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1 Basic Results

1.1 Basic Properties of Random Samples

Below, denote X7,---, X, ~ N(u,0?) as a random sample. Then we know that

2

1. X, ~N (,u, 0—);
n

— —1)5?
2. X, 1L S2, and indeed w ~xX2
o
The ¢ distribution can be obtained by a standard normal distribution Z ~ N(0,1) and a V' ~ 2

distribution, where
v+1
T Z pdf FIE%) (1_1_53_2)‘
V/v F<§)\/7TV v

Recall from CLT, where in a random sample Xy, -, X,, with EX = u, Var(X) = 02, we have

VrXn = p) 4 N(0,1).

o
We are also able to obtain 7" by a variation of central limit theorem, in a random sample
X1, , X, ~ N(u,0?), we have
\/ S%/n Sn

The F distribution can be viewed as the ratio of two y-squared distribution, where

~t(n—1)

 Xim/m
Xn/n

F(m,n)
where if we consider two mutually independent random samples X1, -+, X,, ~ N(uy,0%) and
Y1, -+, Y, ~ N(ug,03), then

o 53/
53/0%

~F(m-—1n-1).

1.2 Transformations Between Distributions

Below, the independence of random variables is assumed.

1. If X ~ Exp(f) where f(z) = 0%, then 20X ~ x3, where the square of a standard normal
is x7, and X2 4+ Xp = Xopp-

2. If X ~ Ezp(f) where f(z) = 0e% then X| +--- + X,, ~ Gamma(n, ).

3. (Cochran’s Theorem) Suppose we have Zy,--- , Z, e N(0,1), then

n

Z(Zi - 771)2 ~ Xi—l

=1



_ 1 — 1
where Zn:ﬁ;Zin(O,ﬁ).

4. The sample mean of a y? distribution family is distributed according to a Gamma

distribution. That is, if Xy, -+, X, Tl Xz, then

= ZX Gamma( nk 2)
2'n

1
2 1e=®/8 That is, we have the following relations between

where Gamma(a, 3) ~

['(a) B
Gamma distribution and Chi-squared distribution: If Q ~ x? and ¢ > 0, then cQ ~ Gamma (g, 20).
b
5. If X ~x?and Y ~ x?, then AN Beta 3’5 , a similar result is also used

for the ratio of Gamma distributions: If X ~ Gamma(a,0) and Y ~ Gamma(f,0), then

X X
xiv " Beta(a, 3). Furthermore, using Basu’s Theorem, Xiv L X+Y, and X +Y ~

Gamma(a + f,0).

6. Let X ~ Uniform(0,1), then —2log X ~ x3.

7. (Poisson Process with Gamma Distribution) If X ~ Gamma(«, ) and Y ~ Poisson (%)
for any x, then P(X <z)= P(Y > a).

1.3 Order Statistic

Make sure you know the distribution for X), X(,) and X; for 1 < j < n. If you want to do
something fancy, try to find the joint pdf of any two order statzstzcs FEven more, the joint pdf of
given any k order statistics! I am listing only one case here, you can try to prove it if you wish.

Lemma 1. Let X;,--- , X, sy f with also a distribution function F' and assume X; is continuous.

Then given r < n, the jomt distribution of the order statistics of Xy, -+, X is gwen by

;- ’x(”)_ (n—r) (Hf F(x (r)))n_r)

1.4 Large Sample Theory

Definitions include: Convergence in Probability, convergence in distribution, CLT, WLLN, Slut-
sky’s Theorem, Continuous Mapping Theorem, (First/Second) order Delta-Method. T am listing
some of them:

Theorem 1. (Delta Methods)



Let {X,,}3° be a sequence of random variables such that EX,, = u, /n(X, — ) % v asn — 0o
and g be a real valued function such that g'(u) exists and non-zero. Then

Vi(g(Xa0 — g(p)) % '(n) - V.

If (X, — ) N N(0,0%), and ¢'(p) = 0,¢"(u) # 0, then we have

n(g(X) — g(n) % %029"(/0%-

1.5 ECDF

Whether you decide to review it or not depends on how you did your midterm Q1.

1.6 Point Estimation

Below, I listed all the important definitions, theorems and some nice results from point estimation.
All the exercises in this section are short, and were taken directly from the examples Prof. A.
Khalili did in class or from the assignments. Hence no solutions will be provided. Please contact
the author if you need the solution to a specific question.

Definition 1. (Point Estimator and Statistic)

Given a random sample Xy,--- , X, ~ f(z,0), a function T(X) = T(Xy,---,X,) is an esti-
mator of 0, if it does not depend on the unknown parameter 0, such a T(X) is also known as a
statistic. The estimator is called an unbiased estimator, if E[T(X)] = 6.

Definition 2. (Consistency of an Estimator)

An estimator T(X) of 0 is consistent, if T'(X) Lo

Exercise 1. Consider the random sample Xy, .-+, X, ~ Uniform|0, 0], verify the consis-
tency of the estimators T1(X) = 2X,,, T5(X) = "THX(,L). Which one is better? If the random
sample is changed to N(u,0?), verify the consistency for X,, and S2.

Exercise 2. Consider our favourite random sample (apart from GL3(Z/2Z), is
X, X ~ f(z,0) = e_(“"_e),:c_z 0, propose two different consistent estimator of
0, one based on X(1y, one based on X,,. Which one is better?

In fact we have so many questions for this random sample in exercise 2! Like what is
the sufficient statistic? Minimal sufficient statistic? UMVUE? MLE? Method of moment
estimator?




Definition 3. (Regularity Conditions)

In a random sample Xy, -+, X,, ~ f(z,0) where 0 is one-dimensional, we give the following
reqularity conditions:

(i) The family {f(a:, 0):0c06C ]R} has a common support that does not depend on 6.
d
(i1) T log f(z,0) always ezists.

(iii) For any statistic h(X) € LY,

d d
7 [ h@ (@0 = /3 W) f(a, 0)dx

Theorem 2. (Crémer-Rao Lower Bound)

Under reqularly conditions, given a random sample Xy, -+ , X, ~ f(x,0) with joint pdf denotes
as pg(x), suppose T(X) is an unbiased estimator for T(0), then

Var(T(X)) > d[T/w)]Q 5
E { (@ logpe(w)) }

d 2
The quantity Z,, = E { (— lngg(CU)) } is known as the Fisher information, and I, = nZ;.

do

Exercise 3. Given the random sample Xy, --- , X, ~ Bernoulli(9), what is the CRLB for
all unbiased estimator of 07 Can you find an estimator such that the variance is attained at

CRLB?

Theorem 3. (Bartlett Identities)
Under regqularity conditions:

First Bartlett Identity is given by

d
E{@logpg(a:)} =0,V0 € 6;

Second Bartlett Identity is given by

E { (d% logpg(a:)>2} ~_E {j—; logpg(a:)} .

Theorem 4. (Conditions to attain CRLB)



Suppose that a random sample Xy, -+, X, ~ pg(x), and T(X) be an unbiased estimator for
7(0). Then the variance of T(X) attains the CRLB iff

al6) {T(X) ~ 7(6)} = - log po(e)
for some function a(0) for all 6 € ©.

Definition 4. (Ezponential Family)

A random sample Xq,--- , X, ~ f(z,0) is said to be of the exponential family, if the joint pdf
peo(x) takes the form
po(x) = h(z) - c(f) - exp{w ()T (X)}
where h(x) is a non-negative function of  and c(0) a non-negative function of 6, and T(X)
is a function of Xi,--+,X,, w(0) could be any function of 0. Most importantly, the support
x € S does not depend on 0. Most most importantly, in this family £ > T(X;) is the UMVUE of

_ c'(0)
7(0) = BEOFIOR
Exercise 4. Try to show that the random sample X1, - , X,, ~ Poisson(\) is of exponential

family, and indeed the sample mean X,, is the UMVUE of \.

Theorem 5. (Neyman-Fisher Factorization Theorem)

Let a random sample X1, -+ , X, ~ po(x), a statistics T(X) is sufficient iff there exists func-
tions g, h such that

po(x) = g(T(x),0) - h(z)
for all € © and x € X. Note that h must be a function that purely depends on x, and g depends
on x only through T (x).

Exercise 5. Find a sufficient statistic for the given random samples: Xi,---, X, ~
Bernoulli(8), and Y1, --- ,Y, ~ Uniform|0,0], and Zy,--- ,Z; ~ e~ @0 x> 0.

Have you forgot the indicator function?

Exercise 6. Now consider the normal family of random samples. If X1, -+, X,, ~ N(p,02),
then what is a sufficient statistic of (u,0?)? If I have two mutually independent random
samples Xy, , Xy ~ N(ui,0%) and Yy, -+, Y, ~ N(uz,0?), then what is a sufficient
statistic of (p1, pi2, 0?) ?

Theorem 6. (Sufficiency under Transformation)

If T(X) is a sufficient statistics of 0, and we have T(X) = ¢(T*(X)) where ¢ is a measur-
able function and T*(X) is a statistic, then T*(X) is also sufficient. Or, under any one-to-one
transformation g, g(T(X) is also sufficient of g(0).

Exercise 7. Convince yourself, that for an exponential family, a sufficient statistic of 6 can
be T'(X) = ZXZ" You will see later, that T'(X) is also complete!




Theorem 7. (Lehmann-Scheffé for Minimum Sufficient Statistic)

For a parametric family py(-), suppose a statistic T(X) is such thatVx,y € X, T(x) = T(y) iff
po(x)

Po(y) - | o - |
function of a minimum sufficient statistics is also minimum sufficient.

does not depend on 6, then T(X) is a minimum sufficient statistic. In fact any one-to-one

Exercise 8. Again, consider the random samples Xi,---,X,, ~ Uniform|0,6] and
Yy, -+, Y, ~ N(u,0?). What are the minimal sufficient statistic for those two?

Definition 5. (Completeness of Sufficient Statistic)

Let X be a random variable with a pdf belonging to a parametric family F : {fp : 0 € ©}. This
family is said to be complete, if for any measurable function g with E[g(x)] exists, we have

Elg(z)] =0,¥0 € © = P(g(x) =0) =1 almost surely.
A statistic T(X) is complete, if its family of distributions is complete.
Theorem 8. (Rao-Blackwell)

Let U(X) be an unbiased estimator for 7(6), let T(X) be a complete sufficient statistic for the

parametric family, then
E{U(X)|T(X) =t},Vt € Sr

is the UMV UE for 7(0). If the sufficient statistic is not complete, then conditioning on it will only
get a better estimator, and it is not necessarily the UMV UE.

