dxy+ (X+y)(2y—4X)> —g'(x—y)

1
:Z<x2—y2+2xy) g (x—y) (1.30)
where

1
y + Uy = Z(—x2+y2+2xy+x2—y2+2xy> +&(x—y)—g(x—y)

— xy. (1.31)



1.2 Nonhomogeneous Problem and Method of Characteristics

We now generalize the idea of transport equation into R”. Suppose x,b € R", ¢ € (0,00) and Du is the
gradient of u with respect to x;, then consider the problem

(1.32)

ur+b-Du=f inR"x(0,0)
u=g on R" x {t =0}

To solve this, we inspired by the homogeneous problem, suppose we set z(s) := u(x+sb,t+s) for s € R,
then differentiating z will yield

2(s) =b-Du(x+sb,t +s)+u;(x+sb,t +s) = f(x+sb,t+5) (1.33)

then we notice that u(x,¢) = u(x+0b,t +0) = z(0) and u(x —tb,t — s) = u(x —tb,0) = g(x —tb) = z(—1),
so we have

0
u(x,t) —g(x—tb) =z(0) —z(—t) = / z(s)ds (1.34)
0
= [ f(x+sb,t+s)ds (1.35)
_ / Fle (s—1)bos)ds (1.36)
0

hence, we have the general solution given by
t
u(x,t) :g(x—tb)—l—/ fx+(s—1)b,s)ds (1.37)
0

Example 3. Solve the PDE u; +u, = 1 with u(x,0) = x°.

In this case observe that f = 1, g = x2, Du = u,,b = 1, so by the formula we proposed, we have

t
u(x,r) = (x—t)2+/ lds = x> — 2xt +1> +1. (1.38)
0

It is easy to see that the function above solves the PDE.

We now study a more general form: F(Du,u,x) =0 in U subject to the boundary condition u = g on I’
where ' C dU, g:T" — R, also F,g € C*. So what is the method of characteristics? Well we pick x € U,
and then another xo € I'. Since we already know on I', u = g so we are able to compute the value at xj.
Then we try to connect xg,x by some nice curve u that solves the PDE.

Suppose such a curve which is described parametrically by x(s) = (x!(s),---,x"(s)) where s € R is
our parameter. We assume u € C2 solves the PDE F(Du,u,x) = 0 and let z(s) = u(x(s)), as well as
p(s) := Du(x(s)) where p'(s) = uy,(x(s)). In our set up, z gives the values along the curve, p gives the
values of the gradient Du. Note that

Pl(s) = op(s) = o Nty (X(5))0 s) (1.39)



also we differentiate F(Du,u,x) = 0 with respect to x':

" JF JoF JoF
; 8_ (D, X )ity j; + a—Z(Du,u,x)uxi + a—Xi(Du,u,x) =0 (1.40)
set oF
#(5) = ——(p(s),2(5),X(5)) (1.41)
pj

Y 5 (Bls),205) X5 it (X(5) + 5 (5,051 X)) 5) + G- (p(s) () 3(5)) =0 (1,42

so now use the expression above and (1.41), substitute back into (1,39) will give us

; JdF JdF ,
p%ﬂ:=—5;HKQJ6%X@D—~5ZGKSJ6%X®DPT$ (1.43)
and finally differentiating z = u(x(s)) will yield
"0 ; " . OJF
i(s) =Y, T”_(x(s))xf (s) =2 P ()5~ (P(s),2(s),X(s))- (1.44)
j=19%i j=1 Pj
Definition 3. We define the following systems of ODEs as the characteristic equations of the PDE
F(Du,u,x) =0:
P(s) = —DF(p(s),2(s),x(s)) — DoF (p(s), 2(s), x(s))p(s)
is) = DpF(p(s),z(s),x(s)) - p(s) (1.45)

X(S) :DPF(p(S)aZ(S)ux(S))
Expression (1.45) looks a little bit cursed, but let us consider a simple example:
a(x,y)ux+b(x,y)uy = c(x,y)u+d(x,y) (1.46)

for function u(x,y). Then the characteristic curve will be

Y(s) = b(x(s),¥(s)) (1.47)
(x(s),5(s))z+d(x(s),¥(5))

Example 4. Solve the PDE —yu, + xu, = u with boundary condition u(x,0) = g(x).

IS
—
0"
N—
Il
o

It is easy to see that X(s) = —y, y(s) = x,2(s) = z. We first solve the system of ODEs with x, y:
X=-y _ Jx=a cos(s) — ¢ s%n(s) (1.48)
y=x y = cjcos(s) + cp sin(s)

Let x(0) = x9,y(0) = 0, then x(s) = xpcos(s),y(s) = xpsin(s). Furthermore solve for z we have z(s) =
c3e®. With initial condition, z(0) = g(xp) so we have z(s) = g(xp)e®. Now given (x,y) we need to solve
for xo and s such that they passes through the characteristics, we solve x = xpcos(s),y = xpsin(s) and

hence x3 = x> +y?,s = arctan(y/x) and hence we obtain
0 y y

u(x,y) = g(xp)e’ = g(/x? —I—yz)earCtan(Y/x). (1.49)
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Example 5. Solve the PDE u +uy +u = ¢**» with boundary condition u(x,0) = 0.
We first note that x%(s) = 1,y(s) = 1 and z(s) = —1 4 e**%, first solve the system of ODEs with x,y, we
obtain
)?(s)zl . x(s) =s4c (1.50)
¥(s)=1 ¥(s) =s+c2

for some constant ¢y, ¢, € R. We now plug in the initial condition, we know that x(0) = xo,y(0) = 0 (we
make it this way so the point lie on the “boundary” where we know u = g), hence we have

x(s) =s+x0 y(s)=s (1.51)

with this information, we substitute x,y by s into z and have z(s) = —z(s) 4 >, which is an ODE that
can be solved by using integrating factors. Note that

u(s) = exp ( / 1ds> z(s) = ﬁ ( / ,u(s)e3s+x°ds+C) (1.52)

and we hence have

1 C
z2(s) = Zex0+3s +5,CER (1.53)
with initial condition z(0) = 0, we have
1 Xo+3s 1 X0—S
2(s) = eV = et (1.54)

we then use (1.51) to obtain xg, s in terms of x,y, where s = y,xy) = x — y, hence we have

1
u(x,y) = Z(ex+2y —e ). (1.55)
The above two examples motivate us to further investigate (1.45) and derive a more specific formula for

different type of PDEs:

Linear PDEs: The first case we consider is when F (Du,u,x) is linear and homogeneous, which means
it takes the form
b(x(s))-Du+c(x)u=0 (1.56)

and it suggests that we have F(p,z,x) = b(x(s)) - p(s) + c(x(s))z(s), where we have D,F = b(x) and then
by (1.45)

X(s) =DpF =b(x(s))  (s) =DpF - p(s) = b(x(s)) - p(s) (1.57)
also note that we have F (p,x,z) = b(x) - p(s) + c(x)z(s) = 0 hence we further have the expression
2(s) = —c(x(s))z(s) (1.58)

so in summary we have

&(s) = —c(x(s))z(s)
as our parametrization and from this point we can easily see the parametrization we get in example 4 and
5.

{x<s> = b(x(s)) (1.59)

10



Quasi-linear PDEs: We now consider the PDE of the form
F(Du,u,x) = b(x,u(x)) - Du+ c(x,u(x)) =0 (1.60)

and we now have the parametrization F (p,x,z) = b(x,z) - p+c(x,z) = 0, and from here we have D, F =
b(x(s),z(s)) so x(s) = b(x(s),z(s)), and z(s) = b(x(s),z(s)) - p(s). We finally use the fact that b(x,z) - p+
c(x,z) = 0 to conclude z(s) = —c(x(s),z(s)) so im summary we have

%(s) = b(x(s), 2(5))
{Z(S) = —c(x(s),z(s)) (1.61)

Example 6. Solve the PDE u, + uy, = u® with boundary condition u(x,0) = g.

