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1 Introduction to Complex Numbers

1.1 Review of Complex Numbers

C is the set of complex numbers, which is defined as C = {a + bi : a,b € R}. Here, a is the real part of
the complex number, and b is the imaginary part. The imaginary unit ¢ is defined as 2 = —1. We can
also write a complex number in polar form as z = r(cos(#) + i¢sin(f)), where r is the magnitude of the
complex number and 6 is the argument of the complex number. The magnitude of a complex number is
defined as |z| = Va? 4+ b2, and the argument of a complex number is defined as arg(z) = 6 = arctan(g).
We can also write a complex number in exponential form as z = re'.

The complex conjugate of a complex number z = a+bi is defined as Z = a—bi. The complex conjugate

of a complex number has the following properties:

Tw=2z+w

N

w = ZW

[ ]
I
I

e Z = z if and only if z is real
o 27 =22

We can perform arithmetic operations on complex numbers. For example, we can add, subtract,
multiply, and divide complex numbers. The following are the formulas for these operations:

e Addition: (a+ bi) + (c+di) = (a +¢) + (b+ d)i
e Subtraction: (a+bi) — (c+di) = (a—c) + (b—d)i

e Multiplication: (a + bi)(c+ di) = (ac — bd) + (ad + be)i

atbi __ a+bi  c=di __ actbd + bcfad,i
c+di T ctdi c—di T c?+d? c2+d?

e Division:

The Cauchy-Schwarz inequality states that for any two complex numbers z and w, |z-w| < |z|-|w|. This
inequality is a generalization of the triangle inequality, which states that for any two complex numbers z
and w, |z + w| < |z| + |w].

1.2 Real vs. Complex Derivatives and Cauchy Riemann Equations

Let V be a real, 2-dimensional vector space. We can turn it into a complex 1-dimensional vector space
by adding an R linear map I : V — V with I? = —1. Choose a v; € V, take vy a vector perpendicular to
v1, then these two vectors form an oriented basis.

Definition 1.1. (Complex Derivative) Let f = (u,v) : R? — R? be a C! function. It has a complex

0 _1> In other words, Df-I—I1-Df =0

derivative at (z9,yp) <= differential commutes with I = < 1 0

Definition 1.2. (Cauchy Riemann Equations) The Cauchy Riemann Equations are the following:

ou  0Ov
o dy
ou v
dy Oz



We use this to motivate C-derivatives by taking f : C — C, for f = u + iv, to another function from
C — C. Consider z = x + iy. We have that

0 1,0 ,6
5~ 2oz oy
g 1,0 .0
9z~ 2'o: "oy
Observe that:

af Ou .0v

0z 0z ' oz
B 1(@+ @)+ 2(80 4 87))
20z Z@y or Oy
1 ou Ov Lo0u  Ov
[(%—Fy)‘i‘l(afy‘*‘afx)]
=0 <= Cauchy Riemann for f = u + iv

On the other hand, look at f = u + iv:

of 1(8(u+iv) B .8(u+iv))
dz 2 ox ! Jy
1.,0u Ov L, Ov  Ou
—5[(%4‘@)‘1'2(%—@)]

af N a,0u  0Ov b Oov Ou ai , Ov  Ou b, ou Ov
&(‘H‘bl) = 5(%‘*‘0@) 5(% @)+5(% a*y)‘*‘ <8x +87)
If % =0 (i.e. Cauchy Riemann) then
of . au ou 81) ov
a Gu Gu\ /g
But Df<b> =% % <b) - % is the complex version of Df.
ox Oy

Let f € C'. f is holomorphic <= it has a complex derivative on its domain of definition
= an = 0 on its definition
<= f satisfies Cauchy Riemann equations when written as
f =u-+iv
If f is holomorphic, then D f(a + ib) = az L(a+ ib).
Some Examples of the Properties of Holomorphic Functions:

o Z()=3(F—ig)ariy)=5+5=1
e Satisfies Liebnitz Rules: %(fg) = f% + g2

° %(2):0

e Satisfies Chain Rule: %(f(g(z))) = %(g(z))%

10 1

0 —
Remark: [D, ]| <~ D—a<0 1>+b<1 0

That is, a matrix D commutes with I <= D is a multiple of the identity matrix and the matrix I.
We can see this in two steps:



1. Compute DI —ID =0
2. Eigenvalues of D are Ay = a + bi and Ay = a — bi.

Example 1.1. a=cos(f), b=sin(f) = D is a rotation matrix of .

2 Integration

2.1 Green’s Theorem
Recall: line integrals in R?, given
1. parametrized piecewise C! cuve C : [a,b] — R?
2. an expression p : f(z,y)dx + g(z,y)dy for f,g continuous functions

Definition 2.1. (Line Integral of p) We define the line integral of p along C as:

X / D)5+ g(a(t),y(0)

Key points:

e The line integral is independent of the parametrization of C (by the Chain Rule)
e The line integral is additive over the curve

e The line integral is linear over the integrand

Theorem 2.1. (Green’s Theorem) [, p = [, dp where it is understood that C': [a,b] — R and D is an
open set in R? with boundary C.

Proof. Case 1: D is a rectangle (lined up with the coordinate axes)
We integrate fdx + gdy on 0D

ag ba ba
/fdx+gdy=/f(:v,b1)d:v+/ g(az,y)dy — /f x, bo) dﬂc—/ (a1,y)dy
¢ al by b1
Now by Fubini’s Theorem,
as bo az by
[ [as-5+ 50 = [as-se)| )+ [antatem| "
"L‘ R —— —
V-0 T d . vl y)| _
ay by ay by
a2 b2
— [ twbo) + Flan)dn + [ ez 9) - glar. )iy
al bl

Case 2: Suppose D is not a rectangle
We can either cut D into an infinite family of rectangles and sum them up, or we can do a change of
variables.
Suppose you have D z rectangle and 9D = C' ~ Orectangle; M is an invertible C' map with C'! inverse.
Now we can use:

[ iz gay= [ (ot gay

C

dDr
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I, 9 . O0f 99
/a 2y /M(8y+ax)dxdy

and p* commutes with d

p*(f(z,y)dx + g(z,y)dy) = (fai

And then we can check d of this:

8f Oz 0%x 0g Jy 0%y n of Ox 0%z n dg dy 0%y

T 9nor 1

“oyo: lozoy oyor Yasoy T owoy osoy " owoy | Josoy (1)
And: )
« Of Og of 0x  Of0y> 0g0i 0Og 0y Bz 9y

Of 09y, - y ;

W—gy T o)W = “gra: ~ Bger T aror T ag0x) ™ 2 0 (2)

We can compare the terms (1) and (2) and see that u* o d = d o u* and the invariance of the integrals,
= Green for D. O
2.2 Complex Line Integrals

Definition 2.2. Define a C-line integral by: Let z = x 4 iy, f(2) = u(z) + iv(2) then

f(z)dz = [ (u+iv)d(z+iy) = [ (udx — vdy) + i(vdx + udy) = | udx —vdy + i | vdz + udy
-] / e

C c C C

And by applying d to f(z)dz

d(udr — vdy) = (—gz - %)d:ﬂdy
d(vdzr + udy) = (_gv + Z;L)da:dy

If f is holomorphic then it satisfies the Cauchy-Riemann equations, so d(f(z)dz) = 0.

Theorem 2.2. (Cauchy’s Theorem) Can apply Green for both real and imaginary parts.

/f(z)dz - /f(z)dz = /d(f(z)dz) —0
cr o b

If C" U (—C) bound a disk or something equivalent and f(z) is defined and holomorphic on D (where D
represents the area between the curves).

If f(z) is holomorphic on a disk D we can define an anti-derivative by g(z f f(s

How to check that a—g f?

o) el NiA el
9z — Oz oy

1. Integrate [ f(s)ds on a path

2. Integrate on another path, gives the same result



2.3 Cauchy Integral Formula
Let C,C’ be paths from zy — z. Then they bound a disk together on which f is holomorphic. Then:

1) = [ 1) = g()= [ fis)ds
L=, /

is well-defined.
More general equivalence of paths: We have two paths C,C" : [a,b] — U C R? are holotopic <= there
exists F': [a,b] x [0,1] — U open.
Some properties:
(1) Flapxfoy =C
(il) Flapxfy =C"
(iii) Fl{ayxo,1) = Cla) = C'(a)
(iv) Flgyxjoa = C(b) = C'(b)
Proposition 2.1. Suppose f(z) is holomorphic on U, and C,C" : [a,b] — U are holotopic in U. Then
f(] f(z)dz = fC, f(2)dz.
Proof. (i) We first reduce the problem to Greens

(ii) Then we pullback f(z)dz to [a,b] x [0,1] using F' and use Green there.

O
Exercise 2.1. Exponentials e* are the holomorphic solution to f'(z) = f(z) and f(0) = 1. We first
easily see that e = d%ez = e*. We now want to show that e® is holomorphic. This is trivial as e® is

differentiable everywhere on the complex plane.

Theorem 2.3. (Cauchy’s Integral Formula) Let f : U — R? be holomorphic. Let v be the boundary of
the disk D(zp,7), and D(zg,r) C U. Then:

1) = 5 [ e

Proof. By using the Cauchy integral theorem, one can show that the integral over C' (or the closed
rectifiable curve) is equal to the same integral taken over an arbitrarily small circle around a. Since f(z)
is continuous, we can choose a circle small enough on which f(z) is arbitrarily close to f(a). On the other

hand, the integral
1
% dz = 271,
cr—a

over any circle C' centered at a. This can be calculated directly via a parametrization (integration by
substitution) z(t) = a + ce®, where 0 <t < 27 and ¢ is the radius of the circle.

Letting € — 0 gives the desired estimate:
1 [ f(z) L [ )= fla) | _ |1 [*(ft)—fl@) _a.
— zmj{c P dz' = 27m'/0 ( it -ge tz) dt'

2mi Joz —a
<5 | TUEO) =IO g < max (56 - fla] — 0,
0

27 € |z—al=¢ e—=0

iz - )| -




As a consequence,

1) = 5 [ 2

2w ) -z
, 1
1= 5 |l
1 ]'
1= 5 | e

It is infinitely differentiable and analytic.