Theorem 9. (Lehmann-Scheffé Uniqueness Theorem)

Let T(X) be a complete sufficient statistic, also let U(X) = h(T(X)) for a measurable function
h, be an unbiased estimator of 7(0) such that E{U?*(X)} < co. Then U(X) is the unique UMVUE.

Exercise 9. Use Lehmann-Scheffé, find the UMVUE for each parameter of the following
random samples:

X1, , X, ~ Bernoulli(f), Poisson(\), N(u, 0?).

Exercise 10. In the previous exercise, we had two random samples Xy,---,X,, ~
Bernoulli(0) and Yy,---,Y, ~ Poisson()\). Now find the UMVUE for 7(0) = 6(1 — 6),
and T(\) = e~

Theorem 10. (Relation Between UMVUE and Other Estimators)

An estimator U(X) of 7(0) is the UMVUE iff it is un-correlated with all unbiased estimators
of zero, that 1is,
Cov(U(X),6(X)) =0

for all (X)) such that E{6(X)} =0, 6(X) is called the unbiased estimator of zero.

7



Exercise 11. (Make sure to look at this! Just in case Khalili really puts this question on
the final)

1 1
Let X ~ Uniform (0 — 5,9 - 5),(9 € R. Then show that the UMVUE of 7(0) must be a
constant function.

Assume 6(X) is an unbiased estimator of zero, hence E[§(X )] = 0. So we have
0+1/2
/ I(X)=0
6—1/2

and by Fundamental Theorem of Calculus we have we have

1 1 d [0t1/2
slo+t) —s(o-t)=2 5(X) =
<+2) ( 2) de/el/z (%)=0

Hence we have §(x) = d(x + 1). Now let U(X) be the UMVUE of 7(f), then it is easy to see
that U(X)0(X) is also an unbiased estimator of zero, and by the previous theorem, we have

Cov(U(X),5(X)) = E{U(X)6(X)} =0

So now we actually have U(z)d(z) = U(x + 1)6(z + 1). Hence U(z) = U(z + 1), and by
definition,

0+1/2
E[U(X)] = / U(X)dz = 7(0)
0—1/2

and we use Fundamental Theorem of calculus to get

U(9+%)—U<6—%> _ (6)

and we know that 7/(f) = 0, meaning 7(6) = C where it is a constant! So the UMVUE of 7(8)
must be a constant.

Theorem 11. (Method of Moment Estimator)

The set up is that, we match the first k moments of f(x,0) where dim(0) = k with the first

k population mean, if exists. We set them to be equal to set our estimate. i.e we solve the linear
system

X1+ + X,
n
Xi+-+ X2
n

Y RX

= EX?

X{“+---+X’;§EX,€

n




Exercise 12. You better get it, it is so easy. One remark is that is may not always exist,
when EX = oo, like the random sample with pdf f(z,0) = 20, where you will see why soon.
In a special case where we have a random sample of Uniform[—0,60], we see that EX = 0
and so we match the second moment.

Theorem 12. (Bayesian Estimation)

Let w(0) reflect the prior distribution of the unknown parameter 6 and p(x|0) is the joint pdf
of the random sample, then an estimate of 8 can be done by

po(x) - m(0)

(0x) =
/@ po(@) - 7(0)d0

where w(0|x) is the posterior distribution. Also under the squared error loss function condition,
the Bayes estimate of 6 is given by E[r(0|x)]. To find 7(0|z), we may just ignore all the constants
as well as the denominator, they are all known as the “normalizing constants”, then we may refer
to the table to find the distribution.

Exercise 13. Consider the random sample X1, -, X,, ~ Bernoulli(0), and the prior dis-
tribution for 0 is given by

C(a+5)
I'(a)T(B)

Find the Bayes estimator of 0 under the squared error loss.

7(0) ~ Beta(a, ) = 0 (1 -0 a,8>0

Exercise 14. Consider the random sample Xy, -, X, ~ Uniform(0,0), and the prior
distribution for 0 is given by

W(@):;ya—ﬁﬂ,a,ﬁ>0;9> 1

Find the Bayes estimator of 6 under the squared error loss. You can find the answer to this
question in Q9 of the next part.

Theorem 13. (Invariance of MLE)

If 0, is the MLE of 8, then for any function 7(0), 7(6,) is the MLE for (6).
Theorem 14. (Asymptotic Normality of MLE)

Under all the regularity conditions, if 0, is the MLE for 8, then

V0, —0) 5 N(0,Z71(0)).

Exercise 15. Write a joke such that it contains at least 4 out of the following words: (D)
GL3(Fy); @ MIT; @) Cows; @) Electric Cars; () Missile; 6) Trivial.




Finally, here are some distributions, that you might encounter, make sure you know everything
about them!!!

e Bernoulli(f) Distribution:

The pmfis f(x,0) = 6°(1-0)'*,0 < 6 < 1,2 {0, 1}, where § usually represents the probability
of success. The sufficient statistic of 0 is T'(X) = > | X;, the MLE of 6 is X,,, the Fisher infor-

the UMVUE of 6% is (7~F)/(}), where t = 3_ X

mation (for one distribution) is Z;(0) = o

0(1—6)
is the sufficient statistic!

e Poisson(A) Distribution:

Aﬁ
The pmfis f(x,\) = e~ —|, x=0,1,2,---; A > 0. The sufficient statistic of 0 is T'(X) = > X,
— 1
the MLE of 6 is X,,, the Fisher information (for one distribution) is Z;(\) = T the UMVUE of
TT—-1)--(T—-k+1)

nk

PUBE! where T'= > X, is the sufficient statistic.

e Geometric(f) Distribution:

The pmf is f(z,0) = 0(1 — )1, x =1,2,--- ;0 < 6 < 1. The sufficient statistic is T(X) =
1

> X, the MLE is n/>_ X;, the fisher information (for one distribution) is Z;(0) = 721 —0) and

the UMVUE of 0 is ('2)/(‘Z}) where t = }_ X, is the sufficient statistic.

e Uniform(0,6d) Distribution:

1
The pdf is f(z,0) = - X{O < X < 0}, a sufficient statistic is X(,), the MLE is X(,, the
n+k

UMVUE of 6* is X(n)

e Shifted Exponential Distribution:

The pdf is f(z,0) = e"@= . x{z > 6}, in this family we have EX = 0 + 1 and Var(X) = 1,
and a sufficient statistic is X(1), the cdf of X is F(z) = 1 — €"®® and the pdf of Xy is
f(z) =ne™=*) the UMVUE of 6 is X3y — 2.

¢ Exponential Distribution:

The pdf is f(z,0) = fe % x > 0, in this family we have EX = %, and Var(X) =
sufficient statistic isT(X)= Z Xl, the MLE is ZX :
is Z,(0) = 45, the UMVUE of 0 i

1
g A
the Fisher information (for one distribution)

a well known integral is important:

627

/ 1 le i dr = ()"
0

10



Furthermore, you can see the UMVUE of 6%, k < n is

1.7 Confidence Interval
Definition 6. (Interval Estimator)
Let L(X),U(X) be two statistics such that L(x) < U(x),Vo € X. A random interval

(L(X),U(X)) is called an interval estimator or confidence interval with confidence level 1 —a, o €
(0,1) if P(L(X)<0<UX))=1-—q.

Note that it is wrong to say that (L(x), U(x)) (post-experimental data) captures 6 with prob-
ability 1 — . The interpretation is that this interval estimator either includes 6 or not, basically
it captures 0 with probability 0 or 1. if we were to repeat the experiment and compute similar con-
fidence intervals for 0, we expect that 100(1— )% of those post-experimental intervals to capture 6.

Definition 7. (Pivot Quantity)

A random function Q(x,0) is called a pivot quantity (PQ) iff its distribution does not depend
on the parameter 6, and Q) is a function of X and 6 only.

Note that the function ¢ might include 6, but its overall distribution Q(x,#) is free of any
1
parameters! For example if X ~ N(0,6?), then Q(z,0) = 5X ~ N(0,1), which is free of any pa-

rameter and it is a known distribution!

Once we have a PQ, and the confidence level 1 — « is given, we may find constants ¢, ¢y such
that
P(c; <Q(x,0) <) =1—a,

then having ¢y, co we can solve in terms of 6 to get
PL(X)<0<UX))=1-a.

Mostly, the PQ is chosen based on a sufficient statistic.
Below are common random samples and their corresponding PQ and confidence intervals:

(i) Confidence Interval for i in a normal family:
o If 02 is known, then

Q) = V") o)

and the 100(1 — a)% C.I is given by

— o o
(Xn — Za/2 %,Xn + Za2 - ﬁ)

11



o If 02 is unknown, then

V(X — p)

QIX,p) = 5

and the 100(1 — a)% C.I is given by

(Yn —t(n—1,a/2)- S X, +tn—1,0/2)- i)

v vn

Note: z, is called the p-th quantile in a standard normal distribution, and P(Z < z,) = p,
where Z ~ N(0,1). The same idea applies in t(n — 1,a/2), where n — 1 indicates the degrees of
freedom, and /2 is the quantle.

Exercise 16. A manufacturer developed a new gunpowder and tested it in eight shells. The
resulting muzzle velocities, in feet per second, were:

3005, 2925, 2935, 2965, 2995, 3005, 2937, 2905.

Assume that the wvelocities are iid sample from a N(p,0?). Compute a 95% confidence
interval for p. Provide interpretation for your interval.

2

So in this example, we see that ¢ is unknown. So we replace it by S,. Note that the S, of

this sample can be calculated by

8

1 —
Sp=+/52=,|= X; — X,,)? =~ 39.09
N ICES D
From the C.I above, we construct
39.09 39.09
<2959 —t(7,0.025) - ——=,2959 4 ¢(7,0.025) - —) .
V8 V8

From the t-table, ¢(7,0.025) = 2.365, so for the 95% confidence interval, our final answer is
(2926.38,2991.62). The interpretation is that, this interval estimator either includes 6 or not,
basically it captures 6 with probability 0 or 1. if we were to repeat the experiment and compute
similar confidence intervals for p, we expect that 100(1 — )% of those post-experimental intervals
to capture p.

