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1 Topology of Metric Spaces

Lecture 1 - 01/07/2025

Objective: Extend the analysis of R to other spaces

1 Distance functions and metric spaces

Definition 1.1: Distance functions

Given a setX for which we have d : X×X, we say that a function d : (x, y) 7→ d(x, y) X×
X → [0,∞) is a distance function on a metric if:

• ∀(x, y) ∈ X ×X d(x, y)

is > 0 if x ̸= y

= 0 if x = y
, i.e. d(x, y) = 0 ⇐⇒ x = y

• ∀(x, y) ∈ X ×X d(x, y) = d(y, x) symmetry

• ∀x, y, z ∈ X d(x, z) ≤ d(x, y) + d(y, z) Triangle inequality

Any set X equipped with a metric d is called a metric space.

Example 1.1

(i) For every n ∈ N and p ∈ [1,∞], with say Rn × Rn → [0,∞), we have

dp : (x, y) 7→


(∑n

i=1 |x1 − yi|p
)1/p

if 1 ≤ p ≤ ∞

max{1 ≤ i ≤ n} |xi − yi| if p = ∞

We also denote dp(x, y) = ||x−y||p or simplify ||x−y|| if p = 2. The distance dp2 is also called

Euclidean distance. dp is a distance is Rn ∀ p ∈ [1,∞]. The only non-trivial point to prove

is the triangle inequality; we will prove this later.
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Say p ∈ (0, 1), then dp is not a distance. Indeed, dp

((
1, 0, . . . , 0

)
,
(
0, 1, 0, . . . , 0

))
= (1 +

1)1/p = 21/p > 2 = d
(
(1, 0, . . . , 0), (0, 1, . . . , 0)

)
+ d
(
(0 . . . 0), (0, 1, 0, . . . , 0)

)
Example 1.2

(ii) C × C → [0,∞) (z1, z2) 7→ |z1 − z2| =
√
(y1 − x1)2 + (y2 − x2)2 =

d2

(
(x1, y1), (x2, y2)

)
if we identify C with R2.

1.1 The discrete metric

(iii) Let X be a set. Define d : X ×X → [0,∞) d : (x, y) 7→

0 if x = y

1 if x ̸= y
d is a distance in X

called the discrete metric . Proof:

• ∀x, y ∈ X d(x, y) ∈ {0, 1} ⇒ d(x, y) ≥ 0

• ∀x, y ∈ X d(x, y) = 0 ⇐⇒ x = y by definition

• ∀x, y ∈ X d(x, y) = d(y, x)

• ∀x, y ∈ X d(x, z) =



0 = 0 + 0 if x = y = z

1 = 0 + 1 if x = y ̸= z

0 < 1 + 0 if x = z ̸= y

1 = 1 + 0 if y = z ̸= x

1 < 1 + 1 if x ̸= y, y ̸= z, z ̸= x

2 Normal Vector Spaces

Definition 2.1: Norm functions

Given a vector space X over R or C, we say that a function || . || : X → [0,∞) x 7→ ||x||,
with ||x|| being a norm on X is :
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• ∀x ∈ X, ||x||

is > 0 if x ̸= 0

= 0 if x = 0

• ∀x ∈ X λ ∈ R ∨ C, ||λx|| = |λ| ||x||

• ∀x, y ∈ X ||x+ y|| ≤ ||x||+ ||y|| Triangle Inequality

Any vector space X over R ∨ C equipped with a norm || . || is called a normal vector space

Proposition 2.1

If || . || is a norm on a vector space X, then d : X ×X → [0,∞) d : (x, y) 7→ d(x, y) =

||x− y|| is a metric on X

Proof:

• d(x, y) = ||x− y|| > 0 by definition.

• d(x, y) = 0 ⇐⇒ ||x− y|| = 0 ⇐⇒ x− y = 0 ⇐⇒ x = y by (i)

• d(x, y) = ||x− y|| = ||(−1)(y − x)|| = | − 1| ||y − x|| = ||y − x|| = d(y, x)by (ii)

• ∀x, y, z ∈ X d(x, z) = ||x−z|| = ||(x−y)+(y−z)|| ≤ ||x−y||+ ||y−z|| = d(x, y)+d(y, z)

Example 2.1

• in Rn, || . ||p

• Let [a, b] be a compact interval in R and C
(
[a, b]

)
be the set of all continuous functions

on [a, b]. C
(
[a, b]

)
is a vector space. Define || . ||∞ C

(
[a, b]

)
→ [0,∞) f 7→

||f ||∞ = maxx∈[a,b] |f(x)|

|| . ||∞ is a norm on C
(
[a, b]

)
called the uniform norm .
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Proof;

• ||f ||∞ ≥ 0 since |f(x)| ≥ 0 ∀ x ∈ [a, b]

• ||f ||∞ = 0 ⇒ maxx∈[a,b] |f(x)| = 0 ⇒ ∀ x ∈ [a, b], |f(x)| ≤ 0 ⇒ ∀ x ∈ [a, b], f(x) = 0, i.e.

f = 0. Conversely, f = 0 ⇒ ||f ||∞ = ||0||∞ = maxx∈[a,b] |0| = 0.

• ∀ f ∈ C
(
[a, b]

)
, λ ∈ R ||λf ||∞ = max |λf(x)|

|λ| |f(x)| = |λ| max|f(x)| = |λ| ||f ||∞ = |λ| |f(x)|

Lecture 2 - 01/09/2025

3 Hölder’s Inequality

For all p ∈ [1,∞], x, y ∈ Rn, we have

n∑
i=1

|xiyi| ≤ ||x||p||y||p′

, where p′ ∈ [1,∞] is such that 1
p
+ 1

p′
= 1, with the convention that 1

∞ = 0. i.e. p′ =
p

p−1
if 1 < p < ∞

1 if p = ∞

∞ if p = 1

Proof:

Case p = ∞

∀ i ∈ {1, . . . ,m}, |xiyi| = |xi| |yi| ≤
(
maxi≤j≤m |xj|

)
|y − i| = ||x||∞. Hence,

n∑
i=1

|xiyi| ≤
n∑

i=1

||x||∞ |yi| = ||x||∞ ||y||1

Remark 3.1

Pretty much the same for case of p = 1, simply reversed.
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Case 1 < p < ∞

First assume that x ̸= 0 and y ̸= 0 (otherwise, proof is trivial).

Now let x′ = x
||x||p , y′ = y

||y||p′
and observe that ||x′||p = || x

||x||p || =
||x||p
||x||p = 1 and ||y′||p′ = || y

||y||p′
||p′ =

||y||p′
||y||p′

= 1, so that it follows that

n∑
i=1

|x′
iy

′
i| =

n∑
i=1

|xiyi|
||x||p ||y||p′

, so that
∑

|xiyi| ≤ |||x||p ||y||p′ iff
∑

|x′
iy

′
i| ≤ 1

3.1 Young’s Inequality

Use Young’s Inequality , ∀ a, b ≥ 0, ab ≤ 1
p
ap+ 1

p′
b p′ , which follows from the convexity of exponential .

Proof of Young’s Inequality

ab = eln a · eln b = e1/p·ln ap · e1/p′ ·ln b p′

= e1/p·ln ap+1/p′·ln b p′

= etA+(1−t)B

,where t = 1
p
, 1− t = 1− 1

p
= 1

p′
, A = ln ap, B = ln b p′ With etA+(1−t)B ≤ teA + (1− t)eB which

follows from the fact that ( d
dx
)2(ex) = ex > 0

Remark 3.2

Let’s assume this fact for the moment: we will study the exponential and its properties in

the last part of the course.

It follows that ab ≤ teA + (1− t)eB = teln ap + (1− t)eln b p′
= tap + (1− t)b p′

Note that when p = 2, Young’s Inequality follows from: ab = 1
2a

2 + 1
2b

2 − 1
2 (a− b)2 ≤ 1

2a
2 + 1

2b
2
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Now that a = |x′
i| and b = |y′i| and apply Young’s Inequality:

|x′
iy

′
i| = |x′

i| |y′i| ≤
1

p
|x′

i|p +
1

p′
|y′i|p

′ ⇒
n∑

i=1

|x′
iy

′
i| ≤

1

p

n∑
i=1

|x′
i|p +

1

p′

n∑
i=1

|y′i|p
′

from which we get ||x′||pp = 1 and ||y′||p
′

p′ = 1, bringing us to 1
p
+ 1

p′
= 1.

And so, it follows that
n∑

i=1

|xiyi| ≤ ||x||p ||y||p′

4 Minkowski’s Inequality (triangle inequality)

For all p ∈ [1,∞], x, y ∈ Rn, we have ||x+ y||p ≤ ||x||p + ||y||p
Proof:

Case p = ∞

∀i ∈ {1, . . . ,m}, |xi + yi| ≤ |xi| + |yi| ≤
(
max1≤j≤m |xj|

)
+
(
max1≤j≤m |yj|

)
; hence, ||x + y||∞ =

max1≤j≤m |xi + yi| ≤ ||x||∞ + ||y||∞

Case p = 1

|xi + yi| ≤ |xi|+ |yi| ⇒
n∑

i=1

|xi + yi| ≤
n∑

i=1

|xi|+
n∑

i=1

|yi| = ||x||1 ||y||1

Case 1 < p < ∞

||x+ y||pp =
n∑

i=1

|xi + yi|p =
n∑

i=1

|xi + y1|p−1|xi + yi|

Remark 4.1

Since we transformed the expression into the sum of a product with |xi + yi|, we were able to
use the triangle inequality proven above!
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n∑
i=1

|xi + yi|p−1|xi + yi| ≤
n∑

i=1

|xi + yi|p−1 |xi|+
n∑

i=1

|xi + yi|p−1 |yi|

By Hölder’s Inequality, it follows that

||x+ y||pp ≤
(∑

|xi + yi|(p−1)p′
)1/p′(∑

|xi|p
)1/p

+

(∑
|xi + yi|(p−1)p′

)1/p′(∑
|yi|p

)1/p

Consider now that (p − 1)p′ = p, our inequality above now becomes ||x + y||p/p
′

p ||x||p + ||x +

y||p/p
′

p ||y||p = ||x+ y||p/p
′

p (||x||p + ||y||p), which gives

||x+ y||p−p/p′

p ≤ ||x||p + ||y||p, with p− (p− 1) = 1

Proposition 4.1

For every p ∈ [1,∞], ||.||p is a norm in Rn

Proof. • ||x||p ≥ 0 by definition ✓

• ||x||p = 0 ⇐⇒ ∀ i ∈ {1, . . . ,m}, |xi| = 0, since |xi| ≥ 0, ⇐⇒ ∀ i ∈ {1, . . . ,m}, xi = 0

• ∀λ ∈ R, x ∈ Rn, ||λx||p =
{(∑

|λx|p)1/p = |λ|
(∑

|xi|p)1/p = |λ| ||x||p if 1 < p < ∞

Lecture 3 - 01/14/2025

5 Inner product spaces

Inner product spaces are an important claim of normed vector spaces.

Definition 5.1: Inner product spaces

Given a vector space X over R, we say that a function ⟨., .⟩ : X ×X → R, (x, y) 7→ ⟨x, y⟩,
such that it satisfies:

1. ∀x ∈ X, ⟨x, x⟩ ≥ 0

2. ∀x ∈ X, ⟨x, x⟩ = 0 ⇐⇒ x = 0

9



3. ∀x, y ∈ X ⟨x, y⟩ = ⟨y, x⟩ symmetry

4. ∀x, y, z ∈ X and for λ, µ ∈ R, ⟨x, λy + µz⟩ = λ⟨x, y⟩ + µ⟨x, z⟩
Linearity with respect to y

, is an inner product in X.

Any vector space X over R equipped with an inner product ⟨., .⟩ is called an

inner product space

Remark 5.1

1. From the items 3 and 4 above, it follows that ⟨λx+µz, y⟩ = λ⟨x, y⟩+µ⟨z, y⟩ represents
linearity with respect to x, but because of symmetry, it is enough to prove linearity

with respect to only one variable.