We first see that x = 1,y = 1 so we have the solution

x(s) =s4c
1.62
{y(s) =s5s+c (162)

with the boundary condition, we let xo be the point on g such that our parametrization yields x(0) =
x0,y(0) = 0 and hence we have

x(s)=stx (1.63)
y(s)=s
Now for z we have z = z2, which now turns into a separable ODE and we have
1 1
—zdz: lds+C — ——=s+C (1.64)
b4 Z

take s = 0, and let g(xp) = z9, then we have —% = C hence then we solve for z and we get

_ 2 glx)
s) = 1—sz0 1—sg(x0) (1.65)

Note that in (1.63) our parametrization will yield s = y;xo = x —y so we substitute into (1.65) and we get

glx—y)

- 1.66
l—y-g(x—y) (1.0

u(x,y) =

as the solution to the PDE, where g is any function depend through x —y. But notice that the solution
only makes sense only 1 —yg(x—y) # 0.
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Wave Equations

2.1 Interpretations and Derivations

Suppose U C R" is open, and we define a function u(x,z) : U x [0,0) — R where x € U and ¢ is the time
variable.

Definition 4. The wave equation is defined by
I/ltt—AI/lZO (21)
where A is the Laplacian operator.

We first provide some physical interpretations to the wave equation. Suppose we have a smooth subregion
V C U, and we consider the acceleration within V. The interpretation is easier for n = 1,2 or 3. Let u(x,¢)
be the displacement in some direction of the point x at time ¢ > 0, and the acceleration within V is then

dZ
— udx:/u dx (2.2)
dr? /V v

while the net force defined on dV is given by

— / F-vdS (2.3)
av
where F is the force acting on V through 9V, v is the outward normal unit vector, then by Newton’s
second law,
/ uttdx = —/ F-vdS (24)
14 oV

where we take the mass of the object to be unit mass, and further this identity obtains for all subregion
V so we further have u;; = —divF. Further for elastic bodies F is a function of the displacement gradient

Du, hence we have the system
uyy = divF(Du) =0 (2.5)
and for small vibrations we use the approximation formula F(Du) = —aDu so we have u;; —aAu = 0 and

wave equation is the case when a = 1.

2.2 d’Alembert’s Formula

We first focus on the initial value problem for u(x,) defined on R x (0,c). Consider the system

Uy —uyy =0 in R X (0,00) . 2.6)
u=gu=h onRx{r=0}

Theorem 3. The general solution to the wave equation u;; = c2uy, takes the form
ulx,t) = f(x+ct)+glx—ct) (2.7)

through some functions f,g.

12



Proof. By direct computation, we have

uy=f'(x+ct)+ g (x—ct),upn=f"(x+ct)+ g (x—ct) (2.8)

and
uy = fl(x+ct)-c+g(x—ct) - (—c),uy = f" (x4 ct) +c*g" (x — ct) (2.9)
and the results follows trivially. ]

Theorem 4. The d’Alembert’s formula is given by

X+t
u(x,t) = %[g(x+t) +glx—1)]+ %/ h(y)dy forxeR,t>0. (2.10)

x—t
with initial condition u(x,0) = g, u,(x,0) =h

Proof. (Evan’s) Observe that we can rewrite the PDE as
Jd 0 Jd 0
U= =—+— ) === |u=0 2.11
e = U (8t+8x> (ar ax)” 1)

Jd d
v(x,t) 1= (E - a) u(x,t) (2.12)

then we have v;(x,7) + vy (x,7) = 0. This is a transport equation, where we see the directional derivative
along (1,1) is zero and the function is constant along this constraint. So we have a general solution
defined by v(x,t) = a(x —¢) for any function a that defined through x — ¢ and a(x) = v(x,0). Hence we
finally have

we define v as

ur(x,1) —uy(x,1) = a(x—1t) in R x (0,00) (2.13)
which appears to be another transport equation, the general solution takes the form
t
u(x,r) :/ a(x+(t—s)—s)ds+b(x+7) (2.14)
0
1 X+t
= 5/ a(y)dy+b(x+t) (2.15)
x—t
with b(x) := b(x,0). With initial conditions b(x) = g(x) when ¢t = 0, also
a(x) = v(x,0) = us (x,0) — ux(x,0) = h(x) — g'(x) (2.16)
we finally have
1 X+t )
u(x,t) = 5/ (g(y)—g (y)>dy+g(x+t)- (2.17)
x—t
after simplification we have
1 1 X+t
u(x,t) = E[g(x—l—t)—i—g(x—t)]—i—z/ h(y)dy,x € R,t > 0. (2.18)
xX—t
|

And d’Alembert’s formula will give us the solution of the PDE equipped with the boundary value prob-
lem. If in general we have u;; — iy, = 0 for some ¢ € R, then d’Alenbert’s formula will yield

xX+ct

u(x,t) = %[g(x—l—ct) +g(x—ct)]+ 2—C/ h(y)dy (2.19)

—ct
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2.3 Energy Conservation

We go back to the 1D wave equation about a vibrating string:

Uy — ity =0 (2.20)

We first try to derive this formula physically (not via real math). Consider we have an infinity long string
with two boundaries fixed, and now we apply a vibration to the string so it will move vertically.

x=0 x=1
Figure 2: A vibrating string (Source: Strauss PDE)
At some moment, the string will look like figure 2. Let x to be a point on the string indicating its position,

we denote u(x,7) as the displacement from equilibrium position at time 7. If we pick two points xg < x;
close enough, and we zoom in into the string and then that part of the string will look like figure 3:

T(xl, t)

Figure 3: A zoomed vibrating string (Source: Strauss PDE)

We assume the string is flexible, elastic and homogeneous with density p, so at each point its tension
vector is tangential to the string, and we further assume T does not depend on time 7. We use T(x;), T(xo)
to denote the magnitude of the tension vector for the points xp,x; at time z. At point a point x, u, can
be viewed as the tangent line of the string at this point, and the small triangle in figure 2 illustrates this.
Since T(x) is parallel to the tangent line, we can then decompose the tension vector T into two directions
T, and T,. Since we assumed the string only moves vertical, so T, = 0. Then we have

Uy

Vit

In segment xq to x1, the net tension is simply the tension on its boundary since inside tension will cancel

T, = T(x)sin 0 = T(x)- (2.21)

. . x:x]‘ . . . . . . . .
out, given by T(x) sin 6 , and at each point its mass times acceleration is just pu,, then by integrating
X=X
over the region, and apply Newton’s law, we have

T, [ ™
X ) Uy :/ pundx (2'22)
\/ 1 + I/t)% x=xp X0

when the vibration is small, we immerse the philosophy from the holy engineers and write /1 +u2 =1,

so we have
X1

T (x1)ux, — T(x0)uy, = / puydx (2.23)

X0
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if we also assume T does not depend on x, differentiating the term above with respect to x will give us

(Tux)x = PUy

where we let ¢ = \/g and hence we have

2
Ut = C Uxx

as the wave equation in one dimension.

(2.24)

(2.25)

We now talk about energy conservation in wave equation. Again for simplicity we first consider one-

dimensional case.

Definition 5. Let u;; = c’u,, be the wave equation of a vibrating string, we define the kinetic energy KE

and potential energy PE of the string by the following:

1 1
KE = Ep/utzdx PE = ET/u)%dx

Theorem 5. In wave equation the total energy E = KE + PE is conserved.

Proof. We first differentiate the kinetic energy:

d d1 1 d
EKE = 7 utzdx: Ep/autzdx:p/u,undx

then we substitute u;; with c?u,, and perform an integration by part:

d x=00
EKE = pcz/u,uxxdx = T(u,ux) —T/uxutxdx
X=—o00

where after simplifications we have

iKE = —T/uxu,xdx

dt
finally observe that
Cpp— Ll [2ar—1 d
S PE=15 uydx = Uy dX

it means we have

d
—(KE+PE) =0
- (KE+PE)

and hence the total energy is conserved.