2

(ii) Confidence interval for ¢° in a normal family:

e If 1 is unknown, then
Q(X,0%) =
and the 100(1 — a)% C.I is given by

(n—1)S7 (n—1)S;
X%n—l,a/?) ’ X%n—l,l—a/?) .

12




e if 11 is known, then
> i (X — p)? 2

2 ~ X

Q(X,0%) =
and the 100(1 — a)% C.I is given by

<<n D)X - p)? (n—1) (X - m?)

)

2 2
X(n,a/2) X(n,1-a/2)

Exercise 17. Assume that the number of days needed to hatch an egg of a certain type of a
rare lizard is distributed Normally. Using incubator, 13 eggs from different nests separately
hatched. The sample mean is 18.97 weeks and the sample standard deviation is /10.7 weeks.
Find a 90% confidence interval for the population variance. Provide interpretation for the
interval.

Here, it is the case that both y, 0? are unknown, so we construct the C.I based on

o2 _1yq2 . :
((n l)Sn’ (n—1)sS7 ) _ (12 10’77122 10'7) = (6.107, 24.569).

X%n—l,a/Q) X%n—l,l—oz/Q) X?m,o.os) X(12,0.95)

Note that in this example sample mean is not population mean p! It is there to confuse you :)

The interpretation is that, this interval estimator either includes 6 or not, basically it captures 0
with probability 0 or 1. if we were to repeat the experiment and compute similar confidence inter-
vals for p, we expect that 100(1 — )% of those post-experimental intervals to capture p, which is

the same as above.

Xy,

(iii) Confidence Interval Approximation for p of non-normal large sample:

We will assume that in a large random sample (usually n > 25 is good enough) we have

mate C.I for u, as n — oo.

e If o is known, then we have

VX —p) 4 N(0,1)

g

so the 100(1 — a)% C.I approximate is

77n+za/2 : L) .

<7'I’L - ZO(/Q : \/ﬁ

e If ¢ is unknown, then we have

BN

so the 100(1 — )% C.I approximate is

— Sn — Sn
(Xn - Za/2 : ﬁaxn + ZQ/Q : %) .
13

,Xn~ f,EX = p, and VarX = 0%, EX* < 00, and we consider the asymptotic approxi-



Exercise 18. Shopping times of 64 randomly selected customers in a supermarket averaged
33 minutes with a standard deviation of 16 minutes. Construct an approximate 90% con-

fidence interval for the mean shopping time per customer. Provide interpretation for the
interval.

Standard deviation is S,, not the square!!!

Here, if we use large sample theory and the central limit theorem, we will have
¢64<z;>2 —1)

Here a = 0.1, so we look at the normal table and see that z,/2 = 2005 ~ 1.64, hence we have

the C.I

N(0,1)

16 15
(33 —1.64 x §,33 + 1.64 x §> = (29.72,36.28).
Remark: Since we are interested in zyo5. if we can not find the exact value, i.e we know

20.0495 = 1.65 and zps505—1.64, we then may take the average to get a better approximate of zgo5 =~
1.645.

(iv) Mean Difference in Two Mutually Independent Normal Random Samples:

Given two mutually independent random samples X1, -+, X,, ~ N(u1,0?) and Yy,--- Y, ~
N(p2,0?), we are interested in constructing the confidence interval for p; — pp. The PQ is

Q(X,Y, )= (Xom —SYn) — (1 — 1)

~t(m+n—2)
where

52 = m {;(Xz - 7m)2 + Z(Y; - ?n)z}

so the 100(1 — a)% C.I is given by

((YW—VH)—t(m—{—n—Q,a/Q)-S\/%+%,(7m—7n)+t(n+m—2,a/2)-S %+%>

Exercise 19. In a packing plant, a machine packs cartons with jars. It is supposed that a
new machine will pack faster on the average than the machine currently used. To test that

hypothesis, the times it takes each machine to pack ten cartons are recorded. The results in
seconds are:

old : 42.7,43.8,42.5,43.1,44.0,43.6,43.3,43.5,41.7,44.1;
new : 42.1,41.3,42.4,43.2,41.8,41.0,41.8,42.8,42.3,42.7.

Construct a 95% confidence interval for the difference in the respective means. Provide
interpretation for the interval. (Assume that the timings for the old and new machines are
independent i.i.d samples from N(ui,0}) and N(us,03) respectively, and oy = 0.




Here, denote X; to be the old sample, and Y; to be the new sample. Then from the data
provided we can compute that X = 43.23 and Y =42.14, so X — Y = 1.09, and

10 10
§? — 1_18 {Z(K — 43232 +> (¥, - 42-14)2}

i=1 j=1

(v) Mean Difference in Two Mutually Independent Non-normal Random Samples:

This set up is roughly the same as the previous one, but here we removed the normal restriction,
and we use central limit theorem to get the approximate of C.I for large n, m. We know that the
PQ is

Q(X,Y,O) _ (Ym _?n) — (:U’l - ,u2) i N(O, 1)

2 2
Vi s
and the 100(1 — a)% C.I is given by

— — S2 S2 — S22 S2
<Xm_Yn_za/2' _m+_naXm_Yn+Za/2' _m+_n>
m n

m n

P P : : .
Note that as n — oo, 5%, — o7 and S? = 03, so we can swap to whichever is easier for us to
compute.

Exercise 20. We wish to compare the daily intake of selenium in two regions. In each
region, 30 adults were tested and the results (in mg/day) were: T, = 167.1, s, = 24.3,7,, =
140.9, s,,, = 17.6 Find a 95% approximate confidence interval for the difference in mean daily
intake of selenium in the two regions. Provide interpretation for the interval.

This is the case where we will find the C.I for the difference of mean in two non-normal random
2 2

Smoy Sn 5477986
m n

and here a = 0.05, s0 z4/2 = 20.025, and hence we have the 95% C.I to be 26.2 £ 2zp.025 - 5.477986.

From the normal table, zp 25 = 1.96, so finally we have (15.46315, 36.93685).

samples. So we apply the above formula, we know that X,, — Y, = 26.2,

Remark: Please make sure how to read a normal table!! Here you want to find zq /o, where
by definition we have P(X < 24/2) = /2, so you will go through in the middle of the table to get
a/2 first (in our table would be 1 — /2 and then see the coordinates correspond to z! That will
give you the correct x value! Make sure you know it! Make sure you know it! Don’t wait until you
are in the gym and realized you’re an idiot.

(vi) Population Proportion:

Now consider we have a random sample X, -, X,, ~ Bernoulli(f), then we know that by
central limit theorem, a PQ is



~

also for large sample, we have X, Rt 0, denote 0, = X,,, we also have an alternative PQ

D>

Q(X,0) = #HA % N(0,1).

0,(1—6,)

The advantage for this PQ is that we can easily separate 6 and get the 100(1 — )% C.I:

n — Zaj2" “ +Za/2 \l

Exercise 21. A sample of n = 1000 voters, randomly selected from a city, showed 560 in
favour of candidate Jones. Find an approximate 99% confidence interval for the population
proportion in favour of candidate Jones. Provide interpretation for the interval.

~ —_

Here we can easily see that in this Bernoulli random sample, we have 6, = X,, = 0.56, hence
we construct the C.I by

/0.56 - 0.44 0.56 - 0.44
(056 — Z0.005 ° W’ 0.56 + 20.005 * W) = 0.56 £+ 20.005 * 0.0157

From the normal table, we see that zy g5 ~ 2.575.
(vii) Difference in Two Population Proportion:

Here, we have two mutually independent random samples X1, -+, X,,, ~ Bernoulli(f) and
Y Y ~ Bernoulli(fy). We are interested in the C.I of #; — 5. Similarly, denote ¢; =

J— ~

0 Y., and the improved PQ is

(01— 01) — (62— 02)
V011 = 60)fm + 6,1 — 6)
and the 100(1 — )% C.I is now

. 0,(1—0 Oy(1 — 6y ~ - 0,(1—0 Oy(1 — 6
(91_92)_Za/2.\/1( 1)+2( 2),<91_92)+Za/2,\/1( 1)+2( 5)

m n m n

Q(X,Y,0) = 2 N(0,1).

Exercise 22. A medical researcher conjectures that smoking can result in wrinkled skin
around the eyes. The researcher recruited 150 smokers and 250 nonsmokers to take part in an
observational study and found that 95 of the smokers and 105 of the nonsmokers were seen to
have prominent wrinkles around the eyes (based on a standardized wrinkle score administered
by a person who did not know if the subject smoked or not). Find an approzimate 95%
confidence interval for the difference in the proportions of people who have wrinkled skin
around their eyes in the two populations. Provide interpretation for the interval.

16



Here, we have two independent random samples, let Xi,--- | Xi50 ~ Bernoulli(f;) to be the
smokers sample and Y7, -, Yoso ~ Bernoulli(6,) to be the nonsmokers sample, where 6,0, de-
notes the proportion of populations who have wrinkled skin, thus 6, = 95/150 = 0.633 and
0, = 105/250 = 0.42. Also in this case we have a = 0.05 hence «/2 = 0.025 and from the normal

0:(1—0))  0y(1—6y)
+
m n
thus our 95% C.I is (0.1146,0.3114). As for interpretation? You know that.

table we have z,/2 = 20025 = 1.96, also él — 92 = 0.213, ~ 0.0502, and

(viii) Approximate Using MLE Theory:

Recall that, let a random sample Xy, -, X, ~ f (z,0) where 0 is a one-dimensional parameter,
and 6,, to be the MLE of 6, then we know that

Vb, —6) 5 N (o,z;l(én)>

One remark is that since we have convergence in probability 0, i 0, so we can replaced by 0,
i Fisher information, which would be easier to separate 6 in the calculation.

So we have the 100(1 — )% given by

(9n R 1) Ay, %méﬂﬂ—l) .

~

Also we may use the “empirical Fisher” to get our estimate of Z;(6):

2
n
under regularity conditions 1 Z 82 ] gf( 0)
= - ——5 10 Z;
A n 062 v
0=0nLE

n

7,(0) = %Z (% log f (:,6)

=1 i=1

eéIWLE>

Recall the delta-method and the invariance of MLE. If én is the MLE of #, and then for
any function g, ¢g(0,) is the MLE of ¢(f), and the first order delta-method shows us that if

V0, — 0) % N(0,Z;(6,)), then

Vi(g(0,) — g(0)) % N(0,[g'(0)) - I 1(6,))-
and the 100(1 — «)% C.I approximate is

(g<én> ST WO L 000+ e[ A1) |gf<én>|2)

Exercise 23. Suppose a random sample Xy, .-+, X,, ~ Poisson(\) and X is the unknown
parameter. Using the MLE theory, construct a 100(1—a)% approxzimate two-sided confidence
interval for X. Then find the 100(1 — )% C.I for A2, and e~ .