2. The definition can be extended to the case of vector spaces over C by replacing item

3 (symmetry) by 3′ : ∀ x, y ∈ X, ⟨y, x⟩ = ⟨x, y⟩. In this case, 3′ and 4 give ⟨λx +

µz, y⟩ = λ⟨x, y⟩+µ⟨z, y⟩ (anti-linearity with respect to x), and such ∀x, y, z, λ, µ ∈ C.

Example 5.1

Let A = (aij)1≤i,j≤n be a n × n matrix with real coefficients. Define ⟨., .⟩A : Rn × Rn →
R, (x, y) 7→ ⟨x, y⟩A =

∑n
i,j=1 aijxiyj.

Assume that A is symmetric (aij = aji ∀i, j ∈ {1, . . . , n}) and A is definite positive,

i.e. ∀x ∈ Rn, ⟨x, x⟩A ≥ 0 and ⟨x, x⟩ = 0 ⇐⇒ x = 0.

Then ⟨., .⟩A is an inner product on Rn, since 1,2,3 follow from the assumptions on A

and linearity is easy:

∀x, y, z ∈ Rn, ∀λ, µ ∈ R, ⟨x, λy + µz⟩A =
∑n

i,j=1 xi(λyj + µzj) = λ
∑n

i,j=1 xiyi +

µ
∑n

i,j=1 xizj = λ⟨x, y⟩A + µ⟨x, z⟩A and so ⟨x, y⟩A =
∑n

i=1 λixiyi, ⟨x, x⟩A =
∑n

i=1 λix
2
i ≥ 0,

or ⟨x, x⟩A = 0 ⇐⇒ xi = 0 ∀i
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Now let us be in a 2-dimensional space, such that n = 2 and A =

a c

c b

 such

that:

⟨x, y⟩A = (x1, x2)(y1, y2) = ax1y1 + bx2y2 + cx1y2 + cx2y1

⟨x, x⟩A = ax2
1 + bx2

2 + 2cx1x2, with ⟨x, x⟩A,≥ 0, = 0 ⇐⇒ (x1, x2) = (0, 0)

, and so we have a > 0, ab− c2 > 0, with the discriminant= (cx2)
2 − a(bx2

2) = x2
2(c

2 − ab),

with discriminant≤ 0.

Remark 5.2

Results from Algebra: Symmetric matrices have real Eigen values. A symmetric matrix is

definite positive if and only if its Eigen values are strictly positive (> 0).

6 Cauchy-Schwartz Inequality

Let (X, ⟨., .⟩) be an inner product space. Then,

∀x, y ∈ X, |⟨x, y⟩| ≤
√
⟨x, y⟩⟨y, y⟩.

Proof:

Define f(t) = ⟨x+ yt, x+ yt⟩ = ⟨x, x⟩+ 2⟨x, y⟩t+ ⟨y, y⟩t2 by linearity and symmetry.

Observe that f(t) ≥ 0 ∀t ∈ R, hence the discriminant must be negative, such that discriminant=

⟨x, y⟩2 − ⟨x, x⟩⟨y, y⟩ ≤ 0; i.e. |⟨x, y⟩| ≤
√

⟨x, x⟩⟨y, y⟩, which is the Cauchy-Schwartz inequality.

Proposition 6.1

Let (X, ⟨., .⟩) be an inner product space and ||.|| : X → [0,∞), x 7→
√

⟨x, x⟩. Then, ||.|| is
a norm on X.

Proof :

1. ||x|| −
√

⟨x, x⟩ ≥ 0, with ||x|| = 0 ⇐⇒ x = 0, ✓
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2. ∀x ∈ X, ∀λ ∈ R, ||λx|| =
√

⟨λx, λx⟩ =
√
λ⟨λx, x⟩ =

√
λ2⟨x, x⟩ = |λ|

√
⟨x, x⟩ = |λ|||x|| ✓

(we have linearity with respect to both x’s, meaning we take out a λ for each of them, thus we get λ2 in the

square root)

3. ∀x, y ∈ X, ||x + y|| =
√

⟨x+ y, x+ y⟩ =
√

⟨x, x⟩+ 2⟨x, y⟩+ ⟨y, y⟩ ≤
√

(||x||+ ||y||)2 ⇒
||x||2 ≤ ||x|| ||y|| = ||x||+ ||y||, by Cauchy-Schwartz ✓

6.1 Order of spaces

Metric spaces ⊃ Normed Vector spaces ⊃ Linear Product spaces

6.2 Open balls

Definition 6.1: Open balls

Let (X, d) be a metric space, x ∈ X and r > 0. We call open ball of centre x and radius r

the set

B(x, r) = {y ∈ X : d(x, y) < r}, also denoted Bd(x, r) or B(X,d)(x, r)

Example 6.1

X = Rn, d(x, y) = ||x− y||p, we have

Bdp(x, r) = {y ∈ Rn :


(∑n

i=1 |xi − yi|p
)1/p

< r if p < ∞

maxi≤i≤n|xi − yi| < r if p = ∞
}

In the case n = 1, ∀ p, Bdp(x, r) = (x − r, x + r). In this case, every interval (a, b), with

−∞ < a < b < ∞ is an open ball of centre a+b
2

and radius b−a
2
.

Lecture 4 - 01/16/2025

Definition 6.2: Openness and Closedness

Let (X, d) be a metric space and A ⊆ X.

1. We say that A is open in (X, d) if ∀x ∈ A, ∃ r > 0 such that B(x, r) ⊆ A

12



2. We say that A is closed in (X, d) if A’s complement, X\A, is open in (X, d)

Proposition 6.2

Let (X, d) be a metric space, x0 ∈ X, r0 > 0:

1. B(x0, r0) is open in (X, d)

2. {y ∈ X : d(x0, y) ≤ r0} is textbfclosed in (X, d)

Figure 1: Representation for Proposition 4.2

Proof:

(1) Let x ∈ B(x0, r0) and r = r0 − d(x, x0). ∀y ∈ B, d(x0, y) ≤ d(x0, x) + d(x, y) ≤ r0, i.e.
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y ∈ B(x0, r0), which proves that B(x, r) ⊆ B(x0, r0)

(2) Define A = {y ∈ X : d(x0, y) ≤ r0}. Let x ∈ X\A and r = d(x, x0) − r0 ∀y ∈ B(x, r),

then we have:

d(x0, x) ≤ d(x0, y) + d(y, x), and d(y, x) < r = d(x, x0)− r0 ⇒ r0 < d(x0, y)

Figure 2: Representation for (2)

This shows that B(x, r) ⊆ X\A. Since this is true ∀x ∈ X\A, we obtain that X\A is open in

(X, d), i.e. A is closed in (X, d).

6.3 Properties of sets

Let (X, d) be a metric space:

1. X and ∅ are both open and closed

2. If (Ai)i∈I is a collection of open sets in (X, d), then
⋃

i∈I , Ai is an open set in (X, d).

3. If (Ai)1≤i≤n is a finite collection of open sets in (X, d), then
⋃

n
i∈I Ai is open in (X, d).

4. If (Ai)i∈I is a collection of closed sets in (X, d), then
⋂

i=1 is closed in (X, d).

5. If (Ai)1≤i≤n is a finite collection of closed sets in (X, d), then
⋃

n
i=1Ai is closed in (X, d)

14



6. If A1 is an open set in (X, d) and A2 is a closed set in (X, d), then A1\A2 is open in (X, d)

7. If A1 is a closed set in (X, d) and A2 is an open set in (X, d), then A1\A2 is closed in (X, d)

Proof. 1. • ∀x ∈ X, B(x, 1) ⊆ X, which is true for every radius; hence, X is open.

• ∅ is open: trivial since ̸ ∃x ∈ ∅

• X is closed since X\X = ∅ is open.

• ∅ is closed since X/∅ = X is open. ✓

2. Let (Ai)i∈I be a collection of open sets in (X, d). Let x ∈ ∪i∈I Ai, i.e. ∃ ix ∈ I such that

x ∈ Aix . Since Aix is open, ∃ rx > 0 such that B(x, rx) ⊆ Aix . Since Aix ⊆ ∪i∈I Ai, it follows

that B(x, rx) ⊆ ∪i∈I Ai. ✓

3. Let (Ai)1≤i≤n be a finite collection of open sets in (X, d). Let x ∈ ∩n
i=1Ai, i.e. ∀i ∈ I, x ∈ Ai.

Since Ai is open, ∃ ri > 0 such that B(x, ri) ⊆ Ai. Let r = min(r1, . . . , rn). Then

B(x, r) ⊆ ∩n
i=1 B(x, ri) ⊆ ∩n

i=1 Ai. ✓

4. Let (Ai)i∈I be a collection of closed sets in (X, d). Write ∩i∈I Ai = X\ ∪i∈I (X\Ai) (by De-

Morgan’s Law!). The sets X\Ai are open since Ai are closed. Using property (2) from above,

we get that ∪(X\Ai) is open; hence, ∩Ai is closed. ✓

5. Let (Ai)1≤i≤n be a finite collection of closed sets in (X, d) and ∪n
i=1 Ai − X\ ∩n

i=1 (X\Ai).

The sets X\Ai are open, since Ai are closed. Then, by property (3), given that ∩n
i=1 (X\Ai)

is open, we know that ∪n
i=1Ai is closed. ✓

6. Let A1 be an open set in (X, d), and A2, a closed set. Then, A1\A2 = A1 ∩ (X\A2) is open

by property (3), since A1 and X\A2 are both open. ✓
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7. Similarly to above. Write again A1\A2 = A1 ∩ (X\A2) and observe that A1 and X\A2 are,

in this case, both closed. ✓

Counter-example 1:

In Rn,
∞⋂
k=1

Bdp

(
0,

1

k

)
=

{
x ∈ Rn : dp(x, 0) <

1

k
, ∀ k

}
= {0}

Indeed, ∀x ∈ Rn, [∀ k ∈ N, ||x||p < 1
k
] ⇒ ||x||p ≤ lim 1

k
.

Conversely, x = 0 ⇒ ∀ k ∈ N, ||x||p < 1
k
. Moreover, {0} is not open since ∀ r > 0, Bdp(0, r) ̸⊆ {0}.

Indeed,
(
r
2
, 0 . . . , 0) ∈ B(0, r)\{0}, since 0 < ||( r

2
, 0, . . . , 0)||p = r

2
< r

Counter-example 2:

In Rn,
∞⋃
k=1

(
Rn\Bdp(0,

1

k
)
)
= Rn\

∞⋂
k=1

Bdp(0,
1

k
) = Rn\ {0}

Rn\{0} is not closed, since {0} is not open, but the sets Rn\Bdp(0
1
k
) are all closed, since Bdp(0

1
k
)

are open.

Lecture 5 - 01/21/2025

Case of the discrete metric d(x, y) =

0 if x = y

1 if x ̸= y

In this case, all sets A ⊆ X are open, since ∀ x ∈ A, B(x, 1) = {x} ⊆ A. It follows that all sets

are also closed in this case.

Remark 6.1

When several metrics with different open sets are involved, it is important to specify the

metric. For example, {0} is not an open set in (Rn, ||.||p), but it is an open set in (Rn, d),

where d is the discrete metric.

s
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7 Closure, interior, and boundaries of metrics

Definition 7.1: Closure, Interior and Boudaries

Let (X, d) be a metric space and A ⊆ X.

1. We call closure of A in (X, d) the set A of all x ∈ X such that

∀ r > 0, B(x, r) ∩ A ̸= ∅.

2. We call interior of A in (X, d) the set Å of all x ∈ X such that ∃ r > 0 such that

B(x, r) ⊆ A

3. We call boundary of A in (X, d) the set ∂A = A\ Å

Example 7.1

1. Case of a normed vector space (X, ||.||)
In this case, B(x0, r0) = {x ∈ X : ||x− x0|| ≤ r0}. Indeed, ∀x ∈ X:

1. if ||x − x0|| > r0, then B(x, d(x, x0) − r0) ∩ B(x0, r0) = ∅ (we proved this earlier).

Hence, x ̸∈ A.