3 Series Expansions

Equivalent notions for U open in C:
(i) U is diffeomorphic to a disk D : {|zo| < 7}
(ii) U is diffeomorphic to a rectangle

(iii) U is contractible and there exists a homotopy F : U x [0,1] — U
F|U><[0,1] = 1dent1ty
Pl (1) = point

(iv) U is simply connected, that is for all closed loops in U, called [ : ST — U, there exists L : S1x[0,1] —
U

Llgiyqoy =1
L|g1 41y = point

Things that imply a disk:
e convexity

e star-shapedness

These notions gave us:

1. Calculus over C

2. Cauchy’s Theorem

Application of Cauchy’s Theorem:

(i) Differentiability: f'(z) = 5= X (CJCEQ;))Q d¢

(ii) Analytic

Recall: Root test for convergence radius of power series

1. Start from ﬁ =1+4al+a**+..., a€R?which converges when |¢| < 1

o0
2. For some . b,(", we compare it to S a”C™. If |b,|Y/™ < a + €,n > ng then |b,| < |a + €|, n > ng.
n=0

Hence if |¢| < == this converges absolutely.
a+e



3.1 Power Series Expansions
From Cauchy’s Formula we have:

o fis oco-differentiable
e Cauchy estimate

e And that f is analytic

o0
Theorem 3.1. (Abel’s Theorem) Suppose f(z) = Y. ax(z — 20)* converges at z;. Then it converges at
k=0

z for |z — 20| < |21 — 20]-

00 00 E
Proof. Convergence implies that |a(z — 20)*| < M for k > ko. Then > |ag||(z — 20)F| < 3 M\Z:?Jlk'
k=0 k=Fko

< 1. O

|z—20|*
|z1—20*

And this is a geometric series which converges as

Remark 3.1. Convergence is uniform for |z — zg| < ¢|z; — 20| for ¢ < 1.

3.2 Liouville’s Theorem

Theorem 3.2. (Liouville’s Theorem) f is bounded and entire (holomorphic on all of C) = f is
constant.

Proof. We can see this by %(zo) < M@) and if M(r)<e Vr = 9f — O

T

0z
Theorem 3.3. (Alternate Liouville’s Theorem) f(k) is entire and |f(2)| < ¢r¥ = f is a polynomial of
degree at most k.

Theorem 3.4. (Fundamental Theorem of Algebra) Any monic polynomial p(z) = 2¥ 4+ a;2¥ =1 4+ ... +
ag, k > 0 has a root (Izp such that p(z9) = 0).

Proof. Suppose this is not the case. Then f(z) = le) is entire and bounded. By Liouville, f is constant,
but this is a contradiction. O
3.3 Limits of Holomorphic Functions

Theorem 3.5. Let f; : U — C be holomorphic. If f; — f uniformly on all compact subsets of U, then
f is holomorphic.

Proof. f(z) =lim fj(2) = lim g%, ¢, 2d¢ = ;L ¢ {d¢ O
Theorem 3.6. Let f; : U — C be holomorphic. If f; — f on any compact set of U, then %ZJ,? — g%{

Proof. f holomorphic = f is infinitely differentiable. Then we can apply the same argument as
above. -

Proposition 3.1. Take f : U — C. Suppose f(z;) =0, j = 1,2,... and z; = 29,20 € U and 2
different from all z;. Then f = 0 on the component of U containing z.

Proof. Suppose toward a contradiction. f(z9) = 0 by continuity. f(z) = > 5 an(z — 20)". Let ap, be
the first nonzero coeflicient. We can rewrite this as:

F(2) = ang(z = 20)™ (L + D angin(z = 20)")

n>1

But then we can rewrite f;(z) = (2; — 20)™ (@ny + @no+1(2; — 20) + .. .), but note that a,, and (z; — z9)"°
are both nonzero, hence f;(z) # 0 a contradiction. O



Theorem 3.7. (Morera’s Theorem) Let f € C°°(U). If for all closed paths C are in U and [, f(z)dz =0
then f is holomorphic.

Proof. At p € U, choose a disk U with p € U C U. Then we can define F(z) = pr f(€)d¢. We can then
apply the Fundamental Theorem of Calculus to get F'(z) = f(z). O

Lemma 3.1. Suppose U is an open subset of C and that f : U — C is holomorphic, with f/(z9) # 0.
Then f I}as a logal inverse at zo. That is, there exists U open such that zg € U C U, V open such that
f(20) € V with f: U — V a holomorphic isomorphism.

Proof. If f'(z0) # 0 then Df(z) is invertible. Then by the inverse function theorem, f has a local C'*°
inverse h. Then h is holomorphic by Morera’s Theorem. O

Lemma 3.2. (There exists Nth roots) Near zg # 0, z — 2" has an inverse.

Proof. 1) @ # 0 at zg, so we can apply the inverse function theorem.

e8]
2) Or we can solve [ ap(z — 20)F]N = 2 = 29 + (2 — 20)
k=0

3) We can consider polar coordinates and solve for r and 6.
O]

Corollary 3.1. (Open Mapping Theorem) Let U be an open subset and f : U — f(U) C C for holomor-
phic, non-constant function f. Then f(U) is open.

Corollary 3.2. (Maximum Principle) Holomorphic, non-constant functions on U attain their maximum
norm (if at all) on the boundary.

Proof. Suppose not. We let |f(z0)| > |f(2)|,Vz € U, with f(V) open, f(z0) C f(V) open. Then there

exists a point in f(V') further from the origin than f(zp), hence a contradiction. O

We can expand this by supposing that p € U open, f: U\{p} — C is holomorphic.
Question: what can go bad at p?

(1) f is bounded on a neighborhood of p, |f(z)| < M = Riemann removable singularity theorem (f
is holomorphic at p)

(2) |fl = oo on a neighborhood of p = Riemann on
Casorati-Weierstrass

== % holomorphic (poles property),

el

(3) Neither — essential singularity
Example 3.1. Essential singularity: f(z) = ex at z = 0.

Theorem 3.8. ((3) Casorati-Weierstrass) Let f : D(p,r0)\{p} — C be holomorphic. Let there be an
essential singularity at p. Then f(D(p,79)\{p}) is dense in C.

Proof. Suppose not. Then I\ € C, a disk D(\¢€) with f(D(p,7)\{p} N D(\,e)) = 0. Now consider

lg(2)] = \ﬁ] < 1 = essential singularities, and g(z) is holomorphic at p. But then consider
f(z) =X+ le). Then there are two cases:

1. g(p) #0 = [ at holomorphic at p (essential singularity)
2. 9(p) =0 = [f(2)| = oo at p (pole)

This is a contradiction as we assumed p was an essential singularity. O

10



Theorem 3.9. ((1) Riemann Removable Singularity Theorem) Let f : D(p,79)\{p} — C be holomorphic,
f is bounded on D(p,r) so |f(z)| < M, then:

(i) lim,—, f(2) exists
(ii) It extends f holomorphically at p

Proof. Set g(z) = (2 — p)2f(2). Then since f is bounded, |g| < M|z — p|?>. We will now show that g is in
Cl:

9(z) —glp) _ (z—p)*f(z) = p*f(p)

z2=p Z—=p

— (s — 5 5 f(2) — f(p)
= (=) + T

—0
O

Proof. ((2) f has a pole at p) 3D(p,r) with |f|pp,) > M = % holomorphic on D(p,r)\{p} so \%\ < &
—> holomorphic at p by Riemann removable singularity theorem. But since it is holomorphic at p, we
can rewrite it as a power series:

F =Y a ) = [ =Y iz )

f(Z) - n>0 i=—k

O
00 i 0 . —1 .
Definition 3.1. We say that . a;(z—p)" converges absolutely at z <= > a;(z—p)" and >_ a;(z—p)"
i=—00 i=0 —%0
converges absolutely at z.

0 .
Theorem 3.10. Suppose that Y a;(z — p)* converges absolutely at zp. Then 3 an annulus of conver-
1=—00
gence r; < |z — p| < ry containing 2.

&) (&)

Proof. (1) Y ai(20 —p)* converges = Abel’s theorem so Y a;(z — p)¢ converges for |z — p| < ry with
i=0 =0
‘Zo — p| < Tra.

—1 . 00 00 .
(2) > ai(zo—p) = > a; (zoip)i converges = Abel’s theorem so > a_i(z — p)" converges for

—0o0 =1 =1

1

<l «— |z—p|>r1.

20—P T1

1
|Z—p\<Eand\

O
4 Meromorphic Functions and Residues
4.1 Laurent Expansions
0 .
Theorem 4.1. Let f be holomorphic on r; < |z — p| < 3. Then f has a Laurent Series Y, a;(z —p)"
1=—00

such that a; = fc, %d( where C’ is any circle in the annulus.

11



Proof. We have that:
L Qe L[ FQ,

z) = :
() 271 CSIQ‘—p 211 Ch ¢ — pc
_ 1 fQ de L Q) d¢
27 Je, 1-SEz—p  2miJe,1-Z2C—p
1 (—p  (C=p? dC 1 z—p , (2=p)? &
== s)(1+ + + 5= s)(1+ +
2mi cslf( 3 Z=p (Z—p)2)z—p 2mi cS2f( 5 (—p (C—p)Z)C—p
1 & 1 > 1 i
= — = 4 —p) " d
i gy o, TN S s [ s
1« : f(©)
= — — J 7(1
omi j}oo(z 2 (/cr C—ppr ™
By change of variables i = —j and the smoothness of the integrals over Cs, and C, are equivalent to over
C,. O
Proposition 4.1. If f is holomorphic on D(p " = » \{p} then f has a Laurent Series »_ a;(2 —p)t
on D{p )’

4.2 Calculus of Residues

Definition 4.1. (Meromorphic) A function f is said to be meromorphic if it has a pole at p <= a; =
0 Vi < —k where k is the order of the pole.