_ Here, we can easily see that the MLE of a Poisson random sample is just the sample mean,
0, = X,,. Now we find the Fisher information. The log-pdf of one sample is

k

A
log f(X =k,\) = 1oge*AF = — A+ klog A\ — log k!.

17



The second partial derivative is

Plog f(X =k A) .
ON2 N ﬁ

and hence we have

So the MLE theory says that
Vi (X, =2 4N (o,z;l(én)>

and given that Z; () = X,,, hence the 100(1 — )% C.I is

/1 oy /1
— 2a —- X Za — .
2o\ 2\

For A2 and e™*, we will then apply delta-method to find the C.I, we define g(\) = A%, and
h(A\) = e™*, hence it is easy to see that X%ME = Yi and €7y » = e . Then delta-method says
that

Vi(Xa =A%) 4 N (0,43 - X,)
which is,

VX, =) N(0,1)

20 X,

use our large sample theory, we have X, 5 )\, so we replace the A in the denominator by X,

and we get the C.I as
. - - Iz,
X0 = Zaj2 2K\ 22 X 4 2oz - 2X 0| 22
n n

Similarly, in e, we have
-X Y
n(e % —e
v ) 4 N(0,1)

Ae=r - Ve Xn

and the C.Iis
- - < |eXa = = < e X
e Xn — Za/2 2eXn g7 . . e Xn 4 Za/2 " 2eXn . g7
n n

(ix) One-Sided Confidence Interval:

Here we use an example to indicate how to deal with one sided confidence interval. The idea
is easy, in this case we don’t do «/2, but use a directly, but need to verify which side we need to use.
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1.8 Hypothesis Testing
Definition 8. (Hypothesis Test)

A statistical hypothesis test is a decision rule that uses the data to infer which two mutually
exclusive hypothesis, that reflect two completing hypothetical states of the nature is correct. The
decision rule partitions the sample space X into 2 disjoint regions that respectively reflect support for
the null hypothesis Ho and the alternative hypothesis Hy, where X = Hol|JH1 and Ho(H1 = .
Our goal would be to use the data to decide whether the parameter of interest 0 is whether 0 € H,
or 0 € Hi. Unlike point estimation and confidence interval, we do not perform any estimate on 6.

Definition 9. (Test Function)

Suppose a test Hy and Hy partitioning the sample space X into two disjoint regions R and R,
and we will reject Ho if © € R, such R is called the critical region. We may formulate the test as
a function:

o) 1 ifx e R, and we reject Hy
€r) =
0 ifx e R, and we do not reject Ho

Definition 10. (Test Errors)

There are two types of errors: Type one error is when Hy is rejected when Hy is indeed true;
Type two error is Hoy is not rejected when Hy is indeed true.

Theorem 15. (Neyman-Pearson)

L if p(z,01) > kp(z,0)
Let ¢(X) = , and k is such that P(rejecting Ho) = «, (we reject
0 ifp(zx,01) < kp(z, 0)
Ho if ¢(X) = 1)then ¢ is the UMP test in the class of all tests ¢* with the same level o, « is
called the significance level. Hence the UMP test has a rejection region

R:: {wex’w

>k p, k is chosen such that P(x € R) < a.
rex il @R

Exercise 24. Suppose we have a random sample Xy, -+, X,, ~ N(p, 1), and p={0,1}. So
we would like to test that Ho : p =0 and Hy : p = 1.

To use NP lemma, we first construct the ratio:

(\/%)n exp{—3 > (z; — 1)}

ple,p=1) ’ S SRR D Sr S Ay
Pen=0 (F) ew{-1S@))
N L plep=1)
Then the NP lemma says that we will reject H, if ﬁ > k for some k, so we solve
B e, p =
for erX»="/2 > k. and we get T, > k* = % + %, and this is the rejection region. Now given

significance level «, the type one error is given by

P(Reject Ho when it is true) = P(T, > k|p = 0) = a.

19



— 1
Then we use the fact that X,, ~ N <O, —) (the case when H, is true), and we have
n

P<@>\/ﬁk*):a

and then we can refer to the normal table to solve for k*. The same idea applies for type two
error, where in this case we have

P(Not rejecting Ho when it is false) = P(z, < k" |u = 1).
Theorem 16. (Likelihood Ratio Test)
Consider the random sample Xq,--- , X,, ~ f(z,0), and we have Hy and H, as two tests, and

we define the likelihood ratio (LR) statistic to be
Ln(0
A(X) = LnlOree)
Ln(Orvree)
A test based on LR statistic has the following form

1 (X)) < C (reject Ho)

oX) = {o (X)) > C

for C €0, 1] and the rejection region takes the form R :={x € X : \,(X) < C}.

Theorem 17. (Asymptotic Approximation of LR)

At significance level «, the rejection region (A, (X) < C) of the LR-based test under regularity
conditions for large n is approzimately

R = {w € X —2log[\(X)] > x?l,a}, d = dim © — dim 6,

where

—2log[M\,(X)] = 2{ 21618 0,(0) — eseu(%) En(ﬁ)}

Also, we have a general formula to solve for hypothesis testing. We list some cases here:
(i) Testing the Mean in a (Asymptotically) Normal Sample with Known Variance

Suppose we know the random sample takes the form N(u, 0?) where o2 is known, and we wish
to test:
Ho = po, Ha o p # polp > o) (1 < po)

and we first compute the value under the null hypothesis:

z = M In a large sample we may replace (¢ by s,,)
o
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and we will reject H at significance level « if:
|2] > 2ay2(2 > 20)(2 < —2a).
(ii) Testing the Mean in a Normal Sample with Unknown Variance

2

Suppose we know the random sample takes the form N(u,o?) where % is unknown, and we

wish to test:
Ho : pp = po, Ha o pu 7 puolpe > o) (1 < po)
and we first compute the value under the null hypothesis:

V(Tn — po)

Sn

t =

and we will reject Hg at significance level « if:

|t| > ta/Z,nfl(t > toe,n—l)(t < _ta,n—l)-

(iii) Testing the Variance in a Normal Sample with Unknown Mean and Variance

Suppose we know the random sample takes the form N (u,0?) where p, 0% is unknown, and we
wish to test:
Ho: 0> =03, Hi:0°#03(0? > 03)(0® < 0p)

and we first compute the value under the null hypothesis:

(n—1)s?

X = 3
09

and we will reject H, at significance level « if:

X* > Xi/2,nflor < X%fa/Z,nfl(XQ > Xi,nfl)(XQ < Xffa,nfl>

(iv) Testing the Ratio in a Bernoulli Sample

Suppose we know the random sample takes the form Bernoulli(f) where 6 is unknown, and
we wish to test:
Ho : 0= 00,7‘[1 10 7é 00(0 > 90)(0 < 90)

and we first compute the value under the null hypothesis:

0 — 6,

\/ﬁ

and we will reject Ho at significance level « if:

z =

12| > zaj2(2 > 24)(2 < —2a).

(v) Testing the Difference in Mean of Two Bernoulli Samples

21



Suppose we have two mutually independent large random samples (> 25) Xi,---, X, ~
Bernoulli(6,) and Yy, -+ -, Y, ~ Bernoulli(fy), and we wish to test

HO : 91 —92 = DO;HI : 61 — 92 7A D0(91 —92 > DO)(91 —62 < Do)

and we first compute the value under the null hypothesis:

If Dy =0, then

0, — 0 ; ) )
L 1 2 ’9:xiy7wherex/m:91ay/”:92
¢m1-m oa-g "7
+
m n
If Dy # 0, then
él —é2_D0
Z:
br(1=6)  0:(1=06)
m n

and we will reject H, at significance level « if
2] > za2(2 > 20)(2 < 2a).

(vi) Testing the Difference in Mean of Two Normal Samples with Known Variance

Suppose we have two mutually independent large samples (> 25) Xy, , X, ~ N(u1,0?) and
Yy, -+, Y, ~ N(u,03) where 01,09 are known. We wish to test

Ho : p — p2 = Do Ha @ pin — pg # Do(pa — pr2 > Do) (pa — pa < Do)
We first compute the value under the null hypothesis:

Tm @n DO
& 2 2
g g
1 2
— 4 =
m n

and we will reject H, at significance level « if
|2] > 2ay2(2 > 20)(2 < —2a)

(vii) Testing the Difference in Mean of Two Normal Samples with Unknown Vari-
ance

Suppose we have two mutually independent large samples (> 25) X1, -+, X,, ~ N(u1,07) and

Yy, -+, Y, ~ N(u,o03) where 0,09 are unknown, but we have o = o5. We wish to test

Ho @ pin — po = Dos Ha = pn — pi2 7 Do(pt1 — p2 > Do) (1 — pr2 < Do)
We first compute the value under the null hypothesis:

T =T Do o (m=1)sh 4 (n - 1)sk
= S =
1 1 7 m+n—2

SpA/ — + —

m n
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and we will reject Hy at significance level « if

|t| > ta/2,m+n—2(t > toz,m—l—n—?)(t < _toz,m-i-n—Q)

Now I have listed a bunch of exercises, do it carefully, and identify which of the above 7 cases!
The values of z,t, x can all be found in the standard table.

Exercise 25. Atlantic bluefin tuna is the largest and most endangered of the tuna species;
the concern is that this species has been overfished and that the mean weight has decreased.
Suppose a random sample of 12 Atlantic blue fin tuna was obtained from commercial fishing
boats and weighted. The sample is normally distributed with x, = 535.7 and s, = 37.8. Is
there any evidence that the mean weight is less than 550 pounds? Use the significance level
a = 0.05.

A general approach is that, we always make null hypothesis to be simple, i.e it is equal to
something. So Hy : p = 550. Also we want to see if its the weight has been reduced, so we
make the alternative hypothesis to be H; : ¢ < 550. Then according to the table, here both p, o
unknown, we compute the value under the null hypothesis H, first:

po T 83872550 ) a040468
s/v12  37.8/V12

now, in order to reject Hy under level o, we need ¢t < —t, ,,—1, which according to the t-table
we have tp 0511 = 1.796, where we have —1.31049 > —1.796, hence we do not reject Hy, so at
significance level @ = 0.05, we do not see any evidence that the mean weight is less than 550
pounds.