2. if ||x − x0|| = r0, then ∀ r > 0, B(x, r) ∩ B(x0, r0) ̸= ∅.Indeed, let

xε = (1 − ε)(x − x0) + x0 ∈ B(x0, r0) ∩ B(x, r), this is true because

||xε − x0|| =
∣∣∣∣∣∣ [(1 − ε)(x − x0) + x0

]
− x0

∣∣∣∣∣∣ =
∣∣∣∣∣∣(1 − ε)(x − x0)

∣∣∣∣∣∣, and con-

sidering ε > 0 ⇒ (1 − ε) ∈ (0, 1), we know (1 − ε)||x − x0|| < ||x − x0||,
with ||x − x0|| = r0, such that we get ||xε − x0|| < r0. Also, we have

||xε−x|| =
∣∣∣∣∣∣ [(1− ε)(x−x0)+x0

]
−x|| =

∣∣∣∣∣∣(1− ε− 1)(x−x0)
∣∣∣∣∣∣ = ε||x−x0|| = εr0 < r.

Since we now have ||xε−x0| < r0 and ||xε−x|| < r, we have the implication that x ∈ A.

3. if ||x− x0|| < r0, then ∀ r > 0, x ∈ B(x, r)∩B(x0, r0). Hence, B(x, r)∩B(x0, r0) ̸= ∅,
thus implying that x ∈ B(x0, r0)

It follows that B(x0, r0) = {x ∈ X : ||x−x0|| ≤ r0}. It is not true in general that B(x0, r0) =

{x ∈ X : d(x, x0) ≤ r0}. Consider the counter-example of the discrete metric and r0 = 1.
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Then, ∀x ∈ X and ∀r ∈ (0, 1), B(x0, r0) ∩ B(x, r) = {x0} ∩ {x} ≠ ∅ iff x = x0. Hence,

B(x0, r0) = {x0} ≠ {x ∈ X : d(x, x0) ≤ 1} = x

Example 7.2

2. Case of the normed vector space (X, ||.||).

In this case, interior
˚︷ ︸︸ ︷

{x ∈ X : ||x− x0|| ≤ r0} = B(x0, r0) and let A = {x ∈ X : ||x− x0|| ≤
r0} = B(x0, r0).

Indeed, ∀x ∈ X :

1. (Let A = B(x0, r0) ) if ||x− x0|| > r0, then ∀r > 0, B(x, r) ̸⊆ A, since x ̸∈ A; hence, x ̸∈ Å.

2. if ||x − x0|| = r0, then ∀r > 0, B(x, r) ̸⊆ A. Consider xε = (1 + ε)(x − x0) + x0 and

proceed similarly to what we did in Case 1:

||xε − x0|| =
∣∣∣∣∣∣[(1 + ε)(x− x0) + x0]− x0

∣∣∣∣∣∣ = (1 + ε) · r0 ⇒ ||xε − x0|| > ro (since ε > 0)

||xε − x|| =
∣∣∣∣∣∣[(1 + ε)(x− x0) + x0]− x

∣∣∣∣∣∣ = ε · r0 ⇒ ||xε − x|| < r

(when ε is small enough)

Hence, xε ∈ B(x, r)\A, i.e.B(x, r) ̸⊆ A.

3. if ||x− x0|| < r0, then B
(
x, r0 − d(x, x0)

)
⊆ B(x0, r0) (we proved this earlier)

So, we have proven that Å = B(x0, r0). Again, this is not true for all metrics. For example,

if d is the discrete metric and r0 = 1, then {x ∈ X : d(x, x0) ≤ r0} = X, and X̊ = X, since

∀x ∈ X, B(x, 1) ⊆ X (which is true ∀ r). On the other hand, B(x0, r0) = {x0}.

Remark 7.1

3. Case of the normed vector space (X, ||.||)
We will later prove this for all open sets, but we have interiorB( ˚B(x0, r0) = B(x0, r0), from

which it follows that ∂B(x0, r0) = B(x0, r0) \ ˚B(x0, r0) = {x ∈ X : ||x − x0|| = r0} (with
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∂B(x0, r0) being like the circumference).

Again, this is not true in general. If d is the discrete metric and r = 1, then

∂B(x0, r0) = B(x0, r0) \ ˚B(x0, r0) = {x0}\{x0} = ∅.

Proposition 7.1

Let (X, d) be a metric space and A ⊆ X:

1. X\A = X\Å and ˚{X\A} = X\A

2. ∂A = A∩X\A = ∂(X\A) (the boundary of a set is also the boundary of its complement.

Proof:

1.

x ∈ X\A ⇐⇒ ∀r > 0, B(x, r) ∩ (X\A) = B(x, r)\A ̸= ∅

⇐⇒ not ∃ r > 0 such that B(x, r)\A = ∅

⇐⇒ not ∃ r > 0 such that B(x, r) ⊆ A

⇐⇒ not x ∈ Å ⇐⇒ x ∈ X\Å

By applying the result to X\A instead of A, we obtain X\(X\A) = A = X\( ˚X\A), which
gives X\A = ( ˚X\A)

2. ∂A = A\Å = A∩ (X\Å) = A∩X\A by property (1), which also implies ∂A = ∂(X\A) since
we can exchange A and X\A.

7.1 Properties of interior sets

Proposition 7.2

Let (X, d) be a metric space and A ⊆ X. Then Å is the largest open set in (X, d) that is

contained in A in the sense that:

1. Å ⊆ A
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2. Å is open in (X, d)

3. B ⊆ Å for every open set B in (X, d), such that B ⊆ A

4. A = Å if and only if A is open in (X, d)

Remark 7.2

It also follows from (1), (2), and (3) that Å is the unique subset of X that satisfies those

properties.

Proof. Indeed, if Ã is another set satisfying (1), (2), (3), then it follows from (1) and (2) for Å and

(3) for Ã that Å ⊆ Ã. Similarly, from (1) and (2) for Ã and (3) for Å, we get that Ã ⊆ Å. Thus,

forcibly, we have Å = Ã

Proof of the properties from the proposition!

1. Let x ∈ Å, i.e. ∃ r > 0 such that B(x, r) ⊆ A. In particular, since x ∈ B(x, r), it follows that

x ∈ A. This proves that Å ⊆ A.

2. Let x ∈ Å, i.e. ∃ r > 0, B(x, r) ⊆ A. We want to show that B(x, r) ⊆ Å. Let y ∈ B(x, r).

Since B(x, r) is open, we obtain that ∃ s > 0 such that B(y, s) ⊆ B(x, r) ⊆ A. This proves

that y ∈ Å, hence B(x, r) ⊆ Å. Therefore, Å is open.

3. Let B ⊆ A be such that B is open in (X, d). Let x ∈ B. Since B is open, ∃ r > 0, B(x, r) ⊆
B.

Since B ⊆ A, it follows that B(x, r) ⊆ A, hence x ∈ Å. This proves that B ⊆ Å, and so Å is

the largest open subset of A.

4. A = Å, and so A is open because Å is open by property (2).

Conversely, if A is open, then A is an open subset of itself, then since A ⊆ A, we can apply

(3) with B = A, which gives A ⊆ Å. By (1), we also have Å ⊆ A; hence A = Å.

Lecture 6 - 01/23/2025
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7.2 Properties of closure sets

Proposition 7.3

Let (X, d) be a metric space and A ⊆ X. Then, A is the smallest closed set in (X, d) that

contains A, in the sense that:

1. A ⊆ A

2. A is closed in (X, d)

3. A ⊆ B for every closed set B in (X, d) such that A ⊆ B

4. A = A if and only if A is closed in (X, d)

Remark 7.3

Again, (1), (2), and (3) imply that A is the unique set satisfying those properties.

Proof:

We apply the previous result to X\A:

1. ( ˚X\A) = X\A ⊆ X\A, which gives A ⊆ A

2. ( ˚X\A) = X\A is open, hence A is closed.

3. Let B be a closed set in (X, d) such that A ⊆ B. Then, X\B is open and X\B ⊆ X\A,
which implies that X\B ⊆ ˚(X\A) = X\A. Therefore, A ⊆ B.

4. A = A ⇐⇒ X\A = X\A = ˚(X\A) ⇐⇒ X\A is open ⇐⇒ A is closed

Corollary 7.1

Let (X, d) br a metric space and A ⊆ X. Then ∂A is closed in (X, d).

Proof. ∂A = A\Å is closed since A is closed and Å is open.=
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8 Convergence of sequences in metric spaces

Definition 8.1: Convergence

Let (X, d) be a metric space, let x ∈ X and (xk)k∈N be a sequence of elements in X. We say

that (xk) converges to x in (X, d) (or x is the limit of (xk) in (X, d) and we denote by limk→∞ xk = x

or xk → x as k → ∞)

if ∀ ε > 0, ∃ kε ∈ N such that ∀k ≥ kε, d(x, xk) < ε
(
i.e. xk ∈ B(x, ε)

)

8.1 Properties of limits in metric spaces

Proposition 8.1

Let (X, d) be a metric space, x ∈ X and (xk)k∈N be a sequence of elements in X.

1. limk→∞ xk = x in (X, d) ⇐⇒ limk→∞ d(x, xk) = 0 as a sequence in (R, |.|) (i.e. R

equipped with the distance induced by the absolute value)

2. If limk→∞ xk ∃ in (X, d) then it is unique

3. limk→∞ xk = x ⇐⇒ for every subsequence (xkj)j∈N of (xk)k∈N, we have limk→∞ xkj =

x (recall that a subsequence of (xk) is a sequence (xkj ) such that (kj)j∈N is a sequence in N such that

kj+1 > kj ∀ j ∈ N)

Lecture 7: 01/28/2025

Proof:

1. Recall from Analysis 1 that limk→∞ d(xk, x) = 0 ⇐⇒ ∀ ε > 0 ∃ kε ∈ N ∀k > kε |d(xk, x)−
0| < ε

2. Assume that limk→∞ xk = x and limk→∞ xk = x′. With the triangle inequality, we have

d(x, x′) ≤ d(x, xk)+d(xk, x
′). Since lim d(x, xk) = lim d(x′, xk) = 0, by property (1), it follows

that 0 ≤ d(x, x′) ≤ lim
(
d(x, xk) + d(xk, x

′)
)
= 0. By the Squeeze theorem, this gives that

d(x, x′) = 0, i.e. x = x′.
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3. limk→∞ xk = x ⇐⇒ (by 1) limk→∞ d(xk, x) = 0 ⇐⇒ (result from Analysis 1) limk→∞ d(xkj , x) =

0 for every subsequence (xkj) ⇐⇒ limk→∞ xkj = x for every subsequence (xkj).

Example 8.1

limk→∞ xk = x in (Rn, ||.||p) ⇐⇒ limk→∞(xk)i = xi ∀ i ∈ {1, . . . , n}, where (xk)i and xi

are the ith coordinate of xk and x respectively.

Indeed, observe 0 ≤ |(xk − x)i| ≤ ||xk − x||p, hence if ||xk − xp|| → 0, then |(xk − x)i| → 0 ∀
; i ∈ {1, . . . , n} as k → ∞. Conversely, if |(xk − x)i| → 0 ∀ i, then max1≤i≤n |(xk − x)i| → 0,

with p = ∞ and (
∑n

i=1 |(xk − x)i|p)1/p → 0; hence, ||xk − x||p → 0 as k → ∞.

Example 8.2

Case of the discrete metric d(x, y) =

0 if x = y

1 if x ̸= y

limk→∞ xk = x in (X, d) ⇐⇒ ∃ k1 ∈ N such that ∀ k ≥ k1, xk = x.

Indeed, if limk→∞ xk = x, then ∃ k1 ∈ N such that ∀ k ≥ k1, d(xk, x) < 1 (, i.e.

d(xk, x) = 0, i.e. xk = x).

Conversely, if ∃ k1 ∈ N ∀k ≥ k1, xk = x, then ∀ ε > 0 ∀k ≥ k1, d(xk, x) = 0 < ε.

Example 8.3

Case of

(
C
(
[a, b]

)
, ||.||∞

)
, where a, b ∈ R, a < b and ||f ||∞ = maxa≤x≤b, |f(x)|.

Then,

lim
k→∞

fk = f in

(
C
(
[a, b]

)
, ||.||∞

)
⇐⇒ ∀ ε > 0, ∃ kε ∈ N, ∀ k ≥ kε, ||fk − f ||∞ < ε

⇐⇒ ∀ ε > 0, ∃ kε ∈ N, ∀k ≥ kε, max |fk(x)− f(x)| < ε

⇐⇒ ∀ ε > 0, ∃ kε ∈ N, ∀ k ≥ kε,

∀x ∈ [a, b], |fk(x)− f(x)| < ε

We say that (fk)k∈N converges uniformly to f on [a, b] or that f is the uniform limit of
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(fk)k∈N on [a, b].