15
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Dirac Delta Function and Distributions

3.1 Basic Definitions and Properties
Definition 6. A distribution F is an operator F : ¢ € CZ(R) — R that is linear and continuous.

For linearity, it means for all @1, ¢, € CZ(R) and c € R, F (@ +c@) = F(¢;) + cF(¢2); For continuous
is means for all sequence {@,} C CZ(R) and ¢ € C’(R), if ¢, — ¢ in CZ(R) then F(¢,) — F(¢). Note

that convergence in CZ(R) means (p,(lk) — (p(k) uniformly for all derivatives k = 0,1,---, and uniformly

convergence means V€ > 0, AN € N such that sup H(p,(,k) (x) — W (x)|| < & for all x and n > N.

For notation, we write ( F, ¢ ) for distributions for the action of the distribution F on ¢ € CZ(RR), and then
we can write the linearity as

<F7(P1+C(p2>:<F7(P1>+C<F7(P2> 3.D
Definition 7. Let f(x) be a locally integrable function on R, we define Fy : CZ(R) — R by

(F.p) = /R £(x)@(x)dx (3.2)

for all ¢(x) € CZ(R).
We claim that (3.2) indeed defines a distribution, we can verify its linearity and continuity easily.

Definition 8. Define &y as the distribution (o, ¢ ) = ¢(0) for any ¢ € CZ(R).

1 >0
Example 7. Consider the Heaviside step function h(x) = {O r= o then
x <
(Fiuo) = [ hooar= [ plodx (.3
R R+

is a distribution.

We now consider the derivative of a distribution, for a function f(x) and its derivative f’(x), we can define
the following distributions:

(Fr.0) = /R fReWdx  (Fpp) = /R £ (0)()dx (3.4)

using integration by parts, we have

/R £ () dx = F(x)p()

- / ()@ ()dx = — / £ (V)dx 3.5)
e IR R

because ¢ is compactly supported so @ (o) = @(—c) = 0. Note that the last term in (4.5) is simply
— (Ff, "), so we have the following relation:

(Fp@) =—(F,0") (3.6)

which also motivates the definition of the derivative of a distribution:

16



Definition 9. Let F be a distribution, then F' is another distribution defined by
(Fl,@)=—(F.¢') 3.7)
forall ¢ € CZ(R).

Followed by this definition, we can compute the derivative of Dirac delta function:

(8.9) =~ (80.9) = | &p(x)dri=—(0) (38)
, . x x>0 e
Example 8. Consider the function p(x) = {0 <0 then its distribution is given by
X
(Fpy ) = / PP (x)dx = / *p(x)dx (3.9)
R R+
then consider Fy, the derivative of such distribution, we have
<Fp/,(p>:—(prq)>:—/R+x(p'(x)dx. (3.10)
Then recall the distribution of the Heaviside step function:
(Fnp)= [ oWidri=voe)| [ xo/edx=— | xol(odx G.11)
R+ —g JR* R+

using integration by parts and the fact that ¢ (o) = 0. Then compare (3.10) and (3.9) we see that

(Fp, @) = (Fn, ). (3.12)

Further, what will happen if we consider the derivative of the Heaviside distribution, F,? Let’s see:

(Fn,@) = (Fg,0)=—(Fy,0') = —/R+ 1-¢'(x)dx = ¢(0) (3.13)

since again @ (o) = 0. Then by definition, we have

(Fn, @) =(00,9). (3.14)

That is, the derivative of the Heaviside function in the sense of distributions is the Dirac delta function.

Example 9. Let f(x) =

X

, which is, non-differentiable at x = (.
We will try differentiations in the sense of distributions:

(F,9)=—(F,0) :/R|x|(p'(x)dx: _ (/

0

—o00

—x(p’(x)dx-i—/ x(p'(x)dx) (3.15)
0
which is,

0 0
- [ otar-xo(

X=—o0

(Fr,0) =xo(x)

4 / " o(x)dx (3.16)
x=0 0

17



and after simplifications we have

(F.0)= [ s0)p(dr= (Fir0) (317
-1 x<0
where g(x) = .
g(x) {1 £>0
2
X x>0 o P
Example 10. Let f(x) = , then what is f" in the sense of distributions?
2x+3 x<0

Let us compute directly from the definition:

(Ff,0)=—(Fp,¢') (3.18)
0 oo
=— 2x+3)¢" (x)dx — x“Q'(x)dx (3.19)
! 2
oo 0
0 e o0
=— | (2x+3)p(x) —/ 20(x)dx+x>¢(x) —/ 2x@(x)dx (3.20)
x=—o0 - x=0 0
0 ]
=— (3(p(0) —2/ go(x)dx—/ 2x(p(x)dx> (3.21)
—oo 0
~ | _swotwar-30(0) (3.22)
= (8,0)-39(0) (3.23)
=(g—300,9). (3.24)
2 x<0 o . T T
where g(x) = ) >0 We say that the derivative of f in the sense of distributions is the distribution
X x>

g — 30, or F; —368. The 30y is a result of the jump discontinuity in f at x = 0.

Let us consider a more general case of discontinuity. Define

~Jh(x) x<0
f(X)—{g(x) =0 (3.25)

where g(0) —h(0) := c has a jump hence f(x) is discontinuous at 0. We now consider the derivative of f
in sense of distributions. By direct computation, we have

(Ff, @) =—(Fr.¢') (3.26)
0 oo

=— (/_mh(x)qol(x)dx+/o g(x)(p'(x)dx) (3.27)

=~ (e[~ [ Wi swow|; - [“¢wewar) @)



where further simplification shows that

0

(Fl.@) = (5(0) — h(0))p(0) + / H ()t /0 {0 (3.29)

= (c8,¢)+ (F}, ) (3.30)

H(x) x<O0

/(x) , and c¢&y just represents that “jump discontinuity”.
g (x

where f'(x) = {

3.2 Convergence of Functions in Distributions

Definition 10. A sequence F, of distributions converges to a distribution F if
lim (Fy, @) = (F,@) forall ¢ € Cc(R). (3.31)
n—soco

We may consider a sequence of locally integrable functions {f,,}, and we can define its convergence in
the sense of distribution:

Definition 11. A sequence of locally integrable functions { f,, } converges to f in the sense of distributions

if
lim (Fy,, @) = (Fy,¢) forall ¢ € CZ(R), (3.32)
which is,
lim/fn(x)(p(x)dx:/f(x)(p(x)dx forall € CZ(R). (3.33)
n=ree JR R

Proposition 1. Let {F,,}, F be distributions, if F,, — F, then Fn(a) — F(%) for all higher order derivatives.
The proof is easy since ¢(x) € CZ(R).

Proposition 2. Let {f,(x)} C L} be a sequence of locally integrable functions and f, — f pointwise

loc

where f € L) . Further suppose 3g € L}, . such that |f,(x)| < g(x) for all n and x € R, then f, — f in
the sense of distributions.

The proof follows from monotone convergence theorem and dominated convergence theorem. An appli-
cation to the proposition above is to consider the sequence

fulx) = Lo/ (3.34)

n

and it can be shown that f;,(x) — 0 pointwise, so f,(x) — 0 in the sense of distributions.

Definition 12. A sequence {f,} C Llloc converges in the sense of distributions to &y (the Dirac delta
function), if

/ f()@(x)dx "= @(0) forall ¢ € C2(R). (3.35)
R

Proposition 3. Ifa sequence {f,} C L} . converges to & in distribution, then f,(x) satisfies the following
properties:
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(1) Nonnegativity: f,(x) >0 forallx € R,n € N;

(2) Unit mass: We have / Sfa(x)dx =1 foralln € N.
R

(3) Concentration at 0: For any € > 0, f,(x) — 0 uniformly on |x| > €.

Theorem 6. Let f(x) be any non-negative integrable function on R and / f(x)dx = 1. Define f, :=
R

nf(nx), then f, — & in distribution.