Definition 4.2. (Residue) Let f be holomorphic on Dy, - We call the reside of f at p the —1 coefficient
of the Laurent Series.

Example 4.1. Reso(1) = 5L-log(z )|051; =1
Z3+ 25
Example 4.2. ReSO(szn(z)) Res ( 3! u 51— ) =0
2 4

Example 4.3. Res (COS(Z)) Reso(ﬁ) =1

o0

Proposition 4.2. If f is holomorphic at Df ) and meromorphic at p then f (2) = Y ai(z—p)t
' i=—k

Definition 4.3. (Principle Part) We define the principle part of f at p to be:

-1

PP,(f) = > ai(z —p)’

i=—k

Example 4.4. PP (szn(z)) PP, ((sin(l))—&-czs_(i)(z—l)—&-...) _ sin_(ll)

Definition 4.4. (Rational Function) A rational function on C is the quotient of 2 polynomials, such that

{1) E g coprime and has poles at the zeroes of ¢(z).

Definition 4.5. (Division algorithm) Suppose deg(p) > deg(q), then the division algorithm is p = aqg+r
for a,r polynomials with deg(r) < deg(q).

12



Proposition 4.3. If r, ¢ are polynomials such that deg(r) < deg(q), then

5 = Z PPZi(;)

zeroes of q denoted z;

Proof. At z; we have that 7 = PP, (7)+ao+a1(z—zi) +az(2— 2)2+.... Then ¢ — PP, (%) is holomorphic
and bounded at z;. But also, the sum over the PP, would be holomorphic and bounded at z;. This implies
that £ — >, PP, (7) is bounded on R.

On the other hand, as R — oo,

a2

\Ple( )=

=0
z— 2z (z—zi)2+ |

Thus since deg(r) < deg(q), we have that [{| — 0 as R — co. This implies Liouville’s theorem and that

g is a constant, which in fact must be 0 as R — oc. O

4.3 Applications of Residues
Riemann-Sphere: P! = P!(C) (Check lecture 9 notes for calculations)
(1) As a manifold: Take 2 copies of C and glue them together at co.
(2) Stereographic projection
(3) As the projective line
What are holomorphic functions on P'?

Definition 4.6. f is holomorphic at z9g <= f is holomorphic as a function Cy — C if zy € Cy or
(COO — Cif z20 € (Coo

Proposition 4.4. P! is compact = f is constant.

Definition 4.7. YU C C where U is open, a meromorphic function on U (only poles in U has singularities)
= holomorphic function f: U — P(C)

Theorem 4.2. All meromorphic maps P! — P! are rational functions.

Proof. P! compact and zeroes have no cumulation points then there is a finite number of zeroes. But then
pole of f in Cg label them p1, ..., pr and possibly co as an extra pole. At p; let m; be the multiplicity of the
pole. On Cy look at f Hle(z—pi)mi this is bounded at the pls. Also, it is entire. Then f Hle(z—pi)mi has

a pole at 00, growth bounded by |z|™. Then this is a polynomial and f Hle(z—pi)mi = Hézl(z—ai)c =

7, 1(Z QZ)C
f - _1(z=pi)" =

Theorem 4.3. (Residue Theorem)
Let U be open in C, U compact, OU piecewise smooth, and f : U \ {p1,...,pn} — C holomorphic. Then:

1
27i

f )dz = Z Resy, (f
Proof. Set V.=U\ U}, D(p;,r) such that the D(p;,r) are mutually disjoint. Then f is holomorphic on
V. Then 5= [o f(2)dz = 0= [y, f( ZpoT dz—ZResp (f) O

Example 4.5. We want to integrate % on 0D(0,3). If we compute the residues at each simple

pole, this integral evaluates to 2.
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Remark 4.1. If f(z) has a simple pole at zp, then f(z) = Z_lzo(g(ZOH(Zf(zzoo))g,(ZO)er). Then Res,,(f) =
9(20)-

Remark 4.2. If f(2) has a higher order pole at zg, then f(2) = a_r(z — 20) ™% + a_pp1(2z — 20) FH +
...+a_1(z—zo)_1+....
We want: a_1(z — 29)~'. So we get it by multiplying (z — 20)*f(2) = a_p +a—p41(z —20) + ... +a_1(z —
Zo)k_l + ...

We now take the derivative:

dkfl
W((z - ZO)kf(Z))|z=zo =(k—=Dla—1+ (2 —2z0)ao + ...
_ 1 a k
= Res;(f) = WW((Z —20)" f(2))]2=2

4.4 Calculus of Residues
We can use the residue theorem 5= Jo f(z)dz =3~ Res to do two of the following operations:
(1) To compute a definite integral (typically on a part of C)
(2) To compute a sum (can be an infinite sum) as a sum of residues
See lecture 10 notes for examples of (1). See lecture 11 notes for examples of (2).

Example 4.6. We want to compute fR 1+ﬁal:v. We will consider where the denominator has zeroes:

x = ™/ e3Ti/4 5mi/d oTmi/4 N now compute using the complex version of the function:

1 1
2441 (z — 67ri/4)(z _ 637ri/4)(z _ esm/z;)(z _ 67m'/4)

Consider the case where z = ¢™/4:

1 1
5 — emi/4 ( (2 — €3mi/4) (2 — ebmi/4) (5 — eTmi/4)

+0(z — 67ri/4))’2,:em/4

We get the residue from this computation: Res i/ = " \/5.

We compute the other pole similarily: Res sri/a =

Now we need to look at the contour:

R
We have [ 1Jr%da: + fw 1Jr%dz

1
| dz| < length(v2) sup(——)
72

1+ 24 142
=7R sup
GG[O,W]M
SWR(64_1)—>OasR—>oo

Thus we have that: fR ﬁd:ﬁ = % by the Residue Theorem.

Lecture 11 has examples for (2).
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5 Zeroes and Poles

Question: Let F' be a map from U open to C. How many zeroes of f are there in U? 2 zeroes.

Theorem 5.1. (Local Argument Theorem)
Suppose either f has a pole of order k or a zero of order k at p. We also have f: U — P! holomorphic.
So p € D(p,r) C D(p,r) C U such that p is the only zero or pole in D(p,r), then

1 f/(C)dC _Jk if f has a zero of order k at p
21 Jop(p,r) fO)> -k if f has a pole of order k at p
Proof. Wellon D(p.r): £ = (:=p)* (3 as(z=p)). and ' = k(z=)* "1 alz=p))+ (z=p) (i~
p)i_l I'(€)
I _k a 1 ! _
Then 7 =20 + ij + ... and 511 faD(p,T') mdg = k D

Theorem 5.2. (Global Argument Theorem)
F : V — P! holomorphic, V open, U C U C V. The the number of zeroes of f in U minus the number of
poles of f in U is:

1 !
RENEN (S
2mi Jou f(C)
Proof. Surround poles and zeroes with small disks D; then 0 = fc‘)(UfDi) J},(( f)) d¢ implies [y, % ac +
> faDi %d{ = Y (multiplicities) .

Theorem 5.3. (Open mapping theorem via an argument approach) f : U — C holomorphic = f(U)
is open. That is, Vp € U,3D(f(p),r) C f(U).

Proof. Set g(z) = f(z) — f(p) = f(2) — q. So p is an isolated zero of g. Then - fD( 9©) e =k > 0.
impliesf~1(q') also has k points. O

5.1 Rouche Theorem

Theorem 5.4. (Rouche Theorem)
Let f,g: U — C holomorphic, U open, U piecewise smooth, | f(¢) — g(¢)| < |£(¢)] + |g(¢)|- Then f and
f + g have the same number of zeroes in U (with multiplicity).

Proof. (1) On 9U, f(¢),9(C) #0

(2) % cannot lie on the negative real half axis
(3) vt € [0,2],£f(C) + (1 =1)g(¢) # 0
O

Theorem 5.5. (Herwitz Theorem)
fn : U — Cx holomorphic (no zeroes on U), and f, — f uniformly on compact sets in U. Then either
f : U — Cx has no zeroes or f = 0.

Proof. Suppose toward a contradiction that f has a zero but f # 0. Then on some boundary of a disk D
in U,
1 o

— =k>0
2mi Jop f
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But then

1 /
2mi n=o0 Jop fn

k

which is a contradiction. OJ

Theorem 5.6. Let f be a rational map f : P — PL. Then Vp € P!, including oo, we have that #f~1(p)
is a constant k& (with multiplicity).

Proof. We separate into four cases (lecture 12):

(i) Case 1: (p # 00,00 € f~1(p))
(ii) Case 2: (p # 00,00 € f~1(p))
(iii) Case 3: (p = 00,00 & f~(p))

(iv) Case 4: (p=o00,0 € f1(p))

Remark 5.1. A bijective holomorphic function has a holomorphic inverse.

Proof. We have that f : U — V is bijective and holomorphic. Then f is open and f~! is continuous.
Then f~! is holomorphic by the open mapping theorem. O

5.2 General Results on Distribution
Bijective Holomorphic Maps:
1. C=C
2. D(0,1) — D(0,1)
3. P! — P!
Proposition 5.1. Let f: C — C be bijective, holomorphic. Then f(z) = az + b for a # 0,b constants.

Proof.

Lemma 5.1. If f : C — C is bijective and holomorphic then lim |f(z)| = co. That is, Ve > 0, 3¢ > 0
n—oo

with |z] > ¢ = [f(2)] > L.

Proof. Since f is bijective and holomorphic, its inverse f~! is continuous. Then any compact set is
mapped to a compact set under f~!. That is, f~'({z : |z| < 1}) is compact, so it is bounded and
contained in D(0, ¢) for some ¢. Thus, f(C\ D(0,¢)) C C\{z:[z| < 1}. O

Now we look at the function f from oco: We will set g(z) = f(ll). Then we have that g : D(0, %)* —
D(0,¢)x. (Recall * means that zero is excluded). Then we have that g is bounded and meromorphic
at zero. We then extend it to a disk by the removable singularities theorem. Thus we have that ¢ :
D(0,%) — D(0,€) and g(0) = 0. Also, g : D(0,1)x — D(0,€)x is injective. Thus ¢’'(0) # 0 by the
normal form interpretation and so |¢’(0)] = 24, A > 0. Now shrinking D(0, %) if necessary, we have that
19(2)] = Al2| on D(0, 1),
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Lemma 5.2. There exists a B, D > 0 such that if |z| > D then |f(z)| < B|z|.