Exercise 26. Despite a sophisticated recycling system, a water park informs the city water
department of their need for 1 million liter of water per day. The city water department
selected a random sample of n = 21 days; the mean and sample standard deviation of the
park?s water usage (in thousands of liter) were x, = 927.43, s, = 154.45. Assuming the
usage is normally distributed, is there evidence to suggest the mean water usage is different
from 1 million liter per day? Use the significance level o = 0.05.

Here, we have a similar case as the previous exercise: We're in a normal random sample with

both u, 0 unknown. So let Hy : g = 1000 and H; := p # 1000. So again we compute the value

under Hg, we have
_ T—pe 92743 —1000

= s/vV21  154.45/\/21

now in order to reject Hy under level o, we need [t| > t,/2,,—1 and from the ¢-table we have
ta/2n—1 = to.02520 = 2.086, and since we do have |t| = 2.153 > 2.086, we will hence reject H, and
in favor of H1, that is, there is evidence that the mean water usage is different from 1 million liter
per day.

—2.153
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Exercise 27. A study conducted by the Florida Game and Fish Commission aims at assess-
ing the amounts of the DDT insecticide in the brain tissue of brown pelicans. Approximately
Normal and independent samples of n = 10 juveniles and m = 13 nestlings gave (in parts
per million), and

Tn = 0.041, s, = 0.017,7, = 0.026, 5,, = 0.006.

Test whether the mean amounts of DDT in juveniles and nestlings are the same. Use the
significance level o = 0.05.

In this example, we have two mutually independent random samples, and we design H, :
p1 — pe = 0 while Hy : py — pp # 0, and in this two samples we have 0 = 02 unknown, so we first
compute the value under the null hypothesis, which is

= 8 =

»9p —
Sp - /%_'_% n+m—2

9 x 0.017%2 + 12 x 0.0062
10+13 -2

. 0.041 — 0.026 _ 997178

1 1
0.012 x /& + &

while we will reject Ho if [t| > taj2ntm—2 = to.o2s21 = 2.08, which we see that clearly we should
reject Ho, meaning that the amount of DDT in juveniles and nestlings are not the same.

where we compute s, = \/ = 0.012, and we have

Exercise 28. A company produces machine engine parts that are supposed to have a diameter
variance no larger than 0.0002. A random sample of n = 10 parts gave a sample variance
of 0.0003. We wish to test Hy : o? = 0.0002, H; : 0% > 0.0002. at the significance

level a = 0.05. Assume that the random sample is iid from N(u,c?) with both parameters
unknown.

In this example, we will first compute the value under the null hypothesis H:

, (n—1)s* 9x0.0003
X o2 0.0002

In this case we will reject Hg if we have x* > X2, 1 = Xg.050 = 16.918, where we see that we
do not satisfy this condition, and hence we will not reject Hg, and we conclude that at significance
level o = 0.05, we do not have much information that ¢ > 0.0002.

Exercise 29. An experimenter was convinced that the variability in his/her measuring equip-
ment results in a standard deviation of 2; n = 16 measurements yielded s> = 6.1. Do the data
disagree with his/her claim? Use the significance level o = 0.05. Assume the measurements
are normally distributed with both mean and variance unknown.
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In this example, we will test Hy : 02 = 4 and H; : 02 # 4. Note that standard deviation is o !!!.

In this normal sample with both mean and variance unknown, we first compute the value under
the null hypothesis Hg:

, (n—1)s* 15x6.1

X = 2

= = 22.
p 1 875

Under this condition we will reject Ho if x* > x2 Jam_1 OF X < xi, jan_1- Here we have
o =0.05,n — 1 =15, and x§ 515 = 27.48839 and x§ 75,5 = 6.26214, and we see that x* do not
satisfy any of these two conditions, so we will not reject Hg, at significance level 0.05.

Exercise 30. A study published in 2004 in Current Allergy and Clinical Immunology con-
cerns the allergy to the powder on latex gloves. Among other things, the exposure to the
powder of n = 46 hospital employees with diagnosed latex allergy was investigated. The
number of latex gloves used per week by these sampled workers is summarized as T, = 19.3 ,
S, = 11.9. Is there evidence to conclude that the mean number of latex gloves used per week
by hospital employees with latex allergy is more than 157 Use o = 0.01.

J

Here since we have a large sample so we could use a normal approximation for this sample. We
will test Ho : p = 15 and H; : > 15. We first compute the value under the null hypothesis:

Ty 193-15
s/vn  11.9//46

We will reject Hg if ¢ > t4n—1 = to.01,45 = 2.326, where we will reject H, under this case, at a
significance level a = 0.01.

t = 2.4507

Exercise 31. A psychological study was conducted to compare the reaction times of men and
women to a stimulus. Independent random samples of 50 men and 50 women were employed
in the experiment. The results (in seconds) are summarized as T,, = 3.6,s> = 0.18 |
T, = 3.8,82 = 0.14 Is there evidence to suggest a difference between true mean reaction
times for men and women? Use o = 0.05.

This one is similiar to the one in exercise 26.

Exercise 32. A machine in a factory produces 10% of defectives among a large lot of items
that it produces in a day. A random sample of 100 items from the day?s production contains
15 defectives, and the supervisor says that the machine must be repaired. Is there evidence
that the machine produces more than 10% of defectives on average? Use o = 0.05.

Here, we have a Bernoulli random sample, and we test Hgy : p = 0.1 and H; : p > 0.1. We first
compute the value under the null hypothesis:

- 0.15— 0.1
g= LD _ — 1.66667

po(1—po) £/0.1 x 0.9/100

n
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and we will reject Hy if z > 24, = 20,005 = 1.645, which means we will reject Hy under signifi-
cance level @ = 0.05.

Exercise 33. Lipitor is a drug that is used to control cholesterol. In a randomized clinical
trial, 94 subjects were treated with Lipitor and 270 independently selected subjects were given
a placebo. Among 94 treated with Lipitor, 7 developed infections, while among 270 given a

placebo, 27 developed infections. Is there a difference between the infection rates for the two
drugs? Use a = 0.05.

Here, we have two Bernoulli random samples, let X; be the sample treated with Lipitor and
Y; be the sample treated with placebo. We have X, - -, Xg4 ~ Bernoulli(;), 6; = 0.074468 and
Y1, , Yoo ~ Bernoulli(63),0s = 0.1, we test Ho : 1 — po = 0, and Hy : g — po # 0. We first
compute the value under the null hypothesis:

0, — 0 2
. I S - B L S Y RV
\/ﬁ(l —p) P =p) iy 94270
1 ng
and we get
0.074468 — 0.1 — —0.73262

Z =
/0.09341(1 — 0.09341)/94 + 0.09341(1 — 0.09341) /270

We will reject Hy if |z| > Za/2 = 20025 = 1.96, and hence we do not reject Ho, under the
significance level o = 0.05.

Exercise 34. After A. Khalili’s statistics final, Prof. Khalili would like to see the class
average between different groups. Assume Xi,--- , X135 is a group of Honors Math student,
and Yy, , Yy is a group of joint Honors Physics and Computer Science student. Assume
both samples are normally distributed with the same population variance. We have

T =542 5, =3.34,7=44.3,5, = 4.35

Under significance level a = 0.1, Physicists say their average performance is the same as the
mathematicians. Should we agree with them?
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Exercise 35. Tianyi loves eating pears, and he buys 10 pears every week. He would like to
see if the quality of the pair stays the same over the week, so he bought 10 pears on week
1, denotes by sample X1, --- , X190 and another 10 pears on the following week, denotes by
sample Y1, - -+ ,Y1o. He measures the diameter of each pear (in cm), and he get the following
data:

Week 1: 8.4,8.2,8.5,8.3,8.6,9.2,7.8,8.1,84,8.8

Week 2: 8.6,8.8,8.9,9.2,9.4,7.4,7.9,8.1,8.4,8.5

Assume both samples are normally distributed and they are from the same farm (we can
assume the variances are the same). So at significance level a = 0.1, can we say the quality
of the pears (can be interpreted as the mean diameter) over the weeks are the same?

Exercise 36. Johnson and Tianyi always play Halo together. They play in a private lobby
and we investigate the amount of kills Tianyi made over the total amount of kills. In game
A, a total of 27 kills are made and 16 of those kills were made by Tianyi; In game B, a
total of 34 kills are made and 26 of them were made by Tianyi. Use a = 0.1, is there any
evidence that the ratio of the kills Tiany: made are the same?
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2 Solved Extra Exercises in Point Estimation

2.1 Does negative matter?

Consider a random sample X3, -+, X, ~ f where
flz,0) =0r20<6<1<o0.
(i) Find a sufficient statistics for 6.
(ii) Find the MLE for 6.
(iii) Find the Method of Moment estimator of 6.
Solution :
(i)

The joint pdf of this random sample is given by
= [ 0= x{x: > 6}
i=1

where x{X; > 0} is the indicator function. Thus it can be simplified to

flz,0)=0"- (Hw> x{Xq) = 0}

Then by Neyman-Fisher theorem, let
g(T(X),0) = 0" x{Xq) > 0}, h(x) = | [ 27

the sufficient statistics is T'(X) = Xp).
(i)

The likelihood function is defined by

n

La(0) = 0" [ [ =7 - X{Xq) = 6}

=1

so we can see that if # < Xy, the function is defined by L, (¢) = K0" for some constant K
which does not depend on 6, also we can see at this time the likelihood function is increasing;
when 6 > X(1), because of the indicator function, the hkehhood will drop to 0. So the likelihood

is maximized at X(1), and thus the MLE for 0 is given by 6 = Xy
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(iii)
We solve for EX; first, which is given by

=00

EX :/ x0r%dr =0lnzx
9

=0

and we see that EX is unbounded, thus does not exist, and hence the method of moments
estimator does not exist as well.
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2.2 Break into Three!

Consider a random sample X1, --- , X,, with parameter 6 = («, 8), v, 5 > 1 with distribution
0 x <0
Po(Xi<a)={ (@/B)* 0<az<p
1 x>0

(i) Find a sufficient statistics for 6.
(ii) Find the MLE of 6.