Proof. We need to show ( f,,,@) — (80, @) := &, i.e / fn® — @(0) in distribution. distribution. Using
R

€ — 0 definition, Ve > 0, since f,, is non-negative, we have

t/ﬁwmww—wm::/ﬂm«mm—mex (3.36)
R R
sé&@ﬁﬂ@—wwm (3.37)
- / F0)-Jo ()~ 0(0)| @y (3.38)
R

By continuity of ¢, Ve > 0, one can choose &, such that for N € N sufficiently large, |2 — O} < 6 for all

n > N would imply ‘(p (%) — (p(O)‘ < €, hence

L10:|o(2)-e0]ar<e [ rorr=e (339
R n R
for all » > N, and hence

[ 00 - p(0)] < (3.40
for all n > N which means f,(x) — & in distribution. [ |

Theorem 7. sin(nx) — 0 in distribution.
Proof. Note that ¢ € CZ(R), so 3M € R such that ¢(x) = 0 for all |x| > M, hence
/ sin(nx)@(x)dx = / sin(nx)@(x)dx. (3.41)
R (—M,M]

Then we have

/ sin(nx)¢(x)dx =0} = / (_i'COS(m)) ¢(x)dx (3.42)
[—M M] MM dx n
_|_cos(nx) =M cos(nx)
- o) /[MM 9/ (x)dx (3.43)
= l/ ‘ cos(nx) - ¢'(x) ‘dx (3.44)
n [_M7M]
1
<o [ gl (3.45)
n [7M7M]
_ 2MIo/ (W e
n
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Simply let € := M, choose N such that N > M so for all n > N, we have equation (3.36)
< E. [ |

1

Example 11. Show that the sequence of function defined by f,(x) = P S
n2x

converges to &y in

distribution.

Proof. By definition we wish to show that Ve > 0, IN € N such that

/R Fulx) @ (x)dx — (p(O)' <e (3.47)

for all n > N. By a similar argument in the proof of theorem 6 we obtain

[ aowir—o0) < [ 4000w - o0 (.49
R R

Since ¢ € CZ(R), so for the € given, 39 such that |x| < § implies |@(x) — @(0)| < €. We then rewrite the
right hand side of (3.42) as

| £40)- o) = 0(0)]ax = /{_w ful) - () - <p<o>(daj+ /| sy = 0O)fdx 349

(. (. J
v~
1

J

where we will investigate I,J separately. For I term, use the fact that x € [—J, §], we have

1< 8/ fa(x)dx <€ (3.50)
[~8.9]

since we have / fn(x)dx = 1. For J, we have
R

<[ 5 (lew@l+ o)) dx (351)
R/[-08,6]

< / Ful)- 21 9()|-dx (3.52)
R/[-6,6]

_ Al [~

= /(;n2x2+ rdx (3.53)

Aol (7

= (5 — arctan (n5)) (3.54)

by choosing N sufficiently large, we have 7 —arctan(nd) < € for all n > N. So all combined, we have

/]R Ja(x)@(x) — <p(0)' <2e (3.55)

for any € > 0 and sufficiently large n > N. Hence f,(x) — p in distribution. [
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Heat Equations

4.1 Simple Diffusion Equations
In general, let u(x,) be the function of our interest, heat equation is the PDE that takes the form
u —kAu=0. (k>0) 4.1)

We will first study the simple diffusion equation defined by

{ut(x,t) = kuy(x,t) inR 4.2)

u(x,t) = g(x,t) on dR

where we restrict the region R to be the rectangle defined by R := [0,L] x [0,T). It is intuitive to first
present where equation (3.2) is coming from. Let us imagine inside a straight tube contains motionless
liquid, and a dye is diffusing through the liquid (see the figure below).

Figure 4: Illustration of our example, where the straight tube is filled with motionless liquid, where a dye
is diffusing from xq to x;. (Source: Strauss PDE)

By Fick’s law the dye will move from the higher concentration region to lower concentration region, and
the rate of such a motion is proportional to the concentration gradient. Suppose u(x,?) is the concentration
(mass per unit length) of the dye at position x at time ¢, then in the tube illustrated above, the total mass
of the dye is given by

M= /Xl u(x,t)dx (4.3)

0
then applying Fick’s law, the rate of change of the concentration (dM) is “flow in from x9 — flow out
from x;” since we assume the liquid is motionless, hence we have the equation

dM

o k(uy(xo,t) — ux(x1,t)) (4.4)

where k > 0, and combine with (3.3) will yield

/ () = K (x0,1) — s (x1,1)) 4.5)

X0

we differentiate with respect to x1, and wlog it will yield

g (x,1) = kityy (4.6)
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where k is some constant.

We first study some properties of (3.2), and will intriduce the general solution to the heat equation in the
next few sections.

Theorem 8 (Maximum Principle). If u(x,t) solves (3.2), then

max u(x,t) = max u(x,t) 4.7
(u,t)ER (u,t)€OR
The idea of the proof is that, at an interior maximum the first derivative is equal to zero and the second
derivative is non-positive. If we knew u,, # 0 at the maximum then u,, < 0 as well as u;, = 0, which will
contradicts the equation u; = kuy,.

Proof. Let M := max, ;cogt(x,t). Our goal is to show u(x,t) < M for all (x,¢) € R. Let € >0, let
v(x,t) = u(x,t) + ex?, then it is clear that v(x,t) < u(x,t) + €L? (recall x € [0,L]) for all (x,¢) € RUIR.
Further we have

Vi — kvee = st — k(u 4 €x%) e = Uy — kit — 26k = —2ek < 0 (4.8)

We now suppose v(x,#) attains its maximum at an interior point (xo,f), then we know v, = 0,v,, <0 at
(xo0,10) and it contradicts the equation above.

We then consider if v(x,7) attains its maximum at {fo = 7,0 < x < L}, then v,(x9,%p) = 0 and vy (xp,%) <
0. Also since v(xo, %) > v(xp,to — &) for & > 0, then

v(xo,to) — V(X(),to — 5)

ve(x0,70) = lim >0 4.9
1(%0,0) lim 5 > (4.9)
(Note the maximum is only “one-sided” in the variable ¢), hence that’s a contradiction. |

Note that we proved the weak maximum principle, which is the maximum on the boundary is equal to
the maximum inside the exterior, but there is a strong version of maximum principle which states the
maximum cannot be assumed anywhere inside R but only dR. This is much harder to prove.
. . Uur = kblxx in R
Theorem 9. (Uniqueness of solution) Suppose u,v both solves the PDE , thenu=v
u=g on dR
forall (x,t) €R.

Proof. Let w = u — v, where w; = kwy, in R and w = g — g on dR. Then by maximum / minimum
principle, we know that

max w(x,r) = max w(x,#)=0 min w(x,t)= min w(x,7) =0 (4.10)
(x,t)ER (x,t)EIR (x,t)ER (x,r)EOR
which implies w = 0 for all (x,7) € R, hence u = v. [

Theorem 10 (Dirichlet Problem for the Diffusion Equation). There is at most one solution of

up — kg = f(x,t) forO<x<lIl,t>0
u(x,0) = @(x) (4.11)
u(0,1) = g(1) u(l,t) = h(t)
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Proof. Letuy(x,t),us(x,t) that bot solves {.T1)), Iwt w = u; —up, then w; — kw,, =0, w(x,0) =w(0,1) =
w(l,t) = 0. Let T > 0 then by maximum principle w(x,?) has its maximum for the rectangle on its
boundary (bottom ot sides), so we have w(x,#) < 0. The same argument using minimum principle will
yield w(x,t) > 0, therefore w(x,#) = 0 and hence u; = uj. |

Theorem 11. (Stability) Suppose u,v satisfies

u, = kuy, inR und vi=kvy InR 4.12)
u=g| on dR V=g on dR

then define w := u—v, we have
[Iwlleo < [lg1 = 82 |eo- (4.13)

Proof. By maximum principle, we know max , ,)cg W(x,1) = maxy )cor (81 — 82), and the result follows.
|

Proposition 4. (Energy Method) In u; = kuy, defined on R :=[0,L] x [0,T), assuming zero boundary
condition (u =0 at x = 0,L) and no flux boundary condition (u, = 0 at x = 0, L), the energy defined by

1t
E(t) = 5/0 u”(x,t)dx (4.14)

is non-increasing.