— _1 1 Al :
Proof. |f(z)| = rel] < AT = A if |z| > ¢ as desired. O
This means that | f(z)| has linear growth, so by Liouville’s Theorem it is a linear function. O

Remark 5.2. Also note that f : C =, C extends to f : P! — P! such that oo + oco., and f: D(0,1) =N
D(0,1).

5.3 Maximum Modulus Principle

Lemma 5.3. (Schwartz Lemma)
D = D(0,1).f : D — D holomorphic such that f(0) = 0.

L [f'(z)] < Tand [f(2)] < |z]

2. |f(2)] = |#| at a point |f'(0)] =1 = f is a rotation.

Proof. Set g(z) = ! (ZZ), or at 0 we can either look at power series or removable singularities. Then we
have that (i) is equivalent to |g(0)| < 1,|g(z)| < 1. And (ii) is equivalent to |g(0)] = 1 at a point either
zero or not. On dD(0,1—¢), [f(z)| <1 (map sends D(0,1 —€) — D). Then |1| = L = [g(z)| < &
on 9D(0,1—¢). But by Max Principle, the maximum is attained on 9D(0,1—¢). Thus Ve > 0, |g(z)| < 1
on D (thus (i) is proven). For (ii), if |g(z)| = 1 at an interior point, such that g is non-constant, by the
max principle, then |g(z)| > 1 at some point p € 9D(0,1—¢€). But this is a contradiction. Thus |g(z)| =1
at a point zg in the interior. Then g is a rotation. O

6 Special Maps
1. Aut(C) ={z+—az+b, acC*beC}
2. Aut(D)
3. Aut(P!)

6.1 Fractional Linear Transformations

Theorem 6.1. Invertible P! — P! maps are all of the form z gjig such that the determinant is
: _ az+b -1 _ _dw-b
non-zero. For example, if w = £Z77 then w™" = 7=

1

zZ—a

All of this forms: f : P! — P! such that co — a, which implies that if R,(z) = : @ — oo then

f=R1(bz+c).
6.2 Automorphisms of the Plane
Note that the GL(2,C)=invertible 2 x 2 matrices. We also have that PGL(2,C) = GL(2,C)/C*. We

have that PGL(2,C) — Aut(P') given by (Z Z) — gjifl We have that the generators of PGL(2,C)

are given by:

1. (“ O 5z a2)

01
1 b
2. (0 1>—>(z»—>z+b)
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3. (? é>—>(z»—>i)

Theorem 6.2. PGL(2,C) — Aut(P') is an isomorphism.

Proof. Surjective: We have that f € Aut(P!) = f(cc) = ¢ € 0o or .

{Hﬂwﬁwwzif@%=$ﬁ€w@Gﬂl©)

If f(o0) = ¢ = f(w) = ity € p(PGL(2,C))

Injective: Injective <= ¢~ !(1) = one point. We have that the identity in Aut(P!) is given by

2z = 20 4 c C* So (1) = (a

0Y . . . . .
O+a ’ 0 a) is an equivalency class of the identity matrix. O

Theorem 6.3. The images 3(P!) denoted (e, g, h) distinct of any three distinct points (a,b,c) € P!
determine a unique map in Aut(P').

Proof. (i) Existence: There are many subcases here, check lecture 14

(ii) Uniqueness: A lot of subcases... lecture 14

O
Theorem 6.4. z — ‘ij_g maps circles and lines in C to circles and lines in C.
Proof. lecture 14... lot of geometry O

6.3 The Disc
Proposition 6.1. Isomorphisms from D(0,1) — D(0,1):

(i) Mappings from zero to zero are all of the form z — e, 6 € R.

(ii) The map g(z) = #==%,a € D(0,1) maps D(0,1) — D(0,1) and @ — 0 and is invertible.

l—az’

(iii) General map is given by h(z) = e(

i:gg)

Proof. (i) By Schwartz Lemma, for f, f~! we have that |f/(0)| =1 = f(2) = €z

z—a
l1-az’

(ii) We consider g(z) =
g_l(z):: ;;:ﬁ'

(iii) Then the general map follows from both points.

a € D = g(a) = 0. Then we can compute the inverse of g as

6.4 The Riemann Mapping Theorem
Definition 6.1. (Simply Connected Domain) U C C is a simply connected domain if:
(i) U open
(ii) U is pathwise connected (Vp, ¢ € U there exists a path f : [0, 1] — U continuous, f(0) = p, f(1) = ¢q).
(iii) forall pair of paths fi, fo joining p,q in U there exists F': [0,1] x [0,1] = U
Classification of simply connected domains up to a biholomorphic equivalence:

1. C
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2.

Everything else (C C) (Riemann’s Theorem)

Theorem 6.5. Riemann’s Mapping Theorem: Any simply connected domain in C that is not C is
holomorphically that is not C is holomorphically equivalent to D(0, 1).

Proof.
2.

1. C is different from D(0,1). Holomorphism: C — D(0, 1) is constant by Liouville’s Theorem.

Step 1: Let U be a simply connected domain not equal to C. Want to show that there exists a
g : U — V is invertible, holomorphic and V' C D(0,1). There exists an a ¢ U. Since U is simply
connected, it implies f(q) = o ¢ _L_dz is well-defined (f is log(z — a), and the image of f lies in

a strip). For it to be well-defined, we want it to be indepedent of path. We can show this by
considering the pull back.

Step 2: V is a simply connected domain in D(0,1). We will look at S = {g: V — D(0,1)}. Since S
is not equal to the empty set, the identity maps V' — V € S. Then the g we want to maximize |¢'(0)|
for g : V ~ D(0,1). We will use Montel’s Theorem: An infinite family of holomorphic functions
{fa} : U — C bounded uniformly, |fo| < M on U. Then there exists a subsequence that converges
fj — [ normally.

We will also use Ascoli Ansela Theorem: Let f; : K — R(or C).
(a) f; is uniformly bounded, |f;| < M

(b) f; is equicontinuous

Then there exists a subsequence converging uniformly to an f : K — R(or C).

We now apply these two theorems for Riemann: Had V KA D(0,1) s.t. V open subset, simply
connected We set .7-" ={f:V — D(0, 1) is injective}. Then f bounded implies that f(0) is too

since f(0 fc )2 d¢. Now we take a F C F to be a maximizing sequence f; for |£(0)].

Apply Montel to F: Now a subsequence f; converging to f (which is holo) with | f/(0)| > |¢/(0)|Vg €
F. So f(0) = 0. For f to be injective, we want on V' \ {29} want f(w) — f(z0) # 0. Fixing zp: We
have that g(w) = f(w) — f(20) is the limit of g;(w) = fi(w) — fi(20). But since the f; are injective,
= ¢:V\{z} — C*=C\{0}. But by Herwitz THeorem, we have that g is the limit of g; so
either g : V' \ {20} - C* or ¢; = 0.

So since f is injective, we have that f: V — D(0,1).

Thus f is our candidate for f : V ~ D(0,1). Suppose not: Then we have that a point 0 is sent by f
to f(v). Then we create another map which sends w — - RR We also consider a function g which
maps everything except that point 0. Since all of the mappings are open and simply connected, we

can take a square root. We have:

w—R vy V=V R —R

v L D0, 1) —22 Do, 1) 22V Do, 1) — =y
The square-root is well-defined on ff?@%, z € V because this is simply connected and avoids 0.
/ —\ = _
In general, ( :ﬁy) = “‘”fj“jju‘;();”‘a) = (11:55)2‘ We will use this for « = R, v/—R. Derivative of f
is the composition above at 0. We get that:
1-RR_ 1 1-+v-RV-R 1-|R? 1 1+|R
= f'(0)x X = 1'(0) 7] = f'(0) naliil > 0 in norm

I 2SR (- yoR/R? | 2 RI-R 2V-R

This is a contradiction.
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What are these holomorphic equivalences?

(1) D a disk or a half plane has f given by a Mobius transformation z Zzzis So we can choose

any three points (a, 3,7) — (1,7,—1). We need to choose these in the correct order. So we want
ac+b __ 1 af+b __ i and ay+b __ ~1
cat+d — T ¢f4+d T cy+d T '

(2) We can have strips: Taking the function e® maps it to the upperhalf plane. Then using (1) you can
map it again.

Example 6.1. Take w = 1(z + 1). It maps a circle to an airfoil (whale-like shape).

Example 6.2. Take w = z2. Then the circle’s angle is doubled and the length is squared, so its mapped
to a cardioid. (2a +— 4a?).

2miarccot (p% ymn

Example 6.3. Take w =¢ whose angle is - is mapped to the half plane.

Example 6.4. (Schwartz-Christoffel Transform) We want to map the upper half plane points 1, z2, ...

to a polygon with angles a1, as,... and vertices wy,ws,.... This is given by %’ = A(z — :Ul)aT_l(z —
ag _ an _
o) w Lo (z—xp) T

7 Extending A Map

7.1 Analytic Continuation
7.2 Riemann Surfaces

Instead of living in U C C, we will consider a general Riemann surface.

Definition 7.1. (Riemann Surface) A Riemann surface is defined as open bits of C that are glued together
with biholomorphic glue. More rigorously, it is a connected one-dimensional manifold. You need to be
careful with the ”glue” because you want to avoid double-points (it will not create a Hausdorff space).
Its better to start with a pre-existing surface and put points on it. It is a surface covered by coordinate
charts (U; C S, f; : Uy — V; C C) such that the f; and f; are holomorphically compatible.

Example 7.1. One natural venue: the locals for multiply defined functions. Like /2. So /z wind
once around zero changes signs. Instead, we can look at w? = z in C?. This surface for the w? = z is
well-defined, because it is just the coordinate w on a curve S.