From this last statement, let us give a little example. Say a = 0, b ∈ (0, 1] and f(x) = xk ∀ x ∈
[a, b], with k ∈ N. From these definition, we have 0 ≤ xk ≤ bk ∀ x ∈ [a, b]; hence, ||fk||∞ ≤ bk.

If b < 1, then bk → 0, which would mean that ||fk||∞ → 0 as k → ∞, i.e. (fk)k∈N converges

uniformly to 0 in [a, b].

If b = 1, then ||fk||∞ ≥ |fk(1)| = 1; hence, ||f ||∞ ̸→ 0 as k → ∞, i.e. (fk)k∈N does not con-

verge uniformly to 0 in [a, b].

Proposition 8.2

Let (X, d) be a metric space and A ⊆ X. Then, x ∈ A if and only if there exists a sequence

(xk)k∈N of elements of A such that limk→∞ xk = x in (X, d)

Proof:

(⇒): Assume that x ∈ A. Then, ∀ k ∈ N, A ∩ B(x, 1
k
) ̸= ∅, i.e. ∃ xk ∈ A ∩ B(x, 1

k
), which

gives xk ∈ A and d(xk, x) < 1
k
. Since limk→∞

1
k
= 0, it follows that limk→∞ d(xk, x) = 0, i.e.

limk→∞ xk = x.

(⇐): Assume that ∃ (xk)k∈N in A such that limk→∞ xk = x. Then ∀r > 0, ∃ kr ∈ N ∀k ≥
kr, d(xk, x) < r, i.e. xk ∈ B(x, r). Since xk ∈ A and xk ∈ B(x, r), we obtain xk ∈ A ∩ B(x, r),

which implies that A ∩B(x, r) ̸= ∅. This proves that x ∈ A.
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9 Sequential Criterion for Closedness

Theorem 9.1: Sequential Criterion for Closedness

Let (X, d) be a metric space and A ⊆ X. Then, the following statements are equivalent:

1. A is closed in (X, d)

2. For every sequence (xk)k∈N of elements in A and every x ∈ X, if limk→∞ xk = x in

(X, d), then x ∈ A. (in other words, for every subsequence in A, assume it converges

to some point. If you can prove that the limit is in A for all subsequences, then A is

closed!)

Proof:

(i) ⇒ (ii): Assume that A is closed. Then A = A. Let (xk)k∈N be a sequence in A and x ∈ X be

such that limk→∞ xk = x. By the previous result, we then obtain x ∈ A. Since A = A, it follows

that x ∈ A.

(ii) ⇒ (i) : Assume that (ii) is true. We want to show that A = A. Since A ⊆ A, if suf-

fices to show that A ⊆ A. Thus, let x ∈ A. By the previous result, ∃ (xk)k∈N in A such that

limk→∞ xk = x in (X, d). BY (ii), it follows that x ∈ A. This proves that A ⊆ A, and so, A = A,

i.e. A is closed in (X, d).

Lecture 8 - 01/30/2025

10 Cauchy Sequences

Definition 10.1: Cauchy sequences

Let (X, d) be a metric sequence and (xk)k∈N be a sequence of elements in X. We say that (xk)k

is a Cauchy sequence in (X, d) if ∀ ε > 0, ∃ kε ∈ N such that ∀ k, k′ ≥ kε, d(xk, xk′) < ε.

Proposition 10.1

Every converging sequence in a metric space (X, d) is Cauchy in (X, d)

Proof:
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Let (xk)k∈N be a sequence in X such that limk→∞ xk = x for some x ∈ X. Then ∀ ε > 0, ∃ kε ∈
N, ∀ k ≥ kε, d(xk, x) < ε. Then, ∀ k, k′ ≥ kε/2, d(xk, xk′) ≤ d(xk, x) + d(x, xk′) <

ε
2
+ ε

2
= ε;

hence, (xk)k is Cauchy.

11 Complete Sets

Definition 11.1: Completeness

We say that a metric space (X, d) is complete if every Cauchy sequence in (X, d) converges

to some limit in (X, d). A complete normed vector space is called a Banach space.

A complete inner product space is called a Hilbert space.

Example 11.1

1. (R, |.|) is complete (Banach) but (Q, |.|) is not complete. (Recall from Analysis 1 that

Q is not compact in R, so there is bound to be a sequence in Q that converges to an

irrational number).

2. For every n ∈ N and p ∈ [1,∞], (Rn, ||.||p) is Banach. Indeed, let (xk)k∈N be a Cauchy

sequence in (Rn, ||.||p)

3. Case of the discrete metric d(x, y) =

0 if x = y

1 if x ̸= y

Proof of (2):

Observe that ∀ k, k′ ∈ N, i ∈ {1, . . . n}, |(xk − xk′)|i ≤ ||xk − xk′||p, where |(xk − xk′)|i is the

ith coordinate of (xk − xk′). Hence, we obtain that
(
(xk)i

)
k∈N are also Cauchy in (R, |.|. Thus,

by completeness of R, it follows that limk→∞(xk)i = ai for some ai ∈ R, which implies that

limk→∞ xk = a = (a1, . . . an) in (Rn, ||.||p).
Proof of (3):

Let (xk)k∈N be a Cauchy sequence in (X, d). Then, ∃ k1 ∈ N ∀ k, k′ ≥ k1, d(xk, xk′) < 1, i.e.

d(xk, xk′) = 0, i.e. xk = xk′ . Hence, xk = xk1 ∀ k ≥ k1. It follows that limk→∞ xk = xk1 , which

proves that (X, d) is complete in the case of the discrete metric.
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Proposition 11.1

Let (X, d) be a complete metric space, and Y ⊆ X. Then, (Y, d), as a metric subspace of

(X, d), is complete if and only if Y is closed in (X, d).

Proof:

(⇒): Assume that (Y, d) is complete. We will use the Sequential Criterion for Closedness. Let

(xk)k∈N be a sequence in Y and let x ∈ X be such that limk→∞ xk = x. Then, (xk)k is Cauchy in

(X, d). Since xk ∈ Y , it follows that (xk)k is Cauchy in (Y, d). By completeness of (Y, d), it follows

that limk→∞ xk = x̃ for some x̃ ∈ Y . Forcibly, by uniqueness of the limit in (X, d), it follows that

x = x̃. Since x̃ ∈ Y , we have x ∈ Y . This proves that Y is closed by the Sequential Criterion for

Closedness.

(⇐) : Assume now that Y is closed in (X, d). Let (xk)k∈N be a Cauchy sequence in (Y, d). Since

Y ⊆ X, it follows that (xk)k is also Cauchy in (X, d). By completeness of (X, d), it follows that

limk→∞ xk = x for some x ∈ X. Since Y is closed, by the Sequential Criterion for Closedness, it

follows x ∈ Y ; hence, Y is complete.

12 Compact Sets and Metric Spaces

Definition 12.1: Compactness

Let (X, d) be a metric space and A ⊆ X. We say that A is compact or sequentially

compact in (X, d) if for every sequence (xk)k∈N of elements in A, there exists x ∈ A and a

subsequence (xkj)j∈N such that limk→∞ xkj = x in (X, d).

If this is true for A = X, then we say that (X, d) is a compact or sequentially com-

pact metric space.

Example 12.1

[a, b] are compact in (R, |.|) ∀a, b ∈ R such that a < b (Analysis 1).
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Proposition 12.1

Let (X, d) be a metric space and A ⊆ X:

1. If A is compact in (X, d), then A is closed in (X, d).

2. If A is compact in (X, d), then A is bounded in (X, d) in the sense that ∃ C > 0 such

that ∀ x, y ∈ A, d(x, y) < C.

3. If (X, d) is compact, then (X, d) is complete.

Remark 12.1

For every fixed x0 ∈ X, it is easy to say that a set A ⊆ X is bound if and only if there

∃ C > 0, where C is a constant, such that ∀ x ∈ A, d(x, x0) < C. (This definition is easier

that using ∀x, y ∈ X, d(x, y) < C because instead of checking ∀x and ∀y, you fix one, which

is also more convenient).

Proof:

1. Assume that A is compact in (X, d). Let (xk)k∈N be a sequence in A and x ∈ X such

that limk→∞ xk = x. Since A is compact, ∃ (xkj)j∈N subsequence and x̃ ∈ A such that

limk→∞ xkj = x̃. Moreover, since limk→∞ xk = x, we have that limk→∞ xkj = x. By the

uniqueness of limits, we have x = x̃. Now, since x̃ ∈ A, it follows that x ∈ A. By the

Sequence Criterion for Closedness, this proves that A is closed.

2. Indeed, if A is bounded, then fix x1 ∈ A (provided A ̸= ∅, but the result is trivial otherwise)

and write ∀ x ∈ A, d(x, x0) ≤ d(x, x1) + d(x1, x0). Since d(x, x1) < C, then d(x, x0) < C0,

where C0 = C + d(x1, x0)., Conversely, if ∃ C > 0 such that ∀ x ∈ A, d(x, x0) < C, then

∀x, y ∈ A, d(x, y) ≤ d(x, x0) + d(x0, y) < 2C.

Lecture 9 - 02/04/2025

There is also another way to prove this. We remark that for a fixed point x0, A is bounded iff

∃ C > 0 such that ∀x ∈ A, d(x, x0) < C. Assume that A is compact and, by contradiction,

that A is not bounded. By the above remark, it follows that ̸ ∃C > 0 ∀ x ∈ A d(x, x0) < C;

hence ∀ k ∈ N ∃xk ∈ A d(xk, x0) ≥ k. By compactness of A, ∃x ∈ A and a subse-
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quence (xkj)j∈N such that limk→∞ xkj = x. Thus, it follows, from the triangle inequality, that

k ≤ d(xkj , x0) ≤ d(xkj , x) + d(x, x0). Since limj→∞ d(xkj , x) = 0 and limj→∞ kj = ∞, we

obtain a contradiction. Therefore, A is forcibly bounded.

3. Assume that (X, d) is compact. Let (xk)k∈N be a Cauchy sequence in (X, d). By compactness

of (X, d), ∃ x ∈ X and a subsequence (xkj)j∈N such that limj→∞ xkj = x, i.e. ∀ ε > 0, ∃ jε ∈
N such that ∀ j ≥ jε, d(xkj , x) < ε. Since (xk)k∈N is Cauchy, we also have ∀ ε > 0, ∃ kε ∈
N ∀ k, k′ ≥ kε, d(xk, xk′) < ε. Then, ∀ ε > 0, letting k′ = kj, for j sufficiently large so that

j ≥ jε/2 and kj ≥ kε/2, we obtain that ∀ k ≥ kε/2, d(xk, x) ≤ d(xk, xkj)+d(xkj , x) <
ε
2
+ ε

2
= ε;

hence limk→∞ xk = x. Therefore, we have proved that every subsequence is Cauchy, and so

(X, d) is complete.

Proposition 12.2

Let (X, d) be a compact metric space and A ⊆ X. Then A is compact in (X, d) if and only

if A is closed in (X, d)

Proof:

The fact that A compact ⇒ A closed follows from the previous result.

Assume that A is closed in (X, d). Let (xk)k∈N be a sequence in A. By compactness of (X, d),

∃ x ∈ X and (xkj)j∈N a subsequence such that limj→∞ xkj = x. Since A is closed and xkj ∈ A, it

follows that x ∈ A; hence, A is compact in (X, d).

13 Heine-Borel Theorem

Theorem 13.1: Heine-Borel Theorem

Let n ∈ N, p ∈ [1,∞] and A ⊆ Rn. Then, A is compact in Rn if and only if A is closed

and bounded in (Rn, ||.||p).

Remark 13.1

The Heine-Borel Theorem is not true in infinite dimensions , which will be proven later in

the course.