Proof. We differentiate the energy with respect to time ¢ and we get

=) [ Letone= [ uteouiena @.15)
JE— — — —U = u .
% 2 ), @ x,1)dx Oux, ¢ (x,1)dx
by substituting we get
d L
—E(t):/ u(x,t) kg (x,1)dx (4.16)
dt 0
x=L L
= ku(x,t)uy(x,t) —k/ u?(x,1)dx 4.17)
x=0 0
L
=—k / u?(x,1)dx (4.18)
0
<0 (4.19)
i.e E'(t) <0 so the energy is non-increasing. [

4.2 Fundamental Solutions

In this section we will solve the heat equation on the real line R, that is, x € R, ¢ € [0,0):

ur — kit =0
(4.20
{u<x, 0) = 9(x) :
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To solve (4.20), we will first introduce some invariant properties:
(i) (@.20) satisfies linearity. if u,v both solves (4.20)), then so is cu + dv for any scalar ¢,d € R;

(ii) (4.20) is invariant under translation. If u(x,7) is a solution, then for a fixed y, u(x — y,¢) is also a
solution;

(iii) If u(x,7) solves (#.20), then any of its derivatives (uy., iy, Uy, etc.) also solves (#.20);
(iv) Suppose u(x,t) solves (@#.20), then so is u(Ax,A%t) for any A € R.

(v) An integral solution is again a solution. If S(x,7) is a solution then so is S(x — y,#) and so is

v(x,t) = /:S(x—y,t)g(wdy (4.21)

for any function g(y).

Theorem 12 (Fundamental Solution). The function

1 2
D(x,1) = @e_m (4.22)

is the fundamental solution to heat equation u; = ki, when (x,t) € R x RT, the solution given by the
boundary condition u; = kuy,,u(x,0) = @(x) is then

W - (y)dy (4.23)

u(x)t)Z/:(b(x_yvt)(P(y)dy: \/m _

Example 12. Find the solution u(x,t) to the heat equation u; = kuy, with boundary conditions @(x) =
1,V|x| < 1 and ¢(x) = 0 otherwise.

We plus in the formula and we have

X,t) - 4kt -1 d / - 4kr d 4.24
)= e | = Y (429
T e —__1
letu—\/rkl,thendu— \/rkldyhence
1 [V
4kt 2
b d = —(V4kt)e ™™ du 4.25
VAankt Y \/47tkt/_xl ( ) ( :
Vaki
Hence we have
x+1
1 Vid 2 1 (x—l) 1 (x+l>
u(x,t) =———= e "du=——er + —er . 4.26
w0 =7z ot 2\ vaw) T2 \Va (426
where we define 5
erf(x) = —— / e P dp. (4.27)
VT Jo
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Example 13. Find the solution u(x,t) to the heat equation u; = kuy, with boundary condition @(x) =
x>0, ¢(x) =3,x<0.

We have that
u(x,t) -t d + — / -t d (4.28)
o \/47rk / Y VAarnkt Y
_ Xy
where we do a similar change of variable and let u = m so we have
d b d (4.29)
u—=— .
Vak
and hence we have
1 _
u(x,t) = _T e du— _/\/ﬂ % du (4.30)
v
—u du+ — / e du (4.31)
a2
=1+ 2 / e d (4.32)
= — u .
VT Jo
X
=2—er . (4.33)
/ (mkt)
where we defined
erf(x) / -» dp. (4.34)
\/_
We next study some properties of the solution formula
u(x,t) = E0 d (4.35)
)=z e ot
Proposition 5. The fundamental solution ®(x,t) satisfies
/ D(x,1)dx = 1. (4.36)
Proof. The result is obvious using change of variables. |

Proposition 6 (Maximum Principle). For the heat equation with boundary condition u; = kuy, and
u(x,0) = @(x), if there exists a constant B such that |phi(x)| < B for all x € R, then |u(x,t)| < B for
all (x,r) e R x R™.

Proof. We have

[ee]

)| < [ @300y <8 [ ®(x-nndy=B. (4.37)

—00

Proposition 7 (Decay). Suppose C := / lo(y)|dy < oo, then lim; o |u(x,2)| = 0.
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Proof. Note that for all # > 0 and x,y, we have

1 ®_ap?
)] < T d 4.38
)| < e [ e o)y @39
1 oo
< d 4.39
S Tin 700|<P(y)| y (4.39)
C
_ , 4.40
VAarkt ( )
]

Theorem 13. Let ¢ be a bounded, continuous and integrable function on R, define

1 <y
u(x,t) = T / e T @(y)dy (4.41)

then u(x,t) € C*, and lim;_,ou(x,t) = @(x). Furthermore, u(x,t) solves the heat equation u; = kuiyy.

Proof. We will only proof the convergence here. Note that

| @t=nn00)ds - o0

< /_O:O@(x—y,t) -1g(y) —g(x)|dy (4.42)

Since ¢ is continuous and bounded, so 3B such that |@(x)| < B, also Ve > 0, 3¢ such that [y — x| < &
implies |@(y) — ¢(x)| < €. Hence we have

| et-nirlon) - owiay= [ @ty p0) - otlay

ly—x[<8
s @) o) - oWy @43
[y—x|>0
< 8/ ¢(x—y,t)dy+/ D(x—y,1)-[o(y) — @(x)|dy (4.44)
ly—x|<8 ly—x|>6
=&Y Vi : / U o() — p()ldy (4.45)
B Akt Jiy—x|=3 '
2B (x—y)?
<e+ / e (4.46)
VATt J]y—x|>8 ’
2
S e du. (4.47)
TSl
(4.48)
Note that since 5 -
2
lim — dy = 4.4
50 N4 |u|z%ke =0 (+:49)
we then have
‘/ D(x—y,1)0(y)dy — ¢(x)| <&, (4.50)
[ ]



Laplace Equations

5.1 Properties of Harmonic Functions

Definition 13. Leru: Q CR" — R, u is said to be harmonic if Au = 0, where

n
Au=Y gy (5.1)
n=1
In this section, we study the PDE
Au—=—0 1inQ
u in (5.2)
u=g ondQ

and we will mainly focus on u : Q C R® — R.

Proposition 8 (Mean Value Property). Let u be a C> harmonic function on Q C R3, let xg € Q, B(xg,r) C

Q, then .
u(xog) = u(x)dS(x (5.3)
(o) = gz [ u94S
Proof. We define a function
1
)= // u(x)dS(x) (5.4)
4rmr? dB(xo,r)
since u € C?, by averaging lemma
li = lim x)d 55
1m(p rlﬁ0477,'l” //3wa S(x) = ulxo) (5:3)
and we now show ¢(r) is constant in Q by taking the derivative. Let y = *—2, then dS(y) = rizdS(x)
hence we have
o(r) // x)dS(x // u(xo+ry)dS(y) (5.6)
r—>047'£'}" 9B (x0.r) 4717 9B(0,1)
now we have
—u(xo+ry)dS(y // u(xo+ry)ydS (5.7
4”//&301 T an aB(0,1) PaSo)
(revert back to original coordinates) = ANy (x) (5.8)
dB(xg,r) r

and note that =2 is the outer unit normal to dB(xo, ) hence by divergence theorem, we have

1 X —Xp 1
V . — = .
— //(9 V)00 = ///B L Bulde=0 (5.9)

since u is harmonic. Hence ¢(r) is a constant and is equal to @(0) = u(xp). [
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We may also averaging around a ball B(xp,r) C €, and we have

0) = ! /// u(x)dx. (5.10)
3703 W Bag.r)