Remark 7.1. ”Because of budget cuts at McGill there are no four-dimensional blackboards” -Prof.
Hurtubise.

Example 7.2. (Example of Compact Riemann Surfaces) Any compact surface in R? (they are classified
by genus (which is the number of holes)). We have that S — R3 inherits a metric by restriction.
1,5% — T,R3 ~ R3.

Theorem 7.1. There exist isothermal coordinates on S locally. That is, g = a(z, y)(dz? 4+ dy?) such that
z=x+1y.

Definition 7.2. The genus is the number of holes in the Riemann surface.

g = 1 curves are obtained by quotienting C by a lattice. Two points are said to be equivalent if they
are translates under this lattice.
(1) Some built as a domain of definition of a holomorphic function.

Example 7.3. /z It passes through itself while wrapping around. It is the curve S : w? = z € C2.
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Example 7.4. log z As the curve S :e® =z € C?

(2) Compact orientable surface C R® == it has a metric on S, and it admits a scalar product < -, - >
on the Tangent plane 7,5 = that is has a conformal structure.

Definition 7.3. (Conformal structure) Metrics are not scalar. That is, < -,- >~ ef@¥) <. . >,

(3) A "curve” in C? at out by a holomorphic equation. g(z,y) = 0.
(4) We observe two cases:

1. genus zero, compact: Riemann sphere P!(C), it is unique

2. genus one: elliptic curves, build as C mod (2 independent translations). That is, C/7Z + 12Z by
viewing C as a group.

8 A Quick Tour of Elliptic Functions

Definition 8.1. (Fundamental domain A) A fundamental domain A for C/mZ + mZ is given by
{aT1 + b2 : a,b € [0,1]}

C/mZ + 17 = A/ ~ given by (011 + bra) ~ (171 + br2) and (am; + 072) ~ (a7 + ltaug). Any translate
of A would work too. Moreover, can change the basis by Z coefficients.

Definition 8.2. (Elliptic functions) They are on C/7Z + 72Z and are normalized to C/Z + TZ.
Proposition 8.1. There is an equivalence between:

1. Doubly periodic { Holomorphic or Meromorphic} functions on C, periods 1 Z + 1o Z.

2. { Holomorphic or meromorphic} functions on C/7Z + mZ (elliptic functions)

3. { holomorphic or meromorphic } functions on A with boundary f(bre) = f(71 + b12),b € [0, 1] and
flami) = f(am2 + 72),a € [0, 1].

Indeed, holomorphic function f on C/7Z + 197 = holomorphic function on A and the boundary
conditions. But A is compact, so f bounded on A means the periodicity of f is bounded on C, so f is
constant by Liouville’s.

[}
Functions with poles: Suppose f has poles at p; € A (interior). Compute:

% Qm/ fdz_/ fdz+/ fd2’+/ fdz=0

Proposition 8.2. (No poles on dA) 3 Resp,(f) =0
PiEA

Corollary 8.1. If f has at most one pole of multiplicity 1, then f is constant.

Now look at 5 f oA T I’ dz. This gives you the number of zeroes minus the number of poles in A. This
is equal to:
1 f’

b dz
271 OA f

Proposition 8.3. f has the same number of zeroes as poles. So f is a meromorphic function on C/mZ+
To7..

=0

21



Next consider

1 zf' (/ G, P, )
2 Jon F2) T ( Bf>d+cf<z>d+Df<z>d>
.y CCEmfE), PR e
o ( f<z> e e 7(2) d)
1 z
- (-m =y
= o (~mallog(f > A+TQ[Zog<f<z>>18)

Thus, f being the same at A, B,C,D = log(f) same (mod 27iZ) at A, B,C,D —>

1 zf!

——dz = NaTo + N1Ty
27T’l A f

Theorem 8.1. (Abel’'s Theorem) If f has zeroes at z1, ..., z, with multiplicity so that a double zero at
z1 gives z1,z1. And poles p1,...,p, so that multiplicity so that a double pole at p; gives pi,p;. then
Zzi — Zpi = N9oTo +N171. That iS, Zzz — sz' =0in (C/7'1Z + TQZ.

Are there any meromorphic functions at all?
1. Can normalize (71, 72) by sending 71 > 1.
2. Send z +— z/71 so we are left with C/Z + 7Z

Theorem 8.2. (Weierstrass PB-function) Try for a double pole at 0 (no residue).

We will try > but this does NOT work. We observe layers of Z 4 7Z on the integer lattice
m,nEL

(each layer scales by 8 points..., so at level k there are 8k points). We try to enscribe and circumscribe

a sphere on this lattice, the inner sphere only contains the origin, while the outer contains all points of

layer 1. Sop € level k = kik > ||p|| < k2k where k; is the radius of the inner sphere and ks is the

radius of the outersphere. We tried:
1
Z (z—m —nt)?

m,n€L

(z+m+n7’)

fails because it does not converge. Instead we will try:

1 1 1 1 —22 4+ 2z(m + n7)
— + E — = 4+ E

2 _ _ 2 m 2 2 —m — 2 _(m 2
‘ m,n€L,(m,n)7#(0,0) (z=m—nr) (m +n7) : m,n€Z,(m,n)#(0,0) (2 nt)* = (m+nr)

Let |2| < C and p € k — th layer = |2 —p| > kik —cand if k >> 0 = kik > kik, k) >0
I R SR S
lz—m—n7| Kk |m+nr Kk

— | =22+ 2z(m +n7)| < d|m 4+ n7| < dkok

—

So we have that

1 Z —22 4+ 22(m + n7)

oy
2 _ _ 2 _ 2
2 ez immioe F MmN = ()

IN

1 1
FE + Z <(number of points in level) x (k;’k)4c,k2k>

levels

1
Z 72 converges as desired
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Properties of these functions:
1. p-functions are even (p(z) — p(—=z))

2. because they are even we have that (Z_ml_nT)Q + € +m1+m)2 these two terms have the same value for

z and —z
3. they are also periodic
Proposition 8.4. The p-function is periodic.

Proof.

So it is periodic with periods 1, 7. But then

z+1
p(z+ 1)~ p(z) = / Y(O)dC

and on the half-lattice, they have the same pole, so they cancel out. That is,

1 1 1
p(z):?—i_z(z—m—nr)Q_m—i-nr

1 1 1
= —— .
plz+1) (z+1)2+z(z—m+1—n7)2 m+ nt
So p(z+ 1) — p(2) is holomorphic on a compact set, so it is also bounded. But then
z+m~+14nT

p<z+m+m+1>—p<z+m+m>=/ Y(Q)de

z+m-+nT
z+1
S RIGL

But p(z 4+ 1) — p(z) bounded, periodic implies constant by Lioville’s Theorem. So now consider p(1/2) —
p(—1/2) = 0 because p is even. This means that p(z + 1) = p, so it is periodic. The same proof can be
used for p(z+7) =p(z) Vz O

Now expand the function into its Laurent Series:
1 2 4
p(z) = Z—2+a0+a2z +agz" + ...
We also have that:

M =p) - L= % S

€2, ) (0.0) (z—=m —n1) (z+m+nT)

1 1
o= 3 - i
m,n€Z,(m,n)#(0,0) (2 —m —mnt) (z+m+nT)
We have that: ,
p/(2> = ? + 2a9z + 4@423 + ...
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4 8ao

0'(2)* =%~ 16a4 + o(2%)

26 22
Now consider the cube of the function:
1 3a
(h())° = 5 + 722 + 3a4 + 0(22)
Now consider: 20
—20as
(1'(2))* = 4(p(2))° = 5~ 28ag + o(z%)

Take:
(0(2))* — 4(p(2))® + 20a2p(2) + 28a4 = o(2?)

But then since the left hand side is double periodic, so is o(z?). Thus:
(p'(2))? = 4(p(2))” + 20a2p(2) + 28a4 = 0(2?) = 0

Set x = p(z) and y = p’(z). Then z — (x,y) maps C/Z + 7Z to the curve over complex numbers:
y? = 42% — 20agx — 28a4 in C?. Then y = V423 — 20asx — 28a4. So:

[ 5] s
wee dy ). /423 = 20asx — 28ay

by change of variables (x = p(2),dz = p’(2)dz)
P(z) /
= dz= [ dz
/ p'(2)

Theorem 8.3. The map ¢ : (C/Z + 7Z\ 0) — C? such that z — (p(2),p’(2))

(1) has image in ¥ C C? such that ¥ : 32 = 423 — 20a22 — 28ay
(2) maps 0 — o0
(3) and the map is bijective
Proof. (1) Did previously
(2) 0 is the only pole

ﬂ C We also have S 2=% C. Look

(3) Consider S = (C/Z+7Z\0). Then we take S — ¥ < C? Sl
at (p(z) — ¢) has double pole, so it has two genuses z1, zo. The locations of the poles sum to zero,
which implies that z; = —25. Thus p-function is surjective onto C and p~*(c) = {21, —21}. But, p’(2)
is an odd function. So p’(z1) = —p’(—z1). So these are two values unless p’(z1) = —p’(—2z1) = 0.
We are in y? = 423 — 20asx — 28ay, which has a symmetry: y — —y and = — —zx.

At p’ # 0: there are two pre-images of ¢ in C corresponding to —z1, z1. Moreover, these are the only
two points going to C.
At p’ = 0: there is a single point; these are the points where z; = —z; mod(Z + 77Z) (these are half
periods).