Proof:

A compact ⇒ A closed & bounded is always true and has already been proven.
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Assume that A is closed and bounded in (Rn, ||.||p). Let (xk)k∈N be a sequence in A. Recall that

|(xk)i| ≤ ||xk||p ∀ k ∈ N, i ∈ {1, . . . , n} where (xk)i is the ith coordinate of xk. Since xk ∈ A is

bounded, we then obtain that
(
(xk)i

)
k∈N are bounded sequences in (Rn, ||.||p). By repeatedly using

the Bolzano-Weierstrass Theorem, it follows that there exists a subsequence of this subsequence

such that the second coordinate also converges, etc. Finally, we obtain a subsequence (xkj)j∈N such

that all coordinates converges, i.e. limj→∞ xkj = x for some x ∈ Rn. Since A is closed and xkj ∈ A,

we moreover have that x ∈ A. This proves that A is compact in (Rn, ||.||p).

Proposition 13.1

Let (X, d) be a metric space and A ⊆ X. If A is compact in (X, d), then for every collection(
Ui

)
i∈I

of open sets in (X, d) such that A ⊆
⋃

i∈I Ui, there exists a finite sub-collection(
Uij

)
1≤j≤N

, where N ∈ N and i1, . . . , in ∈ I such that

A ⊆
N⋃
j=1

Uij

Remark 13.2

It can be proven that the converse is also true. (equivalent definition of compactness).

Proof:

Assume that A is compact. Let (Ui)i∈I be open sets such that A ⊆
⋃

i∈I Ui.

Claim: ∃ r > 0 such that ∀x ∈ A, ∃ ix ∈ I such that B(x, r) ⊆ Uix . Assuming this claim as true,

choose x1 ∈ A (provided that A ̸= ∅ but the result is trivial otherwise) and, by induction, for each

j ∈ N, if A ̸⊆
⋃j

i=1B(xi, r), then choose xj+1 ∈ A\
(⋃j

i=1 B(xi, r)
)
. If the induction stops for some

j ∈ N, then A ⊆
⋃j

i=1 B(xi, r) ⊆
⋃j

i=1 Uij and the result is proven. If the induction does not stop,

by compactness of A, ∃x ∈ A and a subsequence (xjk)k∈N such that limk→∞ xjk = x. On the other

hand, xjk+1
̸∈
⋃jk

i=1B(xj, r) gives d(xjk+1
, xj) ≥ r ∀ j ∈ {1, . . . , jk}; hence, (xjk)k∈N is not Cauchy

by contradiction.

Lecture 10 - 02/06/2025

Thus, to complete this proof in its entirety, all that is left is to prove the claim from above. Assume

by contradiction that B(x, r) ̸⊆ Uix . Then, ∀ k ∈ N, ∃xk ∈ A such that ∀ i ∈ I, B(xk,
1
k
̸⊆ Ui.

By compactness of A, there exists a x ∈ A and a subsequence (xkj)j∈N such that limj→∞ xkj = x.

Since x ∈ A ⊆ ∪i∈I Ui, ∃ ix ∈ I such that x ∈ Uix . Since x ∈ Uix and Uix is open, ∃ r > 0 such
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that B(x, rx) ⊆ Uix .

On the other hand, since B(xk,
i
k
) ̸⊆ Uix , ∃ yk ∈ B(xk,

1
k
)\Uix . Then, d(x, ykj) ≤ d(x, xkj) +

d(xkj , ykj) . Consider now that d(xkj , ykj) < 1
kj

(since ykj ∈ B(xk,
i
k
) and d(x, xkj) → 0 since

xkj → x. This means that d(x, ykj) → 0, i.e. ykj → x as j → ∞. However, ykj ̸∈ Uix and

B(x, rx) ⊆ Uix ; hence ykj ̸∈ B(x, rx). This brings us to a contradiction between d(x, 1
kj
) → 0 and

d(x, ykj) ≥ rx.

Corollary 13.1

Let (X, d) be a metric space and A ⊆ X. If A is compact, then for every r > 0, there exists

a finite number of elements x1, . . . , xNr ∈ A, where Nr ∈ N such that

A ⊆
Nr⋃
i=1

B(xi, r)

Proof. This is a direct application of the proposition to the open cover A ⊆
⋃

x∈A B(x, r).

Corollary 13.2

Let (X, ||.||) be a normed vector space of infinite dimension. Then, B(0, 1) is not compact.

(hence, the Heine-Bornel Theorem is not true in infinite dimensions).

Proof. Assume by contradiction that B(0, 1) is compact. By corollary 13.1, it follows that ∃N ∈ N

and ∃ x1, . . . , xN ∈ B(0, 1) such that B(0, 1) ⊆ ∪N
i=1 B(xi,

1
2
) (see Figure 3 for visualization). Since

X has infinite dimensions, ∃ x0 ̸∈ Span(x1, . . . , xN). By renormalizing (i.e. considering λx, for

some λ > 0, instead of x0), we may choose x0 such that x0 ∈ B(0, 1
2
).

By induction, we prove the following: ∀ k ∈ N, ∃ yk, zk ∈ X such that x0 = yk + zk, ||yk|| < 2−k

and zk ∈ Span(x1, . . . , xN). For k = 1, it is trivial by taking yk = x0 and zk = 0. Now,

let us assume that it is true ∀ k. Observe that ||2kyk|| = 2k||yk|| < 1, i.e. 2kyk ∈ B(0, 1).

Since B(0, 1) ⊆
⋃N

i=1B(xi,
1
2
), it follows that ∃ ik ∈ {1, . . . , N} such that 2kyk ∈ B(xik ,

1
2
), i.e.

||2kyk − xik || < 1
2
, which gives ||yk − 2−kyik || < 2−k−1. Now write:

x0 =

yk+1︷ ︸︸ ︷
(yk − 2−kxik)+

zk+1︷ ︸︸ ︷
(2−kxik + zk) ⇒ ||yk+1|| < 2−k−1 and zk+1 ∈ Span(x1, . . . , xN), since zk ∈ Span

This proves that ∀ k ∈ N, ∃ yk, zk ∈ X such that x0 = yk+zk, ||yk|| < 2−k and xk ∈ Span(x1, . . . , xN)

holds also for k + 1.
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Figure 3: Representation of ∪ B(xi, 1/2)

Since ||yk|| < 2−k, we obtain that ||x0 − zk|| → 0, i.e. zk → x0 in (X, ||.||). Since zk ∈
Span(x1, . . . , xN), it follows that x0 ∈ Span(x1, . . . , xN). However, x0 ̸∈ Span. It remains to

show that Span(x1, . . . , xN) is closed in (X, ||.||) to obtain a contradiction. We will prove later that

any subspace of finite dimensions are always closed.

14 Convergence of functions

Definition 14.1: Limits of functions

Let (X, dx) and (Y, dy) be metric spaces with xo ∈ X, y0 ∈ Y .

1. Regular Limits: For f : A → Y , we say that f(x) converges to y0 as x → x0 and we

denote limx→x0 f(x) = y0 if (see Figure) ∀ ε > 0, ∃ δε > 0 such that ∀ x ∈ A,

0 < dX(x, x0) < δε ⇒ dY
(
f(x), y0) < ε, i.e. f

(
A ∩BX(x0, δε)\{x0}

)
⊆ BY (y0, ε)

2. Limits of infinite sets: When (Y, dY ) = (R, |.|), for f : A → R, we say that f(x)

tends to
(
+∞
−∞

)
and we denote limx→x0 f(x) =

(
+∞
−∞

)
if ∀ c ∈ R, ∃ δc > 0 such that

∀ x ∈ A

0 < dX(x, x0) < δc ⇒ f(x)

(
> c

< c

)
, i.e. f

(
A ∩BX(x0, δc)\{x0}

)
⊆
(
(c,+∞)

(−∞, c)

)

3. Limits in infinite metric spaces: When (X, dX) = (R, |.|) and A ⊇
(
(c,+∞)
(−∞,c)

)
for some

c ∈ R for f : A → Y , we say that f(x) converges to y as x →
(
+∞
−∞

)
and we denote
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limx→(+∞
−∞)

f(x) = y0 if ∀ ε > 0, ∃ cε ∈ R such that ∀x ∈ A

x

(
> cε
< cε

)
⇒ dY

(
f(x), y0

)
< ε, i.e. f

(
A ∩

(
(cε,∞)

(−∞, cε)

))
⊆ BY (y0, ε)

14.1 Continuity in Metric Spaces
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Definition 14.2: Continuity of functions

Let (X, dX) and (Y, dY ) be metric spaces, A ⊆ X, x0 ∈ A and f : A → Y . We say that

f is continuous at x0 if limx→x0 f(x) = f(x0), i.e. ∀ ε > 0, ∃ δε > 0 such that ∀x ∈
A, dX(x, x0) < δε ⇒ dY

(
f(x), f(x0)

)
< ε. We say that f is continuous on B ⊆ A if f is

continuous at every x0 ∈ B (or simply continuous when B = A)

Example 14.1

1. The identity function dX : X → X, x 7→ x is continuous. Proof is trivial:

∀ ε > 0, dX(x, x0) < δε = ε ⇒ dX
(
IdX(x)IdX(x0)

)
= dX(x, x0) < ε.

2. For y0 ∈ X fixed, the function d(., y0) : X → X, x 7→ d(x, y0) is continuous.

Indeed, observe that ∀x, x0 ∈ X, d(x, y0) ≤ d(x, x0) + d(x0, y), which gives

d(x, yo) − d(x0, y) ≤ d(x, x0) and similarly d(x0, y0) − d(x, y0) ≤ d(x, x0). Hence,∣∣∣d(x, y0) − d(x0, y0)
∣∣∣ ≤ d(x, x0). It follows that ∀ ε > 0, d(x, x0) < δε = ε ⇒∣∣d(x, y0)− d(x0, y0)
∣∣ < ε.

In particular, this shows that in a normed vector space (X, ||.||), the norm ||.|| : X → R

is continuous since in this case, ||X|| = d(x, 0).

3. In an inner product space
(
X, ⟨., .⟩

)
, for y0 ∈ X fixed, the function X → R, x 7→

⟨x, y0⟩, is continuous. Indeed, ∀ x, x0 ∈ X∣∣⟨x, y0⟩ − ⟨x0, y0⟩
∣∣ = ∣∣⟨x− x0, y0⟩

∣∣ ≤ ||x− x0|| · ||y0|| by Cauchy-Schwartz
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Then, ∀ ε > 0

||x− x0|| < δε =

ε
/
||y0|| if y0 ̸= 0

any number if y0 = 0
⇒

∣∣⟨x, y0⟩ − ⟨x0, y0⟩
∣∣ ≤ ε

||y0||
· ||y0|| = ε

4. For each n1, n2 ∈ N, p1, p2 ∈ [1,∞], A ⊆ Rn1 , x0 ∈ A and f : A → Rn2 , f :

x 7→
(
f1(x), . . . , f2(x)

)
. Then, f is continuous at x0 if and only if fi is continuous at

x0 ∀ i ∈ {1, . . . , n2} ???? i dont fucking know girlie pop

Proposition 14.1

Let (X, dX) and (Y, dY ) be metric spaces, with A ⊆ X, x0 ∈ A\{x0}a and f : A → Y . If

limx→xo f(x) exists, then it is unique

aExclude x0 to avoid the case where x0 is isolated in the sense that ∃ r > 0 such that B(x0, r)∩A = {x0}

Proof. By contradiction, assume that ∃ y0 ̸= ỹ0 such that limx→x0 f(x) = y0 and limx→x0 f(x) = ỹ0,

i.e.

• ∀ε >, ∃ δε > 0 ∀ x ∈ A, 0 < dX(x, x0) < δε ⇒ dY (f(x), y0) < ε

• ∀ ε > 0, ∃ δ̃ε > 0, ∀ x ∈ A 0 < dX(x, x0) < δ̃ε ⇒ dY (f(x), ỹ0) < ε

Define δ′ε = min(δε/2, δ̃ε/2). Since x0 ∈ A\{x0}, ∃ xε ∈ B(x0, δ
′
ε) ∩

(
A\{x0}

)
, i.e. xε ∈ A and

0 < dX(xε, x0) < δ′ε, which implies that dY (f(x), y0) < ε
2
and dY (f(x), ỹ0) < ε

2
. It follows that

dY (y0, ỹ0) ≤ dY
(
y0, f(x)

)
+ dY

(
f(xε), ỹ0) <

ε
2
+ ε

2
= ε. Since this is true ∀ ε > 0, it follows that

dY (y0, ỹ0) = 0, which is a contradiction. Thus, y0 = ỹ0.
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Proposition 14.2

Let (X, dX), (Y, dY ), (Z, dZ) be metric spaces, x0 ∈ X, f : X → Y and g : Y → Z. If f is

continuous at x0 and g is continuous at f(x0), then g ◦ f is continuous at x0. More generally,

if f is continuous on A ⊆ X and g is continuous on f(A), then g ◦ f is continuous on A.