Corollary 1 (Mean Value Property in R?). Let u be a C' harmonic function on Q C R?, let xo € Q,
B(xo,r) C Q, then

3
u_xO = — Mde (511)
(x0) = 5~ o (x)
Proof. Similarly define
1
(pr:—/ u(x)dx @(0) =u(xo (5.12)
)= 57 e 1 9(0) = )
and by change of variable
X —Xp 1 /
y= , or)=— u(xo+ry)dy (5.13)
r ) 27 Japo.1) ( )
now by taking derivative
'(r) = Liu()c +ry)d (5.14)
1
=— yVu(xo +ry)dy (5.15)
27 JaB(o,1)
1 X — X0
— Vu(x)dx (5.16)
27” dB(xo,r) ( )
=0. 5.17
27[r/ xor ( )
|

Proposntlon 9 (Maximum Principle). Let u be a C* harmonic function on a bounded domain Q@ C R3 and
u € C(Q). if u attains its maximum at a point in Q, then u must be identically constant inside Q

Corollary 2 (Uniqueness). Let Q C R? be bounded, then there exists at most one u € C*(Q) NC(Q) that
solves te Dirichlet problem

(5.18)

Au=0 inQ
u=g onadQ

Corollary 3 (Stability). Let Q C R3 bounded, g1,8> € C(dQ), uy,uy € C2(Q)UC(Q) and they solves

Aup=0 inQ Aup =0 inQ (5.19)
uy=g4 ondQ ur =g ondQ
then
max |up(x) —up(x)| < max |g;(x) — g2(x)]. (5.20)
xeQ x€dQ
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Proposition 10 (Dirichlet’s Principle). Let Q C R?, define a class of functions

Ay = {wECz(Q)ﬂC(Q) :w:honaﬁ} (5.21)

-2 ///Q VP (5.22)

then let u € Ay, E(u) < E(w) for all w € Ay, if and only if u solves the PDE

for some function h, then define

Au= in Q
{u 0 in (5.23)

u=h ondQ

Proof. (==): First suppose u is a minimizer over all w € A,. Let v € C2(Q) NC(Q) such that v = 0 on
dQ, then u+ ev € Ay, for all € > 0. Define

f(e) =E(u+ev) // |V (u+ ev)|dx. (5.24)

Since f is differentiable, we would have

/// (IVuP 426V Vv -+ €2|Vo|?)dx (5.25)
_1 /// (2Vu- Vo+ 26| V|?)dx (5.26)
2 Jl]a

(5.27)

because u is a minimizer so f'(0) = 0 which implies

- ///g Vi Vvdx = — ///g (Au)vdx (5.28)

(<=): Suppose u € Aj, solves the Dirichlet’s problem, let w € A, define v = u — w, then

E(w):E(u—v):%//Q|V(u—v)|2dx:E(u)—///QVM-Vvdx—f—E(v) (5.29)

use the fact that v =0 on dQ, then

// V- —dS ///Vu-Vvdx+/// vAua’x::///Vu-Vvdx (5.30)
o on Q Q Q

which implies E(w) = E(u) + E(v), and E(v) > 0. |

and hence Au = 0 for all x € Q.

Corollary 4 (Dirichlet’s principle for Poisson’s equation). Define

= /// %|Vw|2+wfdx (5.31)
Q

then the last theorem still holds for the Poisson’s equation

Au=f inQ
5.32
{u =h on dQ. ( )
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Definition 14. The fundamental solution for Laplace equation Au = 0 in R" is given by the form

7z log |x| n=>2
D(x) = ~ 32 n= (5.33)

5.2 Green’s Function

Some remarks on calculus:

Theorem 14 (Divergence Theorem). Let F be a smooth vector field on a bounded domain Q with outer

normal n, then
///V-FdV:// F-nds (5.34)
Q Q

Pointwise Divergence Theorem: Given a smooth function f(x) on a bounded domain Q C R3, then

// i fe(x)dx = //a  fndS (5.35)

where n; is the i-th component of the outer unit normal n.

Theorem 15 (Integration by Parts).

//Qu.Vvdx: —///(V'“)de+//ag(vu)-nd5 (5.36)

Theorem 16 (Green’s Identities).
/// VAU = / v— — /// Vu-Vvy (5.37)
2Q
du dv
///Q(VAM —ulv) = / Yo T4y, (5.38)

We mainly examine the case for n = 3. Recall in R? the fundamental solution is given by ®(x) = ~ I

Theorem 17. Let n = 3, then A (‘ ‘> —4méy in distribution. That is,
4700 /// (5.39)
R3 |x|

Proof. Let B(0,¢€) be a small e-ball centered at the origin, then

—4mp(0 /// —A(p )dx+/// iA(p(x)dx (5.40)
B(0,¢) 1*] R3\B(0¢) 1¥]
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Since ¢ € CZ, so we may restrict the region to a compactly support set €, such that Ap(x) = 0 for all
x ¢ Q (including dQ), i.e

—4me(0 /// —A(p )dx—l—/// iA(,D(x)dx (5.41)
B(0,¢) 1X| M. ¥

TV TV
equation 1 equation 2

Now for equation 1, assume |A@(x)| < K for all x € B(0,€), we have

/// —Aq) /// -|A@(x)|dx (5.42)
0,¢) x| 0,¢) |x|
<K1/// —dx (5.43)
B(0,€) ]x]

— K / = 4mrldr (5.44)
0

r
= 2K me>. (5.45)

1
lim /// dx=0. (5.46)
=0 J)/B(0,¢) AP(x)

Now for equation 2, we apply Green’s identity on the two boundaries dB(0, €) and dQ and we have

1 1 3(/) 8|x|
—A dx = ds 5.47
///Q\B(o,g)<|X| o(x) yxy) = //,m<yxy on " on (5:47)

/

hence

equatlon 3

199 Iy
—|—// —_——— ds (5.48)
280 <|x| on " on

-~

equation 4

by our choice of Q, ¢(x) =0 for all x € dQ as well as all its derivatives, so equation 3 is identically zero,

hence oL
1 1 // 1 do I
—AQ(x) — (x)A— ) dx = _ 2P ds. (5.49)
///Q\B<o,g><|x| o) oA aB<o,e><|x| on % on
Note that
9
az V®-n| < |V, (5.50)

assume |[Vo| < K, for all x € dB(0, €), now we have

// 1 8([) //
9B(0,¢) |x| on — 9B(0,€) |x| 8n
< Kzﬂ —dS (5.52)
9B(0,¢) ‘x‘
_ K // Las (5.53)
dB(0,e) €

=4K,me (5.54)

dsS (5.51)
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hence

lim// 199,60,
e—0 9B(0,€) |x| on

——dS — ——dS
//3305 3n|x| //aBOe 3”
// ——dS
dB(0

Finally we study

=—4n —// x)dS
(47?82 83(0,8)(p()

/// A@(x)dx = lim —47 L// (x)dS
RS [ Pl = iy dme? aB(o,e)(px

Eventually we put all terms together:
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Boundary Problems

6.1 Separation of Variables and the Dirichlet Condition

We first consider the homogeneous Dirichlet conditions for the wave equation:
Uy = e (0<x<1), u(0,6)=0=u(l,r) (6.1)

with initial conditions u(x,0) = @(x),u;(x,0) = y(x). The method we shall use consists of building up
the general solution as a linear combination of special ones that are easy to find. We say a separated
solution is a solution of the wave equation defined above taking the form

u(x,t) = X (x)T(t) 6.2)

by assuming a solution of the form (6.2), we have

" 2y TH X”
XX)T'"t)=cX")T(t) = ——==——=A41 6.3
(WT"(0) =X WT (1) = =~ ©3)
where A is a constant since %)L = % = 0, we will later show that 4 > 0, so define A = 82,8 > 0, so we
have a pair of separable ODE:s:
X"+B2X=0 T'+B*T=0 (6.4)
which leads to the solution
X(x) =CcosBx+DsinBx T(t)=AcosPct+ Bsinfct (6.5)

we now want to impose boundary condition that u(0,7) = u(l,¢) =0, i.e X(0) = X(I) =0, so X(0) =
C,X(I) = DsinBl, and Bl = nm, so for each n we have a separate solution for X, denote by X, (x), and so
up(x,1) = X, (x)T (1)

2
P (?) X () :sin”lﬂ 6.6)
and nmw nmuct nwx
up(x,t) = (A,,cos ; +Bn sin T) sinT 6.7)

so we can write the general solution as a sum of u,:

u(x,t)zZ(A cosnl + B, sin——

nmwct\ . nux
S
n

] 1n T (68)

This formula will solve the wave equation with boundary condition

Ui = e, u(0,1) = u(l,1) = 0,u(x,0) = @(x),u;(x,0) = y(x) (6.9)
if nmx nme nmx
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Later, we will see Fourier series, and then (6.10) will become more clear.