Solution :

(i)

We first differentiate Py to get the probability density function. By doing so we have

0 z <0
f@,0) = azs180 0<z<p
0 x> f

Then the joint pdf is given by

n

flz,0) = ga (%)a_l {0 <z <8)

where x{0 < z; < 5} is the indicator function. Furthermore we can write f(x,0) as

n

f(@.0)= o (%) X > 0} X < 5

so we let

o0x).0) = (TT5) %X < 8).0@) = x(Xeo 2 0}

then by Neyman-Fisher theorem, we claim that 7'(X) = (X(), [[ X;) is a sufficient statistics
for 6.

(i)

For 8, we note that the likelihood function takes the form

B

where K is a constant that does not depend on 3, so we see that when 3 < X(,), then
X{X@wm < B} =0, so the likelihood function is constant 0. When § > X(,), we see that since

= (1) i <
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a—1
) is decreasing, so it will attain its maximum at Xy, and thus the MLE for 3 is given by

™|

X(n)

For «, the likelihood function now takes the form

n a—1
l/I/'A
L a)=K||al=
@ =K1 (%)
for some constant that does not depend on «. Then the log-likelihood is given by

ly(a) =nloga+ (o — 1)longi —n(a—1)log

and we solve for

n
a—i—ogHz nlog B

we get
n

—log[]x; +nlogp

where we already computed that B = X(n), S0 we get

o=

n
—log [[;; z; + nlog z(n)

o=

By second derivative test, we find that

d*l, ()

Jo2 <0

so & is indeed the MLE of «.
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2.3 I am Derivative!

Consider a random sample X1, --- , X,, with pdf
flz,0)=02""10<2<1,0>0
(i) Find a sufficient statistics for 6.
(ii) Find the CRLB of 7(0) = 0.
(iii) Find the MLE of 6, and show that the variance of MLE goes to 0 as n — oo.
(iv) Find the method of moment estimator of 6.
Solution:
(i)

The joint pdf can be written as

n " 0—1
= H G201 = 9" (H x,)
i=1 i=1

so by Neyman-Fisher theorem, a sufficient statistics is given by

(i)

Now we have
i10 f(z, )—i nlogd+ (6 —1)lo Hx =" ﬁx

furthermore we take the second derivative, given by

2 n

02 log f(z,0) = %

so the Fisher information is given by

2

d
7(0) = —E [d02 log f(z, )} - -E [—ﬁ} =5
Also we have [7/(6)]> = 1, so the CRLB is given by

CRLB = = —.




(iii)
From (ii), we already know that

d n -
—5n(0) = 5 +log E i

so by setting d%en(e) = 0, we have
n
N Z?:l log x;’
furthermore by second derivative test,we have
pe
de?

0, =

0,(0) <0

0=0
so 0 is the MLE. Note that since X; ~ f = 6z2°~!, if we let V; = — log X;, then by the theorem
of function of random variables, we have

Y= g(X) = flg~ (V) di;g%m
vy d _y
=fle™")- a°
= Pe Y,

Thus Y; ~ Exponential(6), with pdf g(y) = 0e=%. Then using the property of an exponential
distribution, we know that Y; + --- +Y,, ~ Gamma(n, #), so now the MLE is of the form = %,
where Y ~ Gamma(n, ). Hence we have

n Cn g n
ElZ| = L7 o n—1_—0y —
[Y} /0 Yy F(n)y ¢y n— 19

and similarly we can find
2

Var () = /OOO 7 %ynleeydl’ ~(=[¢) - TR

Hence the variance of the MLE goes to 0 as n — oc.

(iv)

We can see that

Then we set

and we get the estimate to be



2.4 Make it Positive!
Consider a random sample X1, --- , X,, with pdf

f(x,0) = 2 “le=tl e RO ER
(i) Find the method of moments estimator of 6.
(ii) Find the MLE of 6.
Solution:
(i)
We first find the expected value for X;, given by

S |
EX:/ x—e“x_‘g'dx

7] 0
/ e Vdy + = / xe? % dx
0

9 1
e Ode | + = [ —ze?

— / —e’dx
0

OO 2
0
0 gl =40.
0
So we set
X1_|_..._|_Xn:0
" =

and we get the method of moment estimator to be 9n = X,.
(ii)

The likelihood function is given by

n

L.0)=]] %e—lmi-el — (%)n f[ e lzi=0l,

i=1 i=1

Now, we define the order statistics x(q) < z(p) < -+ < (), and then we know there exists
integer 1 < j < n such that z(;) < 0 and x(;41) > 0, so now we can simplify the likelihood function
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as

1 n
N —(0-=z:) | . —(z;—0)
T(5) ST (j) T(5) 2T (j41)
1 n
_ (5) epd 3 @w-0+ S (~wm+0)
T(5) <2 (5) T(5) 2T (j41)
n\" .
= (5) exp ] (n—25)0 + Z x; — Z x;
m(z)gx(ﬂ I(’L)ZCC(J‘+1)
Now we solve
iLHQZKeXp n—25)0+ T — xip(n—27)=0
do
() ST (5) T(5) 2T (j41)

where K is a positive constant that does not depend on 6, and since the exponential is always
positive, we have n = 2j. When n is even, we have j = 3, meaning X(») is the MLE, when n is
odd, then we take the “mid-point”, given by X(nTJrl).
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2.5 I Look Scary!
Suppose X has a pdf

0 ||
Show that the estimator
2 =1
TX)=4" "
0 otherwise

is an unbiased estimator of 6, and find a better estimator of 6.

Solution: In 7'(X), we have

E[T(X)] =2x P(X =1)+0x P(X =0,—-1) = 2 x (g) = 0.

0
Hence T'(X) is unbiased. Next we consider the MLE of 6, when x = 1, —1, we have L(f) = 2’

and we see that the likelihood function is increasing on [0, 1], and hence the maximum likelihood
is when 6 = 1, given by § = 1. When x = 0, we have the likelihood function is L(f) =1 — 6, and
we see when 6 = 0, the likelihood function is maximized and hence 6 = 0, so the MLE is given by

1 z=1
MLE®)=<1 z=-1
0 =0

We can easily varify that the MLE is unbiased, since

EMLE@®) =1xP(X=1)+1xP(X=-1)+0x P(X=0) =
The variance of the MLE is

Var[MLE(9)] = E[MLE*(9)] — 6
—P’xPX=1+1*xP(X=-1)+0>x P(X =0) — 6
=0— 0%
Also
Var(T(X)) = E[T*(X)] — ¢
=4x P(X =1)+0x P(X =0) -6
=20 — 6.

When 0 < 6 < 1, we see that Var(MLE(#)) < Var(T(X)), so the MLE is indeed a better

estimator of 6.
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2.6 Am I Normal?

Consider a random sample Y7, --- .Y, where
Y, = Bx; + ¢
where ¢; ~ N(0,0%). The parameters are 3 and o2, and z1, -+ ,x, are fixed constants.

(i) Find a sufficient statistics for (3, 0?).
(ii) Find the MLE of 3, and show the MLE is unbiased.

(iii) Furthermore, let

> n

then show that both W,,, Z,, are unbiased, and compute both variances.
Solution:
(i)

First note that Y; ~ N(Bx;,0?), then the joint pdf of Y; is given by

f(Y,O)Zﬁ( 1 )n'e_(yzf;ﬁ:( 1 )n-exp{—ﬁi(y%’_ﬁxiﬁ}
i=1

- - 2mo 2ro
=1

I \" I &, 1 1 <~ 5 5
:( > .exp{—ﬁ;yi+§ZB%Z/¢—T‘2;B%}

2ro

where if we let T(Y) = (Z x;Y;, Z Yf) , then by Neyman-Fisher theorem, we know that
i=1 i=1

T(Y') is a sufficient statistics for (3, 0?).
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2.7 Multiplier!

Consider a random sample Xy, --- , X,, ~ Bernoulli(p), 0 < p < 1.
(i) Show that the MLE of p attains the Cramér-Rao lower bound.
(ii) For n > 4, find the UMVUE of 7(p) = p*.

Solution :
()

First of all we find the MLE of p: The likelihood function is defined as

n

La(p) = ][ " (1 = p)' ™

i=1
so the log-likelihood is
ln(p) = nTylogp + (n — nx,) log(l — p)
we take the derivative w.r.t p:

dln(p)  nT, N —nTy

dp p 1—p
by solving den(p) = 0, we get p = T, since furthermore
P
d*C,(p)
0 A <0
p=p
so p = T, is indeed the MLE. Note that
dl,(p) n _
= Tpn —DP
dp p(l—p) ( )
where we let a(p) = %,T(X) = X, with E[T(X)] = p unbiased, so by the theorem
piL—=p

about CRLB, we claim that 7'(X) = 7,, attains the CRLB.
(i)

By independence, we can easily see that X; X, X3X, is an unbiased estimator for p*. Now since
the joint pdf of the random sample is given by

flz,p) =p" (1 —p)" " = (%)mn (L=p)"
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so by Neyman-Fisher theorem, T'(X) is a sufficient statistics, and furthermore it is complete.
So by Rao-Blackwell theorem, the UMVUE for p* is given by

=1

§(X)=F | X, X2 X3 X,

n

ZXi - t) +0x P <X1X2X3X4 =0

i=1

P <X1X2X3X4 =1> X;= t)

=1xP <X1X2X3X4 =1

=1

=1

where t = Z X;. This is the UMVUE of 7(0) = p*.
i=1

Remark: [t is completely doable if I make 7(0) = p***°!
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2.8 Sum or no?

Consider a random sample Xy, -+, X, ~ Bernoulli(p), then define

find the UMVUE of h(p).
Solution :

First we define the estimator as the indicator function

- 1 Xi+--+X,> X,
T(X):X{ZXi>Xn+1}={ v i

— 0 otherwise

It is easy to show T'(X) is unbiased, since

E[T(X) =1x P(T(X)=1)+0 x T(X) = 0) = h(p).