Proof. If f is continuous at x0, then ∀ ε > 0, ∃ δε > 0 such that ∀x ∈ X, dX(x, x0) <

δε ⇒ dY
(
f(x), f(x0)

)
< ε. If g is continuous at f(x0), then ∀ε > 0, ∃ δ′ε > 0 s.t. ∀ y ∈

Y, dY (y, f(x0)
)
< δ′ε ⇒ dZ

(
g(y), g(f(x0))

)
.

34



∀ ε > 0, letting δ′′ε = δδ′ε , it follows that ∀x ∈ X, dX(x, x0) < δ′′ε ⇒ dY
(
f(x), f(x0)

)
< δ′ε ⇒

dZ

(
g
(
f(x)

)
, g
(
f(x0)

))
< ε. Therefore, g ◦ f is continuous at x0

1

Proposition 14.3

Let (X, dX), (Y, dY ) be metric spaces and f : X → Y . Then, the following statements are

equivalent:

• f is continuous from (X, dX) to (Y, dY )

• For every open set O in (Y, dY ), f
−1(O) is open in (X, dX)

• For every closed set C in (Y, dY ), f
−1(C) is closed in (X, dX)

Remark 14.1

The inverse is not true. There exists open sets O in (X, dX) such that f(O) is not open in

(Y, dY ), even if f is continuous. The same is true for closed sets. Thus, the proposition is

only in regard from the function to the preimage, and doesn’t work the other way around.

Example 14.2

Let f : R → R with f : x 7→ 1
1+x2 . R is open and closed, where as f(R) = (0, 1] is not open,

nor closed.

Proof. 1) ⇒ 2): Assume that f is continuous. Let O be an open set in (Y, dY ). Let x0 ∈ f−1(O),

i.e. f(x0) ∈ O/ We want to show that ∃ r > 0 such that BY

(
f(x0), ε) ⊆ O. Since f is continuous, it

follows that ∃ δε > 0 such that f
(
BX(x0, δε)

)
⊆ BY

(
f(x0), ε

)
⊆ O, which gives VX(x0, δε) ⊆ f−1(O).

This proves that f−1(O) is open in (X, dX)

2) ⇒ 1): Assume that 2) is true. Let x0 ∈ X and ε > 0. Since B
(
f(x0), ε

)
is open in (Y, dY ),

it follows from 2) that f−1
(
BY

(
f(x0), ε

))
is open in (X, dX). Since f(x0) ∈ BY

(
f(x0), ε

)
, i.e.

x0 ∈ f−1
(
BY

(
f(x0), ε

))
and f−1

(
BY

(
f(x0), ε

))
is open in (X, dX), we then obtain that ∃ δε > 0

1See how when proving that a composed function is continuous, we kind of formed a ”composed” delta-epsilon.
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such that BX(x0, δε) ⊆ f−1

(
BY

(
f(x0, ε

))
, which gives f

(
Bx

(
x0, δε

))
⊆ BY

(
f(x0), ε

)
. This proves

that f is continuous.

2) ⇒ 3): Assume that 2) is true. Let C be a closed set in (Y, dY ). Then, Y \C is open; hence, by

2), f−1(Y \C) is open. Since f−1(Y \C) = X\f−1(C), it follows that X\f−1(C) is open, i.e. f−1(C)

is closed in (X, dX).

3) ⇒ 2): Direct proof using the same logic as above.

14.2 Sequence Criterion for Continuity

Theorem 14.1: Sequence Criterion for Continuity

Let (X, dX) and (Y, dY ) be metric spaces, x0 ∈ X and f : X → Y . Then, the following

statements are equivalent:

• f is continuous at x0

• For every sequence (xk)k∈N of elements in X, if limk→∞ xk = x0, then limk→∞ f(xk) =

f(x0).

Proof. 1) ⇒ 2): Assume that f is continuous at x0. Let (xk)k∈N be a sequence in X such that

limk→∞ xk = x0.

Since f is continuous at x0, ∀ε > 0, ∃ δε > 0 s,t, ∀ x ∈ X, dX(x, x0) < δε ⇒ dY
(
f(x), f(x0)

)
<

ε.

Since limk→∞ xk = x0, ∃ kδε ∈ N s.t. ∀ k ≥ kδε , dX(x, x0) < δε, which implies that dY
(
f(xk), f(x0)

)
<

ε. This implies that limk→∞ f(xk) = f(x0).

2) ⇒ 1): Assume that 2) is true, and, by contradiction, that f is not continuous at x0, i.e. ∃ ε > 0,

s.t. ∀k ∈ N, ∃ xk ∈ X s.t. dX(x0, xk) <
1
k
, and dY

(
f(x0), f(xk)

)
≥ ε. Since dX(x0, xk) <

1
k
→ 0

as k → ∞, we obtain limk→∞ xk = x0. It follows from 2) that limk→∞ f(xk) = f(x0), i.e.

limk→∞ dY
(
f(x0), f(xk)

)
= 0, but this is in contradiction with dY

(
f(x0), f(xk)

)
≥ ε. Therefore, f

is continuous at x0.
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Proposition 14.4

Let (X, dX) and (Y, dY ) be metric spaces, A ⊆ X and f : X → Y . If A is compact in (X, dX)

and f is continuous on X, then f(A) is compact in (Y, dY ).

Example 14.3

1. There exists compact sets A in (Y, dY ) such that f−1(A) is not compact for some

continuous f : X → Y . Example: f(x) = 1
1+x2 . Say A = [0, 1], f−1([0, 1]) = R, which

is not compact, while [0, 1] is compact.

2. There exists non-continuous functions f such that f(A) is compact for all compact

A ⊆ X. Example: f : R → R, x 7→

0 if x ̸= 0

1 if x = 0
, such that f(A) ⊆ {0, 1} ∀A ⊆ R

and every subset of {0, 1} is compact.

Proof. Assume that f is continuous and A is compact. Let ( 1
k
)k∈N be a sequence in f(A). Then,

∃xk ∈ X such that f(xk) = yk. Since A is compact, ∃x ∈ A and a subsequence (xkj)j∈N such that

limj→∞ f(xkj) = f(x), i.e. limj→∞ ykj = f(x). Moreover, f(x) ∈ f(A) since x ∈ A. This proves

that f(A) is compact.

Proposition 14.5

Let (X, d) be a metric space, A ⊆ X, A ̸= ∅ and f : X → R. If A is compact in (X, d) and

f is continuous on X, then ∃ xmin, xmax ∈ A such that

f(xmin) = min
x∈A

f(x) and f(xmax) = max
x∈A

f(x)

Proof. By the previous result, we have that f(A) is compact. In particular, f(A) is bounded.

Moreover, A ̸= ∅, hence f(A) ̸= ∅. Therefore, inf f(A) > −∞ and sup f(A) < ∞. It follows

that there exists sequence (mk)k∈N and (Mk)k∈N in f(A) such that limk→∞ mk = inf f(A) and

limk→∞ Mk = sup f(A).

Since f(A) is compact, we obtain that f(A) is closed, hence, since mk,Mk ∈ A, the sequence

criterion for closedness gives that inf f(A) ∈ f(A) and sup f(A) ∈ f(A), i.e. ∃ xmin, xmax ∈ A such

that f(xmin) = inf f(A) (= min f(A) since it is attained), and f(xmax) = sup f(A) (= max f(A)

since it is attained).
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Remark 14.2

We can now define ||f ||∞ = maxx∈A |f(x)| for ever continuous function f : X → R, when A

is compact and non-empty in (X, d). We denote C(A) the set of continuous functions on A.

Like in Q2 of Assignment 3, we obtain that
(
C(A), ||.||∞

)
is a Banach space.

Definition 14.3: Uniform Continuity

Let (X, dX) and (Y, dY ) be two metric spaces, A ⊆ X and f : X → Y. We say that

f is uniformly continuous on A if ∀ δε > 0 such that ∀ x, y ∈ A, dX(x, y) < δε ⇒
dY
(
f(x), f(y)

)
< ε

Uniformly continuous ⇒ Continuous

Definition 14.4: Lipschitz Continuity

Let (X, dX) and (Y, dY ) be metric spaces, A ⊆ X and f : X → Y . We say that f is

Lipschitz continuous on A if ∃C ∈ (0,∞) such that ∀ x, y ∈ A, dY
(
f(x), f(y)

)
≤ CdX(x, y)

Lipschitz continuous ⇒ Uniform continuous

Example 14.4

1. For each y0 ∈ X, the function x 7→ d(x, y0) is Lipschitz continuous. Indeed, we proved

that ∀ x, x′ ∈ X, |d(x, y0)− d(x′, y0)| ≤ d(x, x′).

2. Let I be an interval. in R and f : I → R be differentiable at every point in I and such

that supx∈I |f ′(x)| < ∞. Indeed, by the Mean Value Theorem, ∀x, y ∈ I, ∃ z ∈ I

between x and y such that f(x) − f(y) = f ′(z)(x − y), which gives |f(x) − f(y)| ≤
supz∈I |f ′(z)| |x− y| which is smaller than ∞ by assumption.

Proposition 14.6

Let (X, dX) and (Y, dY ) be metric spaces, A ⊆ X and f : X → Y . If A is compact in (X, dX)

and f is continuous on A, then f is uniformly continuous on A.

Lecture 14 - 02/20/2025
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Proposition 14.7

Let (X, d), (Y, dY ) be metric spaces, A ⊆ X and f : X → Y .

If A is compact in (X, d) and f is continuous on A, then f is uniformly continuous on A

Proof. Assuming by contradiction that f is not uniformly continuous, we obtained the existence of

(xk)k∈N and (yk)k∈N such that dX(xk, yk) <
1
k
and dY

(
f(xk), f(yk)

)
≥ ε for some fixed ε > 0.

By using compactness ofA, we then obtained subsequences (xkj)j∈N and (ykji )i∈N such that limj→∞ xkj =

x and limi→∞ ykji = y for some x, y ∈ A. By using d(xk, yk) <
1
k
, we then obtained x = y.

By continuity of f , since limj→∞ xkj = x and limi→∞ ykji = y = x, we have that limj→∞ f(xkj) =

f(x) and limi→∞ f(ykji ) = f(y) = f(x).

It follows that

dY
(
f(xkj), f(ykji )

)
≤ dY

(
f(xkj), f(x)

)
+ d)Y

(
f(y), f(ykji )

)
and, since limj→∞ f(xkj) = f(x) and limi→∞ f(ykji ) = f(y) = f(x), then both distances approach

0. Hence, limi→∞ dY
(
f(xkj), f(ykji ) = 0

)
, but this contradicts that dY

(
f(xkj), f(ykji )

)
< ε.

Definition 14.5: L

et (X, d) be a metric space, A ⊆ X and f : X → X.

We say that f is continuous on A if

∃ C ∈ (0, 1) such that ∀ x, y ∈ A, dX
(
f(x), f(y)

)
≤ CdX(x, y)

Remark 14.3

1. Contraction ⇒ Lipschitz continuous

2. C < 1 : f(x) is ”closer” to f(y) then x is to y
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15 Banach Fixed-Point Theorem

Theorem 15.1: Fixed-Point

Let (X, d) be a non-empty complete metric space and f : X → X be a contraction on X.

Then, f has a unique fixed point in X, namely there exists a unique x0 ∈ X such that

f(x0) = x0.

Example 15.1

1. Let I ⊆ X be a closed interval in R (so that (I, |.|) is complete), and f : I → I be

differentiable on I, such that supx∈I |f ′(x)| < 1. Then, f is a contraction on I; hence,

it has a unique fixed point in I.