O

Proposition 8.5. C/Z + 77 is a group.
Proof. 1. Inverse: z +— —2

2. Neutral element: 0
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3. Addition in C: (a,b) — a +b.
equivalent to giving for any a,b the ¢ with a + b+ ¢ = 0 once you have the inverse (that is, a + b =
—c). U

In y? = 423 — 20asx — 28a4 we have (z,y) — (x, —y) which corresponds to z +—+ —z € ¥. Now we
look at I NS = {y? = 423 — 20asx — 28a4}. The intersection is given by ap(z) + bp’(z) + ¢ = 0. This is
doubly periodic, poles only at z = 0, which means that the zeroes of ap(z) + bp’(z) + ¢ = 0 sum to zero
(in C/Z + 7Z).

e We have on C/Z + 77Z constants, p(z), and p’(z)
e How about getting all meromorphic functions (remember »_ = Res), (f) = 0)

e Principle part of f at zg is the negative part of its Laurent series at zy (f meromorphic implies
negative part is finite)

e A meromorphic function on C/Z + 7Z is determined by its principle parts up to constants

Proof. If the principle part of f; is equal to the principle part of fo, it implies that f; — fo is
holomorphic on C/Z + 7Z, which is a constant by Liouville’s. ]

Principle Parts at 0:

Principle Parts | Function

5 p(2)
% —1%10/(2)
o 50" (2)

Principle Parts at C:

Principle Parts Function

(z,lc)z p(z —c)

1 _ 1.
= 2P (2= 0)
(2—10)4 tlip”( )

Taking linear combinations we get all positive configuartions of principle parts with no simple pole
terms.

Simple Poles Weierstrass (-functions are functions on C with ¢’ = p and ¢ odd.

First try CZO f p(z)dz. These are independent of path because p(z) has no residues.

But then CZO(Z + 1) = (3 (2) = —m which is some constant. We have that 7, is independent of 2.
Note that it can be shown that (., (z +7) + Coy (2) = —n for similar reasons.
But then (o (2) = ¢z (2) + [, p(¥)d?.

So then p is even implies that C;O( ) = —C op(—2) = CZO f gdw.
So then we have that CZO -3 f DAY = —(Cop(—2) — L ZO Udv)
So if we expand: (., (z 2 f WA = —§ + ...+ b2 +

Now at ¢(2) = —Csy (2 +5 f & Ud¥ we have that ((z +1) — {(z) =m and ((z+7) — ((z) = n2. We
have ((z) odd, simple pole at 0, Res—1.

N

But now take a; constants, . a; = 0 with p; € C representing p; € C/Z + 7Z.
i=1

Consider > a;¢(z — p;). We have that:

YaC(z—pi+1) =Y a(z—p) = ai-m =0
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And we have that:
Y ail(z—pi+71)= > al(z—p)=> ai-n=0

This means that f(z) is periodic, it has simple poles at p;, residues a;.
Sums and Products: So for ) a,,z™ sums of functions a,,2™. We can also take f;(z), consider:

[e.e]
>_fi2)
i=1

But can also try

I15()
i=1

e Suppose we want a polynomial with zeroes at aq, a,.

e We take the product [](z — a;)

m
=1
e But if this is infinity not m, it can be difficult to compute, which motivates our next topic

So we look at: a-a®-a®.... If a = 1 then product is 1. If |a| < 1 then product tends to 0. If |a| > 1
product tends to infinity.
Look at the product

N N
H exp{a;} = eXP{Z ai}
i=1 i=1
So if lim(D a;) makes sense, lim [ [ exp{a;} makes sense too.
If Y% a; exists then a; — 0 so exp{a;} — 1.
Lemma 8.1. If t e R, 0 < x < 1, then 1 +z < e® <14 2z.

Proof. [e* —(1+ )] =e*—1>0, forz>0. Soe’ —(1+0)=0 = (e*— (1 +z)) >0 for z > 0. &®
convex and [e”]” > 0 implies that 1 + 2z > e”. O

So we have that for |a;| < 1,

exp(y D lail} <TI0+ lail) < exp(d_lal}

So on each term:
|ai
2

2|a;|
2

exp(—-) <1+

This implies the following proposition:

oo
I1(1+ Jai|]) converges.

o0
Proposition 8.6. ) |a;| < co converges <=
i=1 i=1

oo
What about [] (1 + a;) for a; € C?
i=1
Problem: Some of the a; terms might be —1, which kills the product.
oo
So you could have [[(1+a;) =0 but [[(1+ a;) not being Cauchy.

n
=1 =1

oo
Definition 8.3. (Notions of Convergence) [] (1 + a;) converges <=
j=1
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(1) Only a finite number of a; are -1, say a;,, ..., a;, for iy <ip < ... <y
N
(2) For No > i1,...,1, lim ] (1+ a;) exists
n—,oo __
j=No+1

(3) This limit is non-zero

00 No n
thenset [[(14+a;)=[[(1+a;)- lim [ (1+ay)
j=1 j=1 N0 - Noy+1

Lemma 8.2. If Py =[]/, (1+q;) and Py = []2L, (1 +|aj|). Then [Py — 1| < Py — 1.
Proof.
Py=1+ Z iy - - - Qi

subsets {i1...4;} of {1,...,n}

Pv=1+ Y lay|...|a;]

subsets

But }lai, .-, ai;| <D ai|. .. |ai;|. Thus our desired result. O

oo oo
Proposition 8.7. Absolute convergence = convergence. That is, [] (1+|a;|) converges = [](1+

7j=1 7j=1
aj) converges.
Proof. Want
(i) Only a finite number of a; = —1 but then [[(1+4|a;|) converges <= ) |a;| converges = |a;| — 0.

(ii) Have aj # —1if j > Ny. Set Q; = H§0+1(1 +aj) and Q; = gvoﬂ(l + |aj]). We will look at for
M>N,Qu—Qn = QN(H%+1(1 +a;) — 1). So in absolute value:

Qu—Qnl=1Qull [T t+a) —11 <l@nll [T A +las) =1 < [@nll TT A +laiDl = 1Qu — Qx|

m+1 m—+1 m+1

(iii) Last thing to check is that

N
li <
Ngnoo . (1 * aj) 0
7j=1
Since Qs converges, this implies that
~ ~ M N
Qu/Qn =1 =[] (1 +]aj) -1 === 0
=N
This implies that
l 1
N
By our lemma, we have:
M M 1
IO +a)l -1 <JJA+]a)—1< 5
N N
O
Corollary 8.2. J[;Z,(1 + a;) converges if > |a;| converges.
Proof. Follows from the previous proposition and lemma. O
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8.1 Products of Functions

Recall that: if f : U — C holomorphic, vanishes at ai1,...,a;; with an accumulation point in U then

f=o0.
So for [(1 + fi(2)), only allow a finite number of f;, z; in compact subsets K C U with f;(z;) = —1.

o0

Theorem 8.4. f; is a sequence of holomorphic functions on U open subset of C. If ) |f;| converges
j=1

uniformly on compact sets K C U then [[;Z,(1 + f;(2)) converges uniformly on K C U.

Proof. (i) Given K C U compact. We have that > 7%\ |f;| < 3 for N large uniformly = only a
finite number of f;(z;) = —1.

(ii) Set Fpr = Hj]‘/il(l + fj(2)). Then if N > M consider:

N M
Fy - Fy =[]0+ £ I0+ ) - 1)
j=1 N

M
< [Fxll(exp(2 ) 1£5(2)]) — 1]
N

So if N large enough, |f;j(2)| < 1, recall we had 1+ x < exp(2z) if z € [0,1].
O

Given z1, ..., z, we have that [[!",(z — z;) vanishes at z1, ..., z,. What about being given an infinite
SEQUENCES 21, ..., Zpy - - o

Definition 8.4. (Weierstrass Functions) The trick: You have (1 — z)exp(—log(1 — z)) This is bad at
z =1 but it is equal to =2 =1 on D(0,1). Then this is:
22 28 zP
1-— —+ =+ F—+...
( z)exp(z+2+3+ +p+ )

Set E,(z) = (1 —z)(exp(z + % + % +...+ %)) truncated. It is defined on all of C. It has a unique zero
at z=1. And it is "close” to 1 on D(0, 1).

Lemma 8.3. For |z| < 1, |1 — E,(2)| < [2PT1.

o0
Proof. Set E,(2) =1+ ) by2". Claim: b, =0 for 1 <n < p and b, <0 for n > p. Calculate

n=1
22 2P 22 2P
E;,(z):_exp(z+5+...+;)+(1—z)(1+z+z2+...+zP*1)exp(z+5+...+?)

Note that (1 —2)(1+ 2+ 22+...+2P71) =1 — 2P. So then we get that:
2 P

E,(z) = —2" exp(z + % +...+ ;)

See
(i) Taylor for E(2) starts at 2P

(ii) Higher order Taylor coefficients are all negative
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But then E)(2) = > npnz""t. This implies that the coefficients of E,(2) are such that b, =0 for n < p

o0
and b, < 0 for n > p. Our next step: We have 0 = E,(1) =1+ > b,. But these are all negative, so
n=p+1

oo
this implies that Y~ b, = —1,b, <0 VYn>p = > 2, |b,| = 1. This means that
n=p+1

Bp(z) =1 =1 D ba2"| =[P D ba2" P

n=p+1 n=p+1
Now if |z| < 1, we have that:
o0
|Ep(z) =1 < [P Y Jbu] = |7
n=p+1

O]

Theorem 8.5. Suppoes sequence a; such that a; # 0 and a sequence p; € N. Then |a;| — oo "fast
enough” means:

- No finite accumulation point

-Vr>0,> (@)pﬁ'l < oo (finite)
j=1

(e @]
Then [ E,,, () converges uniformly on compact sets to F entire. Zeroes of F' are the a; counted with
n=1 "
multiplicity.
Proof. Fix r. We have that 3mglap,| > r for m > n. But then for n > my, |Ep, () — 1] < |ﬁ|p""r1 for
= < 1. That is, |2| < am. This implies that it holds for z € D(0,r). But then, ]é|p”+1 < ]é|p”+1. This
implies that: > 7% | |Ep, () — 1| converges uniformly on D(0,7). This implies that [[}2, (Ep, (Z))—1+1
converges uniformly. O

Corollary 8.3. Let a,, € C with no accumulation point, a,, # 0. Then 3f an entire function with a zero
set precisely equal to {a,}2% (always counting with multiplicity).

Proof. Fix r. Then 3N such that Vn > N, |a,| > 2r. Then > or_\(-27)" < 3°°° (3)" < oo Thus we

[am|

can apply the theorem with p, =n — 1. ]
Remark 8.1. We can add zeroes at z = 0 by setting f =2"f.
Recall facts about Entire Functions:

1. We saw that we could build entire functions with arbitrary zeroes a, counted with multiplicity,
where a, has no accumulation point in C.