Then from Q7 we already showed that ZXi is a complete sufficient statistics of p, then by

=1
Rao-Blackwell theorem, the UMVUE s given by
> -]
i=1
=P (ZX > Xpga| )Xo = t)
i=1 i=1

P (ZXi > Xp1, Y Xi = t)

_ i=1 i=1
P (Z X; = t)
i=1

P (ZX > Xp1, Y Xi = t)

_ i=1 i=1

(?)pt(l —p)"

We will now investigate the numerator, denote the numerator to be N

6(X)=E |h(p)

Ift =0, then N = 0;

Ift=1, then



Ift > 2, then

So in all, we have

where t = Z X;, and this is the UMVUE.

i=1
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2.9 I am not weak!

Consider the random sample X7, --- , X,, ~ Uniform(0,0), and the prior distribution for @ is given
by
/80&
7(0) = 2 o, f>0;60 > 1

Find the Bayes estimator of 6§ under the squared error loss.

Solution: Recall that the posterior distribution takes the form
p(z|0)(0)

(0)z) =
/@ p(]0)7(0)d0

where

0= (5) 300> 0 (X <0} 505l 1)

= 0=t 0 3% {0 > max{1, X, }} - x{ Xy > 0}.

p(z|0)m

So it follows that

/p(a:|0)7r(«9)d = / o~ et gy X (yy > 0}df where T(X) = max{1, X}
Q)

T(X)
— (X > 0}af® |- gtta) )
@ n-+ o
0=T(X)
1
= v{X/1) > 0}as® (X)) o)
X > 0)ag | (7(X)

so now the posterior distribution is the ratio of what we get, and we can simplify to

7(0]z) = (n + a) - (%)n X0 > T(X).

Now, under the squared error loss, the Bayes estimator of 6 is given by the expected value of
the posterior distribution, hence

o = Bir(0l)) = [ 8- (n-t-a) 47 ()4
T

(X)
— (n+a) - [T(X)]~ 0+ / g+ gg
T(X)
n-+ o >

_ X —(n+a) 8—(n+a)+1

O |

6=T(X)

— "“L—O‘T(X)'

n+a—1
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2.10 Interchanging Normal!

Consider the random sample X1, -+, X,, ~ N(p,0?). In each of the following cases, find the CRLB
as well as the UMVUE for the parameter of interest. Compute the variance of the UMVUE.

(i) Suppose now we have 02 = 1, our parameter of interest is 7(u) = p?.

(ii) Suppose now we have p = 0, our parameter of interest is 7(c) = 0,0 > 1.
Solution:

(i)

First, we find the Fisher imformation Z;(u). Note that the log-based pdf is

1 ew? | 1 (x — p)?

logf(a:,,u)zlog\/—Q_We 2 zog\/%— 5

Hence we have
9%log f(x, 1)
ou?

so using the property of Fisher information as well as Bartlett’s identity, we claim that

9?log f(x, ;)|
—GMQ =n.

=—1

L,(0) = nilp) = —nE |

Now, we have [7/(u)]* = 4u?, so the CRLB is given by

2
CRLB —

n

1< -
We know that the sufficient statistic of p is given by the sample mean, — ZXi = X, and
n

L =1
thus under transformations, the sufficient statistic of p? is just T'(X) = (— Z Xi| = Yi. Also
n
i=1

we know that 7'(X) is complete under the exponential family, so we would like to apply Lehmann-
Scheffé theorem and aim to find an unbiased estimator which is a function of 7'(X). Note that it

— 1
is easy to verify that X, ~ N (,u, —), and hence
n

2

1
2 242

ET(X) = EX. = Var(X,) + (EX,) -

So an obvious choice of the unbiased estimator of § would be U(X) = Yi — 1/n. Then by

Lehmann-Scheffé theorem, U(X) is the UMVUE of 7(u) = p?, since Yi is a complete sufficient
statistic of p?. To compute Var(Yi), we will use the relation between normal and chi-squared

43



distribution. Observe that

2

Var (X) Var 1

B 2 42
~ n2 n
(i)
Here, the log-pdf takes the form
I log ———c 5 —1 1 -
0 x,0) = lo e 20 =10 —logo — —.
g f(z,0) 8 oy 8 or 1805,
So the second partial derivative is given by
*log f(x,0) 1 a?
do? o2 o8
Hence the Fisher information is given by
1 X2 1 1 1 1
Ti(o)=-E|= - | =—=+=Var(X)+ [EX]*) = - — —,0 > 1.
o2 o3 o? o3 o o2

Given that [7(0)] = 1, we have the CRLB given by
1

1 L)
n(02 o2

Also in this family the sufficient statistic of o2 is given by S2, then the sufficient statistic of o
is just T(X) = 4/S2. Since it is also complete under the exponential family, so we would like to
use Lehmann-Scheffé and design an unbiased estimator based on 7'(X). We use the fact that

CRLB =

n—1)S2
L;%—Nﬁp X2 ™~ Xn
Hence we have
(n—1)52 I'(3)
E|[{/—2"2 =Ey,_; = V2 -2
02 F(Tl)

Which means we have

n ' 0,

} V2 o T(3)
Vi1 T(%3)

so an obvious unbiased estimator would be

vn—1 F(Tl) 5
v2 o I(3) "

E[ﬁ

U(X) =
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Then by Lehmann-Scheffé, U(X) is indeed the UMVUE of o. Now to find the variance, note

that we have
vor () =[5 ()
e [f r( ]

I POy

Hence we have
Vi1 T Tl NG ] i
vioTG w— )

Var(U(X)) = {
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2.11 Transforming an Exponential!
Consider a random sample X, .-, X,, ~ Fxponential(f) with EX; = 6. That is, the pdf is

fx(z) = %ex/e.

(i) Find the distribution of the MLE of 6.

(ii) Assume n = 8, denote # as the MLE of 0, find P(6 > 20).

(iii) Let F'(z,0) be the MLE of P(X; < x) for given z, find an approximate expression for

A

Var[F(x,0)].
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2.12 Uniform but not Ordinary!

Suppose we have a random sample X, -+, X,, ~ Uniform(0,0) where 6 > 0.
(i) If we are interested in testing 7(6) = 0, what is a sufficient statistic?

(ii) Suggest an unbiased estimator of #, and hence find the UMVUE of #. Furthermore, find
the UMVUE of " for any positive integer r < n.
92

(iii) Find the variance of the UMVUE of 0. It turns out that the CRLB in this case is —.
n

What do you see, and why?

Solution:
(i)

It is not hard to derive the joint pdf as f(z,60) = ()" - x{X@1) > 0} - x{X() < 6}. So by the
factorization theorem, a sufficient statistic is given by T'(X) = X(y).

(i)
We suggest the unbiased estimator based on the sufficient statistics: We can find the cdf of

X(n)I

n

n zq n o
Fx,(2) = P(X(n) <) = [P(Xi < !B)} = [/0 gdx} = o
Differentiating will yield f X (x):

d 2™ na™ !

fxi, (@) = Toon = gn

Now we have
0

0
]E[X(n)] = / xT — _/ dr = iy
0 0" n+ 1 .

Hence an obvious choice of unbiased estimator would be U(X) = ”+1X . Also since X, i
a complete sufficient statistic, by Lehmann-Scheffé we know that U(X ) is mdeed the UMVUE.

n
n+1"

Now, we investigate the second moment:

0
EIX2.] = 21 = & n+1d_ 2| = g2
Hence an obvious choice of unbiased estimator would be Uy(X) = ”THX(Qn), and again by

Lehmann-Schefté theorem, it is the UMVUE. We could generalize this idea, and we investigate the
rth moment:
0 ,nl.nfl n 0 . n
E[X()] :/ z" dx = —/ 2"y = 0.
0 o 0 J, n+r
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So again, we conclude the UMVUE of 0" is ”TJ”’X (n)-
(iii)
The variance of U(X) is given by

Var(U(X)) = EUX(X) — [EU(X)]> = — 92—< n )92.

n—+ 2 n—+1

The variance is smaller than CRLB, this is because the uniform family does not satisfy the
regularity conditions! (The support does depend on ).
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2.13 Adding them makes perfect!

Consider a random sample of geometric distribution, that is, X1, -, X, ~p(1—p)* 1, 0 < p < 1,
r=1,2---.

(i) Find the method of moment estimator of p.
. . 1
(ii) What is E {_—} 7
Xn
(iii) What is the UMVUE of p?
Solution:
(i)

In fact we know that EX = é from the table, but what if Khalili asks you to prove it? I will do
the derivations.

By definition, we have

EX = Xp(1—p)*" =p(1+2(1—p)+3(1—p)2+“->

X=1

(1=pJEX =p((1—p) +2(1 = p)* +3(1 = p)" + -+ )

Hence
1

pEX—p<1+(1—p)+(1—p)2+'-->—pm—l.

1
which means EX = 1, and so we match X,, = —, and we see that p = 1/X,,.
p’
(ii) Skip this, Khalili is so wrong on this
It is not hard to see that I am wrong, the sum should be negative binomial! By definition we

have . o
1 1
B|g] =2 g = R

r=1 x=0

In fact, it is a well known Taylor series, and it is easy to see that

[e.9] 1.

z - 22
= x+1 -1

What are you doing Khalili? You are the one who designed this problem.

(iii)
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1 X=1

., and it is easy to see that 7'(X) is unbiased,
0 otherwise

First, define the estimator T'(X) = {

since

ET(X)=1x P(X=1)+0=p(1—p)° =p.

Also it is easy to see that a complete sufficient statistic takes the form )" | X;, so we apply
Rao-Blackwell theorem, the UMVUE U (X)) of p takes the form

U(X) :E{T(X)( ix — t} - P{X1 - 1‘ ix :t}
P{Xlzl,zn:Xi:t}
o

t—2
(n—Z) - n—1
t—1\ -1’
()

wheret = )" | X, is the sufficient statistic. We can do that, because X;| > X; ~ Uniform(1,2,--- ,n).

Remark: (A part specifically designed for Suelynn and Henry since they do not
find the deviation to be trivial).

How do we get the quantity (f;ll) and the other one? Well if we look at the denominator
first, it means, if we randomly assign numbers to each X;, what is the probability that their
sum is t? The same idea applies for the numerator, so we see that we can cancel out the
denominator of the probability, hence we only work with the number of cases such that
Yo, X =t. Also each X, is at least one, so we look the following diagram, suppose we
have ¢ balls, and we use bars to separate them into n pieces, like the description Y " | X; = t.
(The diagram below shows a case when ¢ = 12, n = 4.