2. Let X = [0,∞)n = {(x1, . . . , xn)} ≥ 0 ∀ i ∈ {1, . . . , n} and f : X → X with

x 7→ λx + a for some λ > 0 and a ∈ X. Then, X is complete (as closed subset

of (Rn, ||.||2)). Moreover, f is a contraction on X if and only if λ < 1. Indeed,

∀x, y ∈ X, ||f(x)− f(y)|| = ||λ(x, y)|| = λ||x− y||.

Note that if λ ≥ 1 and a ̸= 0, then f has no fixed point. Indeed, if f(x) = x, then

λx+ a = x gives (λ− 1)x+ a = 0. Since λ− 1 > 0, x ≥ 0 and x ≥ 0 ∀ i ∈ {1, . . . , n},
it follows that (λ− 1)x = a = 0 ∀i ∈ {1, . . . , n} which contradicts a ̸= 0.

Note also that if X = (0,∞)n and f : X → X, with x 7→ λx, then f is a contraction

on X when λ ∈ (0, 1), but (X, ||.||2) is not complete (since (0,∞)n is not closed in

(Rn, ||.||2)) and f has no fixed point in X.

Proof. Existence: Since X is not empty, we can choose x1 ∈ X. Then, define (xk)k∈N by xk+1 =

f(xk). Since f is a contraction, ∃ C ∈ (0, 1) such that ∀ x, y ∈ X, dX
(
f(x), f(y)

)
≤ CdX(x, y),

hence ∀ k ∈ N, d
(
xk+2, xk+1

)
= d
(
f(xk+1), f(xk)

)
≤ CdX(xk+1, xk)

2 Infinite Series
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2 Convergence of Infinite Series

Lecture 15 - 02/25/2025

Definition 2.1: Convergence of Infinite Series

Let (X, ||.||) be a normed vector space, k0 ∈ Z and (ak)k≥k0 be a sequence of elements in

X. For each n ≥ k0, we call sn =
∑n

k=k0
ak the partial sum of order n of the series∑∞

k=k0
ak. If limn→∞ sn = s in (X, ||.||) for some s ∈ X, then we denote s =

∑∞
k=k0

ak and

we say that the series
∑∞

k=k0
ak converges to s and that s is the sum of the series

∑∞
k=k0

ak.

If (sn)n∈N does not converge to any limit in (X, ||.||), then we say that the series∑∞
k=k0

ak diverges.

Example 2.1

1. Geometric series: ak = rk,
∑n

k=0 rk =


1−rn+1

1−r
if r ̸= 1

n+ 1
.
∑∞

k=0 rk converges if and

only if |r| < 1. If |r| < 1, then
∑∞

k=0 rk − 1
1−r

2. Let M(n,R) be the vector space of n× n real matrices equipped with the norm

||A||2,2 = sup
||x||2=1

||Ax||2

(= max||x||=1 ||Ax|| since x 7→ ||Ax||2,2 is continuous [see Assignment 4] and

{x ∈ Rn : ||x||2 = 1} = ∂B(0, 1) is compact in Rn as closed and bonded.

Remark that ∀x ∈ Rn, ||Ax||2 ≤ ||A||2,2||x||2. Indeed, ∀x ∈ Rn\{0}, ||Ax||2 =

||A x
||x|| ||2 ||x||2 ≤ ||A||2,2 ||x||2. Define ak = Ak. Then observe that

(IdN − A)
∑n

k=0A
k =

∑n
k=0 A

k −
∑n+1

k=1 A
k = IdN − An+1.

Assume that ||A||2,2 < 1. Then, IdN − A is invertible, i.e. ker(IdN − A) = {0}.
Indeed, ∀x ∈ ker(IdN − A), i.e. (IdN − A)x = 0, which gives x = Ax and so

||x||2 = ||Ax||2 ≤ ||A||2,2 ||x||2, which contradicts that ||A||2,2 < 1 unless ||x||2 = 0,

i.e. x = 0. It follows that
∑n

k=0A
k = (IdN − A)−1(IdN − An+1). We will show that
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∑∞
k=0 A

k = (IdN − A)−1 ∀ x ∈ X .

||(
n∑

k=0

Ak − (Id− A)−1)x||2 = ||(Id− A)−1(IdN − An+1 − IdN)x||2

= ||(Id− A)−1An+1 x||2

≤ ||(Id− A)−1||2,2 ||An+1x||2

≤ ||(Id− A)−1||2,2 ||A||2,2 ||Anx||2

≤ . . .

≤ ||(Id− A)−1||2,2 ||A||n+1
2,2 ||x||2

, which gives ||
∑n

k=0A
k − (Id − A)−1|||2,2 ≤ ||(Id − A)−1||2,2 ||A||n+1

2,2 → 0 as n → ∞,

since ||A||2,2 < 1. Therefore,
∑∞

k=0 A
k = (Id− A)−1.

Proposition 2.1

1. ∀ k′
0 > k0,

∑∞
k=k′0

ak converges if and only if
∑∞

k=k0
ak converges (therefore, we will

often without loss of generality take k0 = 0 or 1 in what follows)

2. If
∑∞

k=k0
ak converges, then limk→∞ ak = 0.

Proof. 1. ∀n ≥ k′
0,
∑n

k=k0
ak = ak0 + · · ·+ ak′0−1 +

∑n
k=k′0

ak; hence,
∑∞

k=k0
ak converges if and

only if
∑∞

k=k′0
ak converges.

2. ∀n ≥ k0, an = sn−sn−1 =
∑n

k=k0
ak−

∑n−1
k=k0

ak; hence if limn→∞ sn = s, then limn→∞ an =

s− s = 0.

Proposition 2.2

If
∑∞

k=k0
ak and

∑∞
k=k0

bk converges, then ∀λ, µ ∈ R (or C),
∑∞

k=k0
(λak + µbk) converges and∑∞

k=k0
(λak + µbk) = λ

∑∞
k=k0

ak + µ
∑∞

k=k0
bk.

Proof. Follows from
∑n

k=k0
(λak + µbk) = λ

∑
ak + µ

∑
bk ∀n ≥ k0.
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3 Cauchy Criterion for Convergence

Theorem 3.1: Cauchy Criterion for Convergence

If (X, ||.||) is Banach, then
∑∞

k=k0
ak converges if and only if ∀ ε > 0, ∃nε ≥ k0 such that

∀n′ > nε

||
n′∑

k=n+1

ak|| < ε

Proof. If (X, ||, ||) is Banach, then
∑∞

k=k0
ak converges if and only if (sn)n≥k0 , where sn =

∑n
k=k0

ak

is Cauchy in (X, ||.||), i.e. ∀ ε > 0, ∃nε ≥ k0 such that ∀ n′ > n ≥ nε, ||sn′ − sn|| =
∑n′

k=n+1 ak <

ε

Definition 3.1: W

e say that the series
∑∞

k=k0
ak converges absolutely if

∑∞
k=k0

||ak|| converges in (R, |.|).

Remark 3.1

s̃n =
∑n

k=k0
||ak|| is increasing, hence (sn)n≥k0 converges if and only if it is bounded above.

Moreover, if (s̃n)n≥k0 is bounded above, then
∑∞

k=k0
||ak|| = supn≥k0 s̃n.

Proposition 3.1

If (X, ||, ||) is Banach, then for every series
∑∞

k=k0
ak in (X, d), if

∑∞
k=k0

ak converges

absolutely, then
∑∞

k=k0
ak converges.

Moreover, ∀n ≥ k0, ||
∑∞

k=n ak|| ≤
∑∞

k=n ||ak||.a

aWe will see in Assignment 5 that the converse is true: if for every
∑

ak ,
∑

ak converges absolutely, then∑
ak converges, then the space is Banach

Proof. Since
∑∞

k=k0
ak converges absolutely, ∀ ε > 0, ∃ nε ≥ k0 such that ∀ n ≥ nε∣∣∣∣∣

∞∑
k=k0

||ak|| −
n∑

k=k0

||ak||︸ ︷︷ ︸∑n′
k=n+1 ||ak||

∣∣∣∣∣ < ε

It follows that

∀ n′ > n ≥ nε

∣∣∣∣∣∣ n′∑
k=n+1

ak

∣∣∣∣∣∣ ≤ n′∑
k=n+1

||ak|| ≤
∞∑

k=n+1

||ak|| < ε
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. Hence, by using the Cauchy Criterion, since (X, ||.||) is Banach, we obtain that
∑∞

k=k0
ak converges.

Moreover,

∀ n′ > n ≥ k0,
∣∣∣∣∣∣ n′∑

k=n

ak

∣∣∣∣∣∣ ≤ n′∑
k=n

||ak|| ≤
∞∑
k=n

||ak||

Since
∑∞

k=n ak converges, by continuity of ||.||, it follows that∣∣∣∣∣∣ ∞∑
k=n

ak

∣∣∣∣∣∣ ≤ ∞∑
k=n

||ak||

(∣∣∣∣∣∣ ∞∑
k=n

ak

∣∣∣∣∣∣ = ∣∣∣∣∣∣ lim
n′→∞

( n′∑
k=n

ak

)∣∣∣∣∣∣ = lim
n′→∞

∣∣∣∣∣∣ n′∑
k=n

ak

∣∣∣∣∣∣)

Proposition 3.2

If (X, ||.||) is Banach and
∑∞

k=1 ak converges absolutely, then for every bijective function

f : N → N, the series
∑∞

k=1 af(k) converges to the same sum as
∑∞

k=1 ak.

We call
∑∞

k=1 af(k) a rearrangement of
∑∞

k=1 ak

Example 3.1

∞∑
k=0

2−k = 1 +
1

2
+

1

4
+

1

8
+ · · · = 1 +

1

4
+

1

2
+

1

16
+

1

8
+ . . .

Proof. Since
∑∞

k=1 ak converges absolutely, ∀ ε > 0, ∃ nε ∈ N such that ∀ n ≥ nε∣∣∣∣∣
∞∑
k=1

||ak|| −
∞∑
k=1

||ak||︸ ︷︷ ︸
=
∑∞

k=n+1 ||ak||

∣∣∣∣∣ < ε

Moreover, since (X, ||.||) is Banach and
∑∞

k=1 converges absolutely, we have that
∑∞

k=1 ak converges.

DefineNε = max1≤k≤nε/2
], f−1(k) so that {1, . . . , nε/2} ⊆ f

(
{1, . . . , Nε}

)
, i.e. {f−1(1), . . . , f−1(nε/2)} ⊆

{1, . . . , Nε}.Then,∣∣∣∣∣∣ Nε∑
k=1

af(k) −
nε/2ak∑
k=1

∣∣∣∣∣∣ = ∣∣∣∣∣∣ ∑
k∈Kε

ak

∣∣∣∣∣∣ ≤ ∑
k∈Kε

||ak|| ≤
∞∑

k=nε/2+1

||ak|| <
ε

2

,

where Kε = f

(
{1, . . . , Nε}

)∖
{1, . . . , nε/2} ⊆ {n ∈ N : n > nε/2}

It follows that ∣∣∣∣∣∣ Nε∑
k=1

af(k) −
∞∑
k=1

ak

∣∣∣∣∣∣ ≤ ∣∣∣∣∣∣ Nε∑
k=1

af(k) −
nε/2∑
k=1

∣∣∣∣∣∣+ ∣∣∣∣∣∣ ∞∑
k=nε/2+1

ak

∣∣∣∣∣∣ < ε
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Therefore,
∑∞

kk=1 af(k) converges to
∑∞

k=1 ak.

4 Convergence for Series with Non-Negative Terms

4.1 Comparison Test

Proposition 4.1

Let
∑∞

k=1 ak and
∑∞

k=1 bk be series in (R, |.|) such that 0 ≤ ak ≤ bk ∀ k ∈ N. Then,

1. If
∑∞

k=1 bk converges, then
∑∞

k=1 ak converges

2. If
∑∞

k=1 ak diverges, then
∑∞

k=1 bk diverges

Proof. 1.
∑∞

k=1 bk converges, then
∑

bk is bounded above ⇒
∑

ak is bounded from above since

ak ≤ bk ∀ k ∈ N. So,
∑

ak converges as well.