We may also consider the diffusion equation
DE:u; = kuy (0 <x < 1,0 <t <oo), BC:u(0,t) =u(l,t) =0, IC:u(x,0)= ¢(x) (6.11)
we may separate variables as before, let u(x,7) = X (x)7'(r) and get the following

T/ X//
- 12
kT X A ©6.12)

So we have 7' = —AkT and the solution is given by T'(r) = Ae *¥, also —X” = AX is the exact same
equation we get as in the wave equation, so in general we have

u(x,t) = Y A,/ sin ”Tm 6.13)

and this solves (6.11) if
nmx

; (6.14)

o(x) = ZAn sin

The numbers A, = (n7/1)? are called the eigenvalues, the functions X, (x) = sin(nzx/l) are called the
eogenfunctions. The reason is that they satisfy

d2
———X=AX, X(0)=X(I)=0 (6.15)

dx
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Fourier Series

7.1 The Coefficients for Sine and Cosine Series

Definition 15. On the interval (0,1), we define the Fourier sine series as
— nwx
=) A,sin— 7.1
P(x) = X Ansin = (.1

Later we will show that for any function defined ¢(x) defined on (0,/) then the Fourier since series
converges to @(x). Our task is try to find the coefficients A, first.

Lemma 1. If m # n, then

!
/ sin 7 sin ™ gx — 0 (7.2)
0 l [
Proof. We use the trig-identity that
1 1
sin(x+y) = Ecos(x—y) — Ecos(x—I—y). (7.3)
[
Now fix m, we have
! I oo
/ o (x) sin 7 g = / Y Aysin 2 sin 2 gy (7.4)
by interchaning sum and integral (we may do that), and use the fact that when m # n the integral is indeed
zero, we have
! !
/ o(x)sin ¥ dx = A, / sin2 "7 g (7.5)
0 [ 0 !
and by direct computation we have
I !
1 1 2
/ sinzm—m x:/ — — —CO0S mnxdx (7.6)
0 l 02 2 l
1 [ 2mmx
Y i 7.7
(2 amr ) @7
x=0
_ ] l (7.8)
=5l .

Hence we have the coefficients of Fourier sine series given by

2 l
An=7 / o (x)sin anxdx. (7.9)
0

Recall the wave equation with Dirichlet conditions:

Uy = iy, 0<x<I), u(0,6)=u(l,t)=0, u(x,0)=0@(x),y(x,0)=wy(x), (7.10)
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if
. NTX nwe . X
= Xn:An sin —— y(x) = Zn: TBn sin ——

then the solution takes the form

u(x,t)zZ(A cosnl + B, sin——

nmwct\ . nux
S
n

l 1

where now we can use the formula derived to find the coefficients of A;,, B;;:

2 (! 2 (!
= —/ ¢(x)sin X m_7chm = —/ y(x)sin X .
I/ I l I/ /

Definition 16. We now define the Fourier cosine series on the interval (0,1) by

1 nwx

¢( ): §A0+ ZA COST

Similarly, if m # n we also have the property that

and we can see that

l 1
5IAm 0
/ o(x cos—dx—Am/ coszm—mdx— % m#
0 [ EZAO m=20

Hence the coefficients for the cosine series are given by

2 l
= —/ ©(x)cos PRX 1.
A l

Definition 17. Now, the full Fourier series of ¢(x) on the interval —1 < x < [ is defined as

1 > niwx . NTX
o(x) = EAO +n§’1 (AncosT + B,;sin T) )

1 l
:—/ q)(x)cos@dx
1], I
1 /! nmwx
:—/ @(x) sin —dx
L) [

Example 14. Let ¢(x) = 1 in the interval (0,1), we now find its Fourier series:

where
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First the Fourier sine series of ¢(x) = 1 is given by
- nmwx
1=Y Apsin ==
LA sin —

where using the formula for the coefficients, we have

2 [ 2
A, = —/ 1-sin _nnxdx = —— oS nrx
I Jo / nm /

x=0
Thus we ca express @(x) = 1 on (0,1) as

| 4 S,nﬂx+ls.n3ﬂx+ls,n5ﬂx+
=—(sin— 4+ =sin— + —sin—— +--- | .
A l 3 / 5 /

we may also compute the coefficients for the Fourier cosine series:

x=I
=0,m#0

2 ! niwx 2 . mmx
A,=—- | cos—dx=—sin—
0 _

x=0

[ [ mm [

hence the Fourier cosine series is trivial:
1=1

Example 15. Let ¢(x) = x in the interval (0,1). We now find its Fourier series:
First the Fourier sine series is given by

. TTnx
A, sin —
1 )

X =
n

o)

where the coefficients are given by

2 [
An:—/xsm@dx
1/, I

note that using integration by parts we have

[
! . TTnx l Tnx I Tnx
xsin —dx = ——xcos—| + —Ccos —dx
0 ) n ) 0 n )
x=I
I? 12 X
= (—1)"T— sin —
( ) 7rn+7r2n2 l 0
xX=
2
= (-1 L
n

Hence we have

21
A =(—1 I’H—l_
n=(=1) nn

and we may express ¢ (x) = x as its Fourier sine series:

x=l .
{0 n is even
4 . :
= nis odd

(7.21)

(7.22)

(7.23)

(7.24)

(7.25)

(7.26)

(7.27)

(7.28)

(7.29)

(7.30)

(7.31)

(7.32)



we now express ¢ (x) = x as a Fourier cosine series:

1 - nx
X = EA() +n§:1An COoS T

and the formula gives us

and when n > 1 we have

2 ! Tnx
A,=- [ xcos—dx
[ Jo l
B x=I /
211 . mwnx l nx
= — | —xsin— — —sin—dx
[ | 7n [ 0 Ttn [
L x=0
B x=I[
2 [2 nx
= - cos
2n? l
L x=0

_ )75 nisodd
0 n is even
so we have the Fourier cosine series of ¢(x) = x given by

[ 4l 1cosﬂx+lcos3nx+1cossnx—}—
2 w2 \4 / 9 / 25 / ’

Finally we find the full Fourier series of ¢(x) = x on the interval [—/,]. Recall that

1 oo
o(x) = EAO +n§'1 (AncosnTM + B, sin nT7rx> .

where

1 /!
Aoz—/ xdx =20
L)

1 /! nmx . .. .
A, == / XCos de =0, since it is odd function.
-1

1 l mux /l l X
=— | —x—cos— —cos —dx
l mm l . , mT l
21
— 1 n+1 =
(=1 o

(7.33)

(7.34)

(7.35)

(7.36)

(7.37)

(7.38)

(7.39)

(7.40)

(7.41)

(7.42)

(7.43)

(7.44)

(7.45)

where we see that it is exactly the same as the Fourier sine series on (0,7). This is because sine and its

Fourier sine series are odd.
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Example 16. We will now use Fourier series to solve the wave equation (0 < x < l) with boundary

conditions :
Uy = e, u(0,6) =u(l,t) =0, u(x,0)=x,u(x,0)=0.