2. If {a,} is a finite set: we can use the polynomial [[(z — ay)

o0

3. If {a,} is an infinite sequence: If a,, # 0 then [] E,_1(;) entire and precisely at a,.
n:l n

4. For extra zeroes at z = 0, take z™([[;2; En-1(2))

Remark 8.2. If you want zeroes at ay, poles at b, (no accumulation point in C), you can take:

[ Ena(E)
[ Bnaa ()

n
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Theorem 8.6. (Weierstrass Approximation Theorem) Suppose f is entire, with zeroes at a, such that
the zeroes are of order m at 0, [implying that a,, has no accumulation point, else f = 0]. Then we can

write:
z

f(z) = 2" By (-)ed®)

an

Proof h( ) has no zeroes meaning that it has a log. We take:

N fG) PO/ o _ 1) | FG/h()
9(2) lghw*/zo QMmO * = h(

What about f: U — C?

1. If it has a finite set of zeroes, it is a polynomial
2. If it has an infinite sequence of zeroes (with multiplicity), then a; € U,a; # 0

Theorem 8.7. Let a; € U have no accumulation in U. Then there exists f : U — C whose zeroes are
precisely the a;.

Proof. We first being by considering the set U such that p # a; Vi, and we map z — ﬁ to a set U
within P!. Then we have three cases:

1. coe U C P!
2. P! — U is compact, infinite piece of C
3. aj € U, a; # oo with new a;’s (could write d; but too lazy)

Each a; has a nearest point d; in P!\ U, with (d(aj, z) continuous on P! \ U compact, minimum attained)
such that d(a;, dj) = d; and d; — 0. Choose K compact subset of U. But then we have that d(K, P'\U) =

0 > 0 because K X (Pl \ U7 is compact, and d(z,y) is continuous there. This implies that |z — d;| > & for
z€ K and d; -0 = ¢ > 2d;, for some i > ig. Thus we have that:

R A 1
|a; Cf]| <z
|z —dj| 2

Now we can look at f(z) = [T, Ej (%= a]). Since Ej is zero at 1, we have that |E;(w)| < |w|/™! for
w < 1. This implies that:
a
Z| -1+ Ej( ] Z j+1

Thus we have that: [[}Z; E; (A= 4 ) converges uniformly on K. O

Corollary 8.4. For all U open in C, there exists a holomorphic function f whose natural domain of
definition is U (it cannot be extended beyond U).

Proof. This is because YU, there exists sequences {a,,} € U with no accumulation point in U and every
point of QU is an accumulation point. O
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This is a powerful lemma, but for the unit disk think of a; = rje%ijo‘, such that « is irrational and

rj — 1. It forms a spiral, and we use that { jat is dense in [0, 1]

=0 = f|UmD(o,1) =0 —=
flp,1) = 0.

What about polar parts (=principle parts)?
Recall that polar/principal parts at « is an expression s = Z;l_ Nai(z—a) = ==L 4 (;:;)2

Given a sequence of principle points s; = Z;_N aij(z — a;)t, aj € U C C where U is open, no
accumulation point «; in U, is there a function with this on the principle part? Does there exist a
function f : U — P! with these principle parts? Yes:

Theorem 8.8. (Miltag-Leffler) There exists a function f : U — P! with principle parts s; at «;.
Proof. 1. If there are finitely many s;’s, we set f = Z;?:l 55 = Z?zl Zi_:lfN aj,(z — ;).
2. If there are infinitely many s;’s, we again need to flip the function in our earlier proof above.

Lemma 8.4. (Pole Parting) Let a, 8 € C, A(2) = 3.1, ai(z — )?, 7 < d(a, B). Then there exists a
finite Laurent expansion at 3, denoted:

-1
= > bilz—p), k>-1
i=—N

such that |A(z) — B(z)| < € for all z € P*\ D(3,7).
Proof. Take the uniformly convergent Laurent expansion on |z — 3| > R, truncate it. O

We now continue the proof of our theorem. We can approximate s; by

k
ti= Y bilz—a)
J=—M;j

on |z — aj| > 2d;. We then have that |s; — t;] < 277, so on K C U, we have that >_j8j —tj converges
uniformly because K N D(d%i,2d;) = 0 for j large. This implues that on K, |s; —t;| < 277. At a;, the
principle part of f is s;. O

Remark 8.3. This process introduces extra poles, which is why we can’t do this on C, only on U.

Remark 8.4. Two normalizations for the Weierstrauss Function:
L {(z+1)=¢(2)=m
2. ((z+1) = ((2) =2

9 The Prime Number Theorem

9.1 Gamma Function and Riemann Zeta Function
9.1.1 Gamma Function
We will begin with the Gamma Function: For Re(z) > 0, at

I‘(z):/ 7~ te tadt
0

for real valued t.
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(1) Does the integral make sense? Near t = 0: t*7! = exp((z — 1)log(t)) = exp(Re(z — 1) +

iIm(z))log(t) = exp(Re(z — 1) log(t)) exp(iIm(z)log(t)). Note the imaginary part is a phase with
norm 1. So we have that this is equal to just t¢(*)=1 But we have that:

t ta+1
|
0 « +].

Near t = oo: We have that ¢7%¢(2)=1 given polynomially = t7¢()=1 < ¢t/2 for ¢ >> 0. This implies
that

for a« > —1.

Proposition 9.1. Let Re(z) > 0, then we have that I'(z 4+ 1) = 2T'(2).

Proof.
00 42 eft
Nz+1) = ——dt
( ) o [ 9
o0
= —tPe +/ 2t teTtdt
0
=0+ 2I(2)
O
Corollary 9.1. I'(n) = (n — 1)! for n € N.
Proof. T'(1) = [(¥e 'dt = 1. I'(2) = 1['(1). I'(3) = 2I'(2) = 2. By induction we have the result. O
We will now build up the Gamma Function on C:
1. So we have that @ = I'(2) is true on Re(z) > 0.
2. So I'(z) given Re(z) > 0 is defined by [;°... and I'(z) = @
3. But then use I'(z) = @ to define I" on Re(z) € (—1,0].
4. So it is meromorphic on Re(z) > —1 with a simple pole of Residue I'(1) = 1.
5. We can repeat this argument: Use I'(z) = @ to define I" on Re(z) > —2.
6. Then the pole is at 2 = —1 with residue I'(z) = 1I'(z + 1) = %ﬁf(z +2).
7. We continue to get I'(z) on C with simple poles at every non-positive integer (0, —1,—2,...).
8. Then Residue at z = —k gives:
Residue = lim (z + k)['(z)
z——k
r 1
— lim (s 4 k) LEFY
z——k
1 1 1 1
= li k)(— . T k+1
zgilk(z—i_ )<zz+1 z+k—1z+k) (z4k+1)
1 1 1
=———-7...—I'(1
—k—-k+1 -1 1)
(-n*
k!
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9.1.2 Riemann Zeta Function

Now we will look at the Riemann Zeta Function:

We are in the situation Re(z) > 1. Set {(2) = 300 | L =370 e==logn = $700 | o—Re(z)log(n) g—ilm(z)log(n) —
—Re(z)
n .

By the comparison test, we know that » >, n~* converges for & > 1. This means that ((z) is
well-defined.
Idea of the Euler Product: —— =14+p 5 +p 2 4+ ...

1-p
Now for all primes and s < —1:

1 1
1—-25(1—3%)"

o= (4252 )33 ) = 1425435

We should have that: )

[1(1—p~*)

Consider the product [] (1 —p?) for Re(z) > 1. We have that this converges: If >

p prime

S, 1 < 3, ik < oo for Re(z) >

= ((s) for p primes

L < oo but
p|p

1
But then we have that: ((z) =1+ & + 3% +..
Now we check: £((2) = £+ £+ o= +--.
So we have: (1—2%)(,2):3%4—5%4—.
Now: 3%(1—2%)«2):3% L.

+ ...
Then: (1— (1= 2)() = 1+ & + =+ =+ .

Theorem 9.1. (Sieve of Eratosthenes) [],, (1 — z%)((z) =1+ 21— +...

PN+1%2

n—oo

o0
1 1 1 _ 1 :
[T p<py (1= 52)C(2)[ < 1+ \pN+1Z| + ’(pN+1)Z| +...= N:%;VH |7z — 0 for uniformly, for z € K

compact.

9.2 Prime Number Theorem

Linking ((z) and I'(2).

Proposition 9.2. ((z) = F(lz) I tij@e,—tt dt for Re(z) > 1.

Proof. Integral converges:

tRe(z)—1—t
1—e?

(i) Now we look at t = 0: e _ in norm ~ e < ol

I—et

(ii) At t=oc: t*~! has polynomial growth so [t*~1| < e=*/2. So lf;t,t = 1 < ket is also finite.

Have j € Nt j=*([;° 7" te Tdr) = [;° %(%)z_le_TdT

We can set jt = 7, so jdt = dr, and % =t. So we get:

[e @]
/ >~ le=Itqt
0

So we have that: j=% = 7 .

as desired. O
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Theorem 9.2. ((z) — 15 extends to Re(z) > 0.

L dx. We then have that:

:L,z

Proof. For Re(z) > 1, we have that ((z) — 15 = - 57

nlnz

0 n+1 1

S G-

n+1 T o du
dx(/n W))

This is bounded by its max. So we have that in norm:

< Z nRe(z

Then we can write this as:

This +1 lets us work with Re(z) > 0 now.
Remark 9.1. This formula extends ¢ to Re(z) > 0 with one simple pole at z = 1 with residue 1.