00O

OO‘OOOOO‘OO

Since each separation must be at least 1, so our bar can only be placed on the 11 gaps
in the middle. Also in order to create 4 parts, we only need 3 bars. So in general it
simplified to the case where we place n — 1 bars on ¢ — 1 positions, that’s why we have
(:;11) Then you can do the same for the numerator, where specify one piece must be 1
(>°r, X; =t,X; =1), so it means we have one fixed choice, and we reduce it to ¢t — 1 balls
and n — 1 bars, and the same idea applies.

Also here, we are saying X; > 1 for all ¢, what if I remove this restriction? What if exactly
k of those pieces must be non-zero? In fact, this is your Q1 on MATH 356 final exam.
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2.14 I am mean, but in a different way...

Consider a random sample X1, -+, X,, ~ f(x,0) where

1 s
f(z,0) = <5) ry e V% 0 >0,y >0

for some known positive constant r.

(i) Derive a sufficient statistic of 0;

(ii) Is the MLE of # indeed the UMVUE?
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3 Solved Extra Exercises in Hypothesis Testing

3.1 Pareto!

A random sample X7, --- , X, has the following distribution:
010 S
r>v
20+1 =
flz) =
0 otherwise

where 6 > 0, > 0 are parameters.

(i) Find the MLE for 6 and v;

(ii) Given the test Ho: 0 = 1,H; : 0 # 1 for unknown v, find its critical region.
Solution:
(i)

We first derive the joint pdf, given by

n

f(x) = (01/9)”1_[ :c91+1 Xr > vh = (de)nH

=1

1
20+1 Xz = v}

Now we investigate the likelihood function. For v, we see that L,(r) = 0 when v > Xy,
and when 0 < v < X, the function L,(v) = K1 is increasing. So the MLE for v is given by
Unmre = (1. For 0, we investigate the log-likelihood:

0,(0) :nlogH—l—nOlogl/—HZlogagi—i—K

i=1

where K is a constant that does not depend on #, and hence we solve

ol,(0) n = B
0 §+nlogy—longl =0

i=1

we get 0 = n , where we replaced v by its MLE. Furthermore, we have
log [[z; — nlog z)
0%0,,(0
L) _
00? A 02
=0

s0 0 is indeed the maximum, and hence the MLE for @ is éMLE = % where

T =log [anz] .

L)
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(i)

Given Hg : 0 = 1, so the maximum likelihood over Hj is HAMLEHO = 1 and Dyren, = 2.
Similarly for the entire sample space O, the MLEs are the ones we obtained in (i). So by LRT, it’s
easy to see that

8 La(Oriea,) () Hz% ™" e’ T\" _rin
An = = n/T — —\ T~ \ ) € :
Ln(eMLE',@) (%1’(1) )nH /T n (6 ) n

n

when 5\,1 < C for some constant 0 < C' < 1, we would reject Hy and in favour of H;, and hence

the critical region is given by
T n
R = {(—) e Tt < C.C e, 1]}
n

which is equivalent to say that R :={T < ¢;} U{T > ¢y} for some ¢; < ¢q, according to the
graph of the function f(x) = (x/n)"e >,
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3.2 Two Exponentials!

Consider two mutually independent random samples, where Xi,---, X,, ~ Ezponential(f) and
Y1, , Y, ~ Exponential(p). Consider the test Ho : 0 = p and Hy : 0 # p, by using LRT, find
its critical region.

Solution:

We first derive the joint pdf, given by
fla,y) = gre 2immi . yremh i — g™ - exp {_9 dowi—uy, yﬂ}
i=1 j=1

By the property of exponential distribution, it is easy to show that the MLE for 6 and p are
n m

Orire = —=n v AMLE = —m -
Zz‘:l X Zj:l YJ
when 6 = p, the likelihood function now becomes
Ln(e) _ gntm . exp {—9 (Z X+ ZY}) }
i=1 j=1
and hence

n m agne n n
fn(Q)—(n+m)log9—9(ZXi+ZYj> and aé)_”;m—<2)@+zyj>
i=1 j=1

i=1 j=1

where we can also easily see that the MLE is given by

é . n—+m
MEBO= > X+ Z;nzl Y;

Now, using LRT, the likelihood ratio is given by

n+m
5 Ln(OriLE 0, viLEM,) (ZX#ZYJ)

" Ln(éMLE,QaﬂMLE,G) a ( n >n< m_>m

> X

Let T'= —<——"——, then it is easy to see that
S X +2Y, Y
R m+n
A, = MTTL@ — Ty,
nn . mm

Hence the critical region takes the form

R =A{T < a}| J{T >0}.

Also, we know that the rejection region takes the form (under regularity conditions)

R = {—210g5\n > Xi,d}

where « is the significance level, and here d = 2 since the parameter is now 2 dimensional.
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3.3 Two Betas!

Now, consider two mutually independent random samples, where X, .-+, X, ~ Beta(u,1) and
Yi,--+, Y, ~ Beta(0,1), where u,0 € N. Again we are interested in the test Ho : u = 6 and
H, : p # 0, and find its critical region.

Solution:

Firstly, we derive the joint pdf, given by
T+ \" (o \'° /ro+\" (& \
M+ +
= (B DY () (T2 0)”
@ = "5 ) (L o) (U

n u—1 m 0—1
(i) (i)
i=1 j=1

where the log-likelihood function is given by

lo(p,0) =nlogp+ (p—1)log (H xz) +mlogh + (0 — 1) log (H yj>

i=1 j=1
Hence, it is easy to see that the MLE for u, 6 are given by

N n é m
UMLE = — MLE = — 7 13
log [ ] log [Ty,

Now under the condition Hg : 6 = u, the log-likelihood is now

l,(0) = (n+m)logl+ (n—1) <logHazi + logHyj)

Hence it is also easy to see that the MLE is

n+m
log [Tz +log [ ]y,

HMLE M, = GMLE,HO =

Now the LRT is defined as .
- Ln(finrLe o, Oe w,)

n

Ln (/lMLE,@a éMLE,@)

Now, let /l,é to denote the MLE over the entire sample space © and jio, 0y denote the MLE
over ‘Hy, we have

e Mt ()" () (e N (e
A, = 2 (2} (2] T : ;
i ([T Ty, (6) (u) (H> (H‘”>

by plugging in the corresponding values, we can easily conclude that (the last two terms simplify

to 1):
j\n:(n—km) (n+m> ATy
m n
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> logz;

Sologa;+ > logy;
some C € [0,1].

where T = The critical region can be obtained by solving A < C for

Remark: Now note that Xi,---,X,, ~ Beta(u,1), hence it is easy to see that —log X; ~
Exponential(p) which has a pdf pe™#*, similarly —logY; ~ Exponential(#). Using moment gener-
ating technique, we can also see that — > log X; ~ Gamma(n, i) and — ) logY; ~ Gamma(m, ),
and Basu’s Theorem tells us

B > log X;
- Ylog X; + logY;

~ Beta(n,m).
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3.4 Derivative Comes Again!

Let X1, -+, X, be a random sample from a distribution with pdf f(z,6) = 627! for 0 < z < 1,
and 0 > 0 is the unknown parameter.

(i) Assume we wish to test Ho : 6 = 0y v.s Hy : 0 = 01 where 0 < 0y < 61, use the NP lemma,
show that the rejection region of the UMP test of level a takes the form

Zlog X; >k
i=1
for some k.

(ii) Get an expression of the value k in (i), under significance level a.

(iii) Now, we wish to test Ho : 0 = 0y v.s Hy : 0 # 6. Obtain a test statistic and get an
approximate rejection region at o = 0.05. Assume n is large.

Solution:
(i)

We use NP lemma to construct the ratio of the joint pdf:

n

n 61—1
o1 - ] !

- 0, \" —
p(z,6) _ i=1 _ (_1) ) 20100
= =

%

p(x, 6 i )
(@, 00) o - H ! 0 i=1
=1
. . . p(mv 91)
We know that the rejection region takes the form m > k for some k. We take the loga-
plx, o

rithm of the expression above, and move the constant term to the other side of the equation, we
will get

z": log X; > k*

=1

for some constant £*.
(i)
Note that log X; < 0, so we aim to investigate the distribution of ¥; = —log X;. Note that
P(=logX; <y)=P(X;>eY) = /1 02" 'dx
then the pdf of Y; takes the form
- dy Je-v

1 e Y
fvi(v) i/ 02 da = _di/ 02" dr = —0(e ). (—e7Y) = e .
Y1
)
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Hence we claim that ¥; = —logX; ~ Exponential(f), and then we can easily see that
=y rlog X; =31 Y; ~ Gamma(n,0). So back to the rejection region in (i), we have

p (ZlogXi > k:) =P (—k:* < —ZlogXZ) =l-a
i=1 i=1
Let Y ~ Gamma(n,#), then we know P(Y > —k*) = 1 — «, and recall the pdf of a Gamma

distribution, we solve
<0
— " e Pdr=1—-«
/ g T'(n)

where only —k* is unknown, so using a Gamma table we may compute the exact numerical
value based on different «.

(i)

To use the LR statistic, we first find the MLE of 8: Note that

ol,(0) n
En(é):nlogQ—i-(Q—l)longi ,and 20 :E—HOngi

and it can easily shown that the MLE of 6 is given by

é . n
MLE — lOngz

Then, we use the x? approximation to find the rejection region. We have the approximate

In this example, o = 0.05,d = 1, so we find Xio'og) = 3.841. That is, we will reject H, if
—2nlogfy — 2(0y — 1) logH z; + 2nlogf 4+ 2(0 — 1) log Hl} > 3.841

where @ is the MLE of 6.
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4 Solved Extra Exercises in Confidence Interval

29



	Basic Results
	Basic Properties of Random Samples
	Transformations Between Distributions
	Order Statistic
	Large Sample Theory
	ECDF
	Point Estimation
	Confidence Interval
	Hypothesis Testing

	Solved Extra Exercises in Point Estimation
	Does negative matter?
	Break into Three!
	I am Derivative!
	Make it Positive!
	I Look Scary!
	Am I Normal?
	Multiplier!
	Sum or no?
	I am not weak!
	Interchanging Normal!
	Transforming an Exponential!
	Uniform but not Ordinary!
	Adding them makes perfect!
	I am mean, but in a different way...

	Solved Extra Exercises in Hypothesis Testing
	Pareto!
	Two Exponentials!
	Two Betas!
	Derivative Comes Again!

	Solved Extra Exercises in Confidence Interval