(7.46)

We already know in the previous section (boundary problems), that the solution u(x, ) takes the form

> et b
Z(A cos—+B smn C) in 2%

AN

hence we have

= NIC nuct nmct\ . naIx
ZT<_ n SIN—— ; + B, cosT>smT.

we equate the above with boundary conditions, let t = 0 we have

= N T
u(x,0)= Y #aning ~0

n=1
so B, =0. Also

0) = Z Ay sin nTn?x
n=1

and we already know the coefficients of A, given from the previous examples. So

20 & D™ amx nmet
—Z sin cos
T = l l

We now derive the complex form of Fourier series. Recall that by DeMoivre formula:

o0 _ 16 ¢l 1 =10
sin=————— cos@=—-—
2i 2

+inmx/l
)

SO one may use e e~/ a5 an alternative pair of sine and cosine.

Definition 18. The full Fourier series of ¢(x) defined on (—1,1) is given by

x): Z Cneinn'x/l

n=-—oo

_ 1 : —inmx/l
Z/_l(p(x)e dx

7.2 Orthogonality and General Fourier Series

and the coefficients can be computed by

Definition 19. Ler f,g € C([a,D]) be two real-valued functions, their inner product is defined as

o=/
and we say f(x),g(x) are orthogonal if ( f,g) = 0.
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Definition 20. With the inner product defined in the previous definition, we define the L> norm of a
function f(x) as

b
WP = (@S w) = [ o (1.56)
We wish to study the linear operator
d2
A= 2 (7.57)

with some boundary conditions. Some common boundary conditions are as follows:
* Dirichlet Boundary Condition: A function X (x) on [a,b] such that X (a) = X (b) = 0;
» Neumann Boundary Condition: A function X (x) on [a,b] such that X'(a) = X'(b) = 0;
* Periodic Boundary Condition: A function X (x) on [a, b] such that X (a) = X (b); X'(a) = X'(b).

To generalize the idea of eigrnvalues and eigenvectors, we wish to find a constant A € R and a non-zero
function X satisfying the boundary conditions and such that

AX = AX. (7.58)

We say such a function X is an eigenfunction and A is the associated eigenvalue. Also, the eigenfunc-
tions corresponding to different eigenvalues are orthogonal. To see this, let X;,X; be two different
eigenfunctions satisfying the same boundary condition, then

X =MX] X=X, (7.59)
and we assume A; # Ay, then we need to show

b
/ X1Xodx =0 (7.60)
a

which is equivalent as showing

b b
(M —22) / X1 Xpdx = / (=X{'X2 + X, X1)dx =0 (7.61)
a a

the right hand side of the equation above can be simplified using Green’s second identity, and equipped
with boundary conditions, it will simplify to zero in all three cases.

In general, we consider the following boundary conditions:
o X(a)+ X (b)+7X'(a)+ 86X (b) =0 (7.62)
X (a)+ BX (b) + 1aX'(a) + &X' (b) = 0 (7.63)

Definition 21. Such a set of boundary conditions defined as above is called symmetric if

fl(x)g(x) = f(x)g'(x)| =0 (7.64)

where f(x),g(x) satisfy the boundary condition defined above.
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Theorem 18. With symmetric boundary condtions, any two eigenfunctions that correspond to different
eigenvalues are orthogonal.

Now let 4, be the eigenvalue of the eigenfunction X, (x), we write

Q(x) =Y ApX(x) (7.65)

then
(@), X (x)) =Y Ap (X, Xon) = A (X, Xon ) (7.66)

by orthogonality.

Definition 22. Suppose we have symmetric boundary conditions, and for a function @(x) satisfy the form

o(x) =Y, A X, (x), then .

(0(). X)) _ [ 90X (x)dx
%012 [P X2dx

is called the general Fourier series of the function @(x).

Ay =

(7.67)

Theorem 19. All eigenvalues of the eigenvalue problem —X" = AX = 0 over functions X (x),x € [a,b]
satisfying symmetric boundary conditions are real.

Proof. Assume A € C is an eigenvalue of X (x), then by complex conjugate, A is also an eigenvalue of X.
Hence

(X,AX)=(AX,X) (7.68)
which means we have )
/ (A —2)XXdx=0 (7.69)
hence A = A. [ |
b

Theorem 20. Assume for a symmetric boundary condition for x € |a,b]. if f(x)f (x)| <0 for all func-

a
tions f(x) satisfying the boundary conditions, then all eigenvalues are positive.

Proof. Let X (x) be the function satisfying the symmetric boundary conditions as well as the property
above, and —X”(x) = AX (x). Then use Green’s first identity, we have

b b
/ X" ()X (x)dx = X' ()X (x)| — / (X' (x))2dx (7.70)
which means
—A /sz(x)dx =X'"(x)X(x)| — /b(X'(x))zdx <0 (7.71)
hence A > 0. [ |

This also explains why earlier we state A > 0 for the Dirichlet boundary condition for wave equation
using separation of variables.
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7.3 Convergence of Fourier Series

Definition 23. A sequence of functions { f,}_, defined on (a,b) converges in L* to f if and only if

/ £ (x) — £ (x)]2dx "7 0. (7.72)

Theorem 21 (Bessel’s Inequality). Let ¢(x) € L?>((a,b)) and suppose {X,(x)} is an orthogonal family
of functions on (a,b). Define

_ {0(x), Xn(x))
TR @IE 77
then _ ) ,
Y A7 / X, (x)[*dx < / o (x)|*dx. (7.74)
n=1 a a

Proof. Let {c,} be a sequence of real numbers, define
b
Ey = / Z cnX
b
/ | (x)|?dx—2 Z cn/ O (X)X, (x)dx + Z Z cmcn/ (%)X (x)dx (7.76)

m=1n=

2
(7.75)

= [lp@)|]* -2 Z cn )+ Z c2|X,||*> by orthogonality of {X,,} (7.77)

View above as a function of each c¢,, we see that it is then a quadratic function: f(c,) = anc% +buc,+d,
and each ¢, 1S minimized at
bn_ (@(x), Xn(x))

o — — — (7.78)
" 2a, || X (x)] |2
With ¢,, minimized as above, we have
Ey=|loW)|* - ZA2||X ()l (7.79)
By definition, Ex > 0, so
o[> > ZAQIIX (I (7.80)
n=1
which is,
N b b
Y42 [ widrs [ lowPa 7.81)
n=1 a a
and the Bessel’s inequaity is proven by taking N — oo, |

Theorem 22 (Parseval’s Equality). Let ¢(x) € L?>((a,b)), and X,(x),A,(x) be the eigenfunctions and
Fourier coefficients of any general Fourier series for @(x) respectively. Then

oo b b
Y A / X, (x) | *dx = / |¢(x)[*dx. (7.82)
n=1 a a
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We will not prove this theorem.
Let ¢(x) = 1 € L*((0, 7)), using classical Fourier sine series defined on (0, 7r), we have
T
X (x) = sinnl—x = sin(nx) (7.83)

and

~(o(x), Xu(x)) [, sin(nx)dx 4
Ay = 11X, () ]2 - foﬂsinz(nx)dx = for odd n. (7.84)

hence using Parseval’s equality, we have

4 2 T T
Y (—) : / sin® (nx)dx = / 12dx (7.85)
oddn \7 0 0

which is 5
4
y (—) 2=z (7.86)
oddn \1T) 2
i.e, ,
1 b
) S=g (7.87)

Theorem 23 (Riemann-Lebesgue Lemma). If ¢(x) € L?((a,b)), then the classical Fourier coefficients of
©(x) goes to 0 as n — oo.

By Riemann-Lebesgue lemma, recall the Dirichlet boundary conditions on [0, /], we have that every ¢(x)
defined on (0,1) with ||@(x)||* < o satisfies

I
/ ¢ (x)sin ”T”xdx 50, asn— oo, (7.88)
0

Since C functions are surely square integrabe, so the above equation also means

sin ”lﬂ 50 in distribution. (7.89)
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