Remark 9.2. You can extend it to the whole plane by the ((1 — 2z) = 2((2)I'(2) cos(52)271~*

9.2.1 Things to Keep in Mind for the Following Construction
L. ¢(1 —2) =2¢(2)['(z) cos(52)2m~*
2. Re(z) > 1: Euler product implies that ¢ # 0
3. Re(z) < 0: Zeroes at z = —2n for n € N
4. z = 1: pole and residue —1
5. z = 0: no pole

6. Re(z) € [0,1]: Need ¢ # 0 on Re(z) =

9.2.2 Two Counting Functions

1. m(x) is the number of primes p < x

2. 0(z) = X cip.a 108(D)

Theorem 9.3. Asymptotically, m(z) = @. This means lim;_, %(x)) =0.
log(z
Proposition 9.3. O(z) ~z <= 7(z) ~ Toa (@)
Proof. ©(x) =3 <, log(p) < > <, log(x) = m(x)log(z). Then we have:
) 1
(@) _ 1y lo8a)
x x

Fix € > 0, then



Now for z large, we have:

log(x)ﬂ(x) o (1 o 6) ﬂ_(gjlfe)log('r)

€T €T
N—————

lefe Ing(w) -0

éw(x) log(x) > (1— )

So Ve > 0, we have that 22 > (1 — ) (z)'28),

X X
Thus we have our desired result.

9.2.3 Smoothed out Version

Proposition 9.4. O(z) ~ z if lim lx®(27t
T—00

dt exists.

Proof. Suppose O(z) is too big: 3(x;) such that z; — oo with O(z;) > Ax; such that A > 1. Then

/’\wi ot) —t @incr;asing /M’i O(x;) —t - /Mi Ax; —t
. 2 = /. 2 =) T

k3 (3

Now by a change of variables £ = m%, we have that:

AA—t ,
/ 2 > (0 independent of x;
1

This implies that fx’\z’ > (C' Vx4 so it never converges.
Now suppose that ©(z) is too small: 3(x;) such that z; — O(x;) < Az;, A < 1. Then we look at:

/%‘ o(t) —t
Az; t2

which is negative, so it also doesn’t converge.
t.

/ooo A - /OOO @(t)z_ = /0 T @()e — 1)t

2

Now we set x = ¢

9.2.4 Key Facts for Two Counting Functions

—_

. m(z) is the number of primes p < z

2. 0(x) = Y o0 108(p)

3. O(z) vz <~ W($>N®

4. 0(x) ~ zif lim [ QU gt exists <= [(O(el)e — 1)dt < oo

t2
T—00

Now we put in a parameter:

Definition 9.1. ®(z) =" log(p)p~* for Re(z) > 1.

p prime
Lemma 9.1. & converges absolutely and uniformly on K C {Re(z) > 1} for K compact.
Proof. For ¢ > 0,

[log(p)p™7| < [p~*"

and

Sl <Y [ < oo Re(s) > 1
p
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9.2.5 Link to ((2)

—z\/

_ 1—p7?)
—21_7,

p z

p
_ log(p)
- _sz -1

Then we have that:

¢ _ log(p) log(p _ log(p B
¢ sz(pz—l) p? sz(p -1 +80)

P P
Proposition 9.5. > pl’(zfz )1) is holomorphic on Re(z) > 1.
Proof.
1 1
Z \ og ) Z - < Zn‘QRe(ZHE < oo for Re(z) > 3
P>Ppo P>Po p

This implies that for z in a neighborhood of Re(z) > 1, we have that:

(SR log(p)
= Hzp:p"(pz—l)

So ®(z) has a pole only at z = 1 (with Residue =1), and possibly at any zeroes of ((z) along Re(z) = 1.
Theorem 9.4. ((z) # 0 for z =1+ ia, o € R.
Proof. Set p(«) to be the order of zero at 1 +ia. So u(a) =0 = ((1+ia) # 0. And v(«) is the order
of zero at 1+ 2. pu(a) = pu(—a) because ((Z) = ((z) since its real. This implies that % has a simple

pole, residue p at 1+ i and a residue v at 1 + 2ia. Which means that the residue of ® will be —u and

—v. So we get:
lIm®(1+¢)=1
e—0

Im ®(1+etiz) =—pu
e—0
lim &(1 + € + 2iz) = —

e—0

> plagfi) (% +p ) >0

p

Now we consider the sum:

We have that p%a = ¢i/2108(p) ig g phase, similarily for other part. Both sum to a real positive value.

log(p) , ia BN log(p) / 9ia i —i —2i
— 4pte 6 + 4p ) 2"
; p(l n 6) (p 2 +p2 ) g p1+5 (p +4p™ +06+4p +2p )

=P(1+e—2ia) +4P(1 4+ € —ia) + 6P(1 +¢€) +4P(1 + € + i) + 2P(1 + € + 2icv)
=—v—4u+6—4u —v taking €, x limits

=6—8u—2v
>0
Thus ® has no poles at 1+ ia, o # 0. O
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Lemma 9.2. ® is almost a Laplace Transform of ©. That is, ®(z) = z [~ e *'©(e")dL.

Proof. Set x = et. We have

z ~ @(w)aj_zdg = Z/1°°<Zlog(p)x_zda:)

1 x
p<z
]
ey [T
p /p T
3 log(p)
z+1
» p
= ®(2)
0
Look now at [;°(©(t)e* — 1)e *!dt. This becomes:
1 1
/ O(t)e GV _ o gt — Pz 1) — -
z+1 z

®(z+1) has a pole at z = 0, and 1 has a pole at z = 0, so they cancel out. We just extended, ®(2) is ok,
holomorphic on a neighborhood of |Re(z)| > 1, so this implies that: [;°(0(t)e™" —1)e~*!dt is holomorphic
on a neighborhood of Re( ) > 0.

But ZLCI)(Z +1)—1is ok on a nelghborhood of Re( ) > 1.
So if limit z — 0 of [;°(© —1)e *tdt is [;°(©(t)e" — 1)dt then we are done.

Theorem 9.5. If L(f(t)) is ok on Re(z) > 0 and extends to U D Re(z) > 0 then lim; o L(f(¢t)) is the

extension.

10 Conclusion

The Steps We Took This Course:

(1) We began with defining F' a holomorphic function

() [DF.1] =0

(ii) Cauchy Riemann Equations

(i) £ =0
(2) We then looked at Green’s

) Jdf = Jou f

(ii) Holomorphic: Green works for f(z) =1

(3) We looked at — fZZO f(¢)d¢ well-defined, fundamental theorem of C-calculus

(4) We look at Cauchy Theorem (disk): f(z) = 5t gd{’
(5) Morera’s Theorem (inverse version of Cauchy’s Theorem)

1
=

(6) Analyticity (
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(7) Cauchy for derivatives: f(™(z) = = 957 - © f(<7)7,+1

(8) Cauchy Estimates: |f(™(z)| < o max‘é}iTRlﬂO'
9

Liouville’s Theorem and Liouville’s for polynomials

10) Fundamental Theorem of Algebra

13

)
)
)
11) Open-Mapping Theorem, Maximum Principle
)
) Removeable Singularities
)

(

(

(12) Normal Form f'(z) = 2"

(

(14) Classification of Singularities

(i) Removeable singularities
(ii) Poles |f(2)| — o0

(iii) Essential singularities (Thm: A non-constant entire function admits at most two values. The
exponential is the example.)

(15) Laurent Series (punctured disk or annulus)

(16) Residues and the Calculus of Residues

)
)
(17) Argument Principle ¢ fTI and Rouche’s Theorem
(18) Principle Parts

)

(19) Riemann Surfaces:

(i) P! — CU {o0}

(i) Pt — P(C?)
(iii) Steoreographic Projection S3 — R3 and S? \ N — C for N C 52
(iv) Elliptic curves and the torus C/mZ + mZ ~ C/Z + 77

(20) Maps:
(a) P! — P! : holomorphic rational maps %, p,q polynomials, more generally f : U — C

meromorphic is equivalent to f : U — P! holomorphic.

(b) Bijective holomorphic maps: P! — P! given by gjis for <CCL Z) € GL(2,C)
(c) C>Chbyz—az+b

(d) D — D by z — € (Z=2)

l1—az

(e) Upper half plane to upper half plane by z — Zjifl for <CCL Z) € GL(2,R)

(21) Classification of open simply connected sets U in C

(i) Either U is C
(i) U # C = U ~ D(0,1) Riemann’s Theorem

(22) Elliptic Functions
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(i) f:C/Z + 17Z — C is holomorphic implies its constant

(ii) f : C/Z + 7Z — P! is such that number of zeroes is equal to number of poles, sum of the
residues is zero, and Abel’s Theorem (Sum of locations of zeroes - Sum of locations of poles is
in the lattice Z + 77Z)

(iii) Weierstrauss p function, @', ¢, o

(23) Products

(i) Convergence
(i) TI(1 + |ai]) converges <= > |a;| converges
(iii) JI(1 4+ a;) converges

(24) ¢, T

(25) Prime Number Theorem

Final Notes about Riemann Surfaces:(Not examinable)

1

2.

8

9

. genus: g is the number of holes
g = 0: is P! and is unique

g = 1: 1 parameter family C/nZ + 7oZ — C/Z + 77

b
Theorem: different choices of generators means that 7/ = %= with <Z d) € SL(2,Z)

Im(z) > 0/SL(2,Z) has some nice properties
g > 0: 3g — 3 parameters, we still don’t know what this space looks like (it is not compact)
Y9 — P! classify by number of poles

(i) Fix D: formal sum of points
(ii) we want f — formal sum of poles of f

(iii) This is by Abel’s Theorem: a g-dimensional space of holomorphic differentials {w1,...,wy}
and there exists a function f with poles at p;, zeroes at ¢; <= there exists a cycle C' on X
(a cycle is a formal sum of closed loops) with )", fq’f (w1,...,wyg) = [(w1,...,wy). Elliptic
w = dz.

. Abel map ¥9 — CY by z — f;o (w1, ..., wy) defined mod integrals of cycles: CY9/Z9 + AZ9.

. g=1/Q by ¢g> = az® + bz + ¢ can link this to modular forms.

Remark 10.1. Professor Hurtubise is retiring after this year. He has been a great professor and this was
the most fun I have had in a math course at McGill University. I wish him the best in his retirement.
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