2. follows from 1)

4.2 Root Test

Proposition 4.2

Let
∑∞

k=1 ak be a series in (R, |.|) such that ak ≥ 0 ∀ k ∈ N

1. If lim supk→∞
k
√
ak < 1, then

∑∞
k=1 ak converges

2. If lim supk→∞
k
√
ak > 1, then

∑∞
k=1 ak diverges

Remark 4.1

If lim supk→∞
k
√
ak = 1, then this test does not give any information.

Proof. Let r = lim supk→∞
k
√
ak = limn→∞ supk≥n

k
√
ak

1. Assume that r < 1, then ∀ ε > 0, ∃ nε ∈ N such that ∀ n ≥ nε, supk≥n
k
√
ak < r + ε, which

gives ∀ k ≥ nε, k
√
ak < rε, i.e. ak < (r + ε)k.
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Writing ε ∈ (0, 1 − r) (with 1 − r > 0 since r < 1), we obtain that
∑∞

k=1(r + ε)k con-

verges. Hence, by the Comparison Test, it follows that
∑∞

k=1 ak converges.

2. Assume that r > 1. Then, ∃ n1 ∈ N such that ∀ n ≥ n1, supk≥n
k
√
ak > 1; hence ∀ n ≥

n1, ∃ k ≥ n such that k
√
ak > 1, i.e. ak > 1. In other words, ∃ (ank

)k∈N subsequence such

that ank
> 1 ∀ k ∈ N. It follows that

∑nk

n=n an ≥
∑k

j=1 anj
≥
∑k

j=1 1 = k (since an ≥ 0 ∀ n).

As k → ∞, we have k → ∞, so the series diverges.

4.3 Ratio test

Lecture 16 - 03/11/2025

Proposition 4.3

Let
∑∞

k=0 ak be a series in (R, |.|) such that ∃ k0 ∈ N, ∀ k ≥ k0, ak > 0. Then,

1. If lim supk→∞
ak+1

ak
< 1, then

∑∞
k=0 ak converges

2. If lim infk→∞
ak+1

ak
> 1, then

∑∞
k=0 ak diverges

Remark 4.2

• If lim supk→∞
ak+1

ak
= 1 and lim infk→∞

ak+1

ak
= 1, then the test gives no information.a

• lim inf cannot be replaced by lim sup in 2).

ai.e. limk→∞
ak+1

ak
= 1

Example 4.1

Let ak =

2−k if k is odd

3−k if k is even
. Then, k

√
ak =


1
2

if k is odd

1
3

if k is even ,
; hence,

∑∞
k=0 ak converges

by the root test. However, ak+1

ak
=


2
3

if k is odd

3
2

if k is even
, and so lim supk→∞

ak+1

ak
= 3

2
> 1.
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Proof:

1. Let r = lim supk→∞
ak+1

ak
. Then, ∀ ε > 0, ∃ k2 ∈ N such that ∀ k ≥ k2, supk≥∞

ak+1

ak
< r + ε.

Since r < 1, we can choose ε > 0 so that r + ε < 1. Since sup k ≥ k2
ak+1

ak
< r + 1, we

obtain that ak+1 ≤ (r + ε)ak ∀ k > k2 which implies ak ≤ (r + ε)ak−1 ≤ (r + ε)2ak2 ≤ · · · ≤
(r+ ε)k−k2akε ∀ k ≥ k2. Since r+ ε < 1, we obtain that

∑∞
k=kε

(r+ ε)k converges. Hence, by

comparison,
∑∞

k=0 ak converges.

2. Since lim infk→∞
ak+1

ak
> 1, ∃ k1 ∈ N, ∀ n ≥ k1, infk≥n

ak+1

ak
> 1, which implies that

∀ k ≥ k1,
ak+1

ak
> 1, i.e. ak+1 > ak, which implies ∀ k ≥ k1, ak ≥ ak−1 ≥ · · · ≥ ak1 .

Therefore,
∑∞

k=0 ak diverges since ak ̸→ 0 as k → ∞.

5 Convergence of Series with Negative Terms

This is also the Case of series which converge but do not converge absolutely

5.1 Alternating Series Test

Proposition 5.1

Let
∑∞

k=0(−1)kak be a series in (R, |.|) such that limk→∞ ak = 0 and ∀ k ∈ N, 0 ≤ ak+1 ≤ ak.

Then,
∑∞

k=0(−1)kak converges and 0 ≤
∑∞

k=0(−1)kak ≤ a0.

Example 5.1∑∞
k=1

(−1)k−1

k
converges since limk→∞

1
k
= 0 and 0 ≤ 1

k+1
< 1

k
∀ k ∈ N

Proof. Observe that ∀ k ∈ N

s2n =
2n∑
k=0

(−1)kak = a0 − a1 + a2 − . . .− a2n−1 + a2n

= a0 − (a1 − a2)− (a3 − a4)− . . .− (a2n−1 − a2n)

= a0 −
n∑

k=1

(a2k−1 − a2k) and a2k−1 − a2k ≥ 0 by assumption

Furthermore, s2n+1 = (a0 − a1) + (a2 − a3) + · · · + (a2n − a2n+1) =
∑n

k=0(a2k − a2k+1) with

(a2k − a2k+1) ≥ 0 by assumption.
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Moreover, s2n+1 = s2n − a2n+1 ≤ s2n.

It follows that


(s2n)n is decreasing and bounded from below by 0

(s2n+1)n is increasing and bounded from above by a0

0 ≤ s2n+1 ≤ s2n ≤ a0

Hence, ∃ s, s′ ∈ [0, a0] such that limn→∞ s2n = s and limn→∞ s2n+1 = s′. Since s2n+1 = s2n − a2n+1

and limn→∞ a2n+1 = 0 by assumption, it follows that s = s′, so the series converges to s = s′ ∈
[0, a0].

Lecture 17 - 03/13/2025

Proposition 5.2

Let
∑ak

k=0 and
∑∞

k=0 bk be series in (R, |.|) such that
∑∞

k=0 ak converges absolutely and∑∞
k=0 bk converges.

For each n ≥ 0, define cn =
∑n

k=0 akbn−k

Then,
∑∞

n=0 cn converges, and
∑∞

n=0 cn =
(∑∞

k=0 ak

)(∑∞
k=0 bk

)
.

The series
∑∞

n=0 cn is called the Cauchy product of
∑∞

k=0 ak and
∑∞

k=0 bk.

Example 5.2

ex =
∑∞

k=0
xk

k!
converges absolutely ∀ x ∈ R. Indeed,

|x|k+1

(k+1)!

|x|k
k!

= |x|
k+1

→ 0 as k → ∞; hence the

ratio test applies.

exey =
∞∑
n=0

n∑
k=0

xk

k!

yn−k

(n− k)!
=

∞∑
n=0

(x+ y)n

n!

, since
∑∞

k=0
xk

k!
and

∑∞
k=0

yk

k!
converge absolutely.

Remark 5.1

We can now also define cos x = eix+e−ix

2
, sin x = eix− e−ix

2i
, ch x = ex+e−x

2
, sh x = ex−e−x

2

and derive trigonometric formulas from the formula ex+y = exey.

Counter-example: in case
∑∞

k=0 ak and
∑∞

k=0 bk converge but do not converge absolutely:

∑∞
k=0

(−1)k√
k+1

converges by the alternating series test, but does not converge absolutely (Assignment
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5, Q4)

n∑
k=0

(−1)k√
k + 1

· (−1)n−k

√
n− k + 1

= (−1)n
n∑

k=0

1√
(k + 1)(n− k + 1)

(k + 1)(n− k + 1) = −k2 + nk + n+ 1 which attains its maximum at k =
n

2

⇒
n∑

k=0

1√
(k + 1)(n− k + 1)

≥
n∑

k=0

1√
(n
2
+ 1)(n+ n

2
+ 1)

. . . other steps but too long

Therefore,
∑∞

n=0

∑n
k=0

(−1)k√
k+1

(−1)n−k
√
n−k+1

.

Proof of the Cauchy Product Proposition:

We obtained that ∀ N ∈ N,
∑N

n=0 cn =
∑N

n=0

∑n
k=0 akbn−k.

Since
∑∞

k=0 bk converges, we can write
∑N−n

k=0 bk =
∑∞

k=0 bk −
∑∞

k=N−n+1 bk, which gives

N∑
n=0

cn =
( N∑

n=0

an

)( ∞∑
k=0

bk

)
−

N∑
n=0

an

∞∑
k=N−n+1

bk

It remains that limN→∞

(∑N
n=0 an

∑∞
k=N−n+1 bk

)
= 0.

Since
∑∞

k=0 bk converges, ∀ ε > 0, ∃ nε ∈ N such that ∀ n ≥ nε,

∣∣∣∣∑∞
k=0 bk −

∑n
k=0 bk

∣∣∣∣ < ε

(since
∑∞

k=N−n+1 bk =
∑∞

k=0−
∑n

k=0 bk).Then, we obtain

∀ N ≥ nε,

∣∣∣∣ N∑
n=0

an

∞∑
k=N−n+1

bk

∣∣∣∣ ≤ N∑
n=0

|an| ·
∣∣∣∣ ∞∑
k=N−n+1

bk

∣∣∣∣
=

N−nε∑
n=0

|an|︸ ︷︷ ︸
∞

·
∣∣∣∣ ∞∑
k=N−n+1

bk

∣∣∣∣︸ ︷︷ ︸
<ε

+
N∑

n=N−nε+1

|an| ·
∣∣∣∣ ∞∑
k=N−n+1

bk

∣∣∣∣
≤

∞∑
n=0

|an| since n ≤ N − nε ⇒ N − n+ 1 ≥ nε + 1

We now write:
N∑

n=N−nε+1

|an| ·
∣∣∣∣ ∞∑
k=N−n+1

bk

∣∣∣∣ = nε∑
n=1

|aN − nε + n| ·
∣∣∣∣ ∞∑
k=nε−n+1

bk

∣∣∣∣ which → 0 as k → ∞

It follows that

lim sup
N→∞

∣∣∣∣ N∑
n=0

an

∞∑
k=N−n+1

bk

∣∣∣∣ ≤ ( ∞∑
n=0

|an|
)
ε

The, letting ε → 0, we obtain that limN→∞

(∑N
n=0 an

∑∞
k=N−n+1 bk

)
= 0.
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6 Power Series

Lecture 18 - 03/18/2025

Definition 6.1: Power Series

Let (ak)k≥0 be a sequence in (R, |.|) (or (C, |.|) ) and x0 ∈ R.

Then, the function x 7→
∑∞

k=0 ak(x − x0)
k (at points where it converges) is called a

power series

Proposition 6.1

Let
∑∞

k=0 ak(x− x0)
k be a power series in (R, |.|).

Define R = 1
lim supk→∞ k

√
ak
, with the convention that 1

∞ = 0 and 1
0
= ∞. Then, ∀x ∈ R :

1. If |x− x0| < R, then
∑∞

k=0 ak(x− x0)
k converges absolutely

2. If |x− x0| > R, then
∑∞

k=0 ak(x− x0)
k diverges.

Remark 6.1

• If R = 0, then (2) holds ∀ x ̸= x0

• If R = ∞, then (1) holds ∀ x.

Example 6.1∑∞
k=0 x

k R = 1, ex =
∑∞

k=1
xk

k!
, R = ∞

Proof. 1. If |x − x0| < R, then lim supk→∞
k
√

|ak(x− x0)k| < 1, hence the root test gives that∑∞
k=0 ak(x− x0)

k converges absolutely.

2. If |x− x0| > R, then lim supk→∞
k
√

|ak(x− x0)k| > 1.

Hence ∃ k1 ∈ N, ∀ n ≥ k1, supk≥n
k
√

|ak(x− x0)k| > 1, i.e.
(
ak(x − x0)

k
)
k
does not

converge to 0 and
∑∞

k=0 ak(x− x0)
k diverges.
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Proposition 6.2

Let f(x) =
∑∞

k=0 ak(x−x0)
k be a power series in (R, |.|) andR > 0 be its radius of convergence.

Then, f is infinitely differentiable in (x0 − R, x0 + R) and for every N ∈ N, the N th

derivation f (N) of f is given by

f (N)(x) =
∞∑

k=N

k(k − 1) . . . (k −N + 1)ak(x− x0)
k−N

=
∞∑
k=0

(k +N)(k +N − 1) . . . (k + 1)ak+N(x− x0)
k

In particular, f (N)(x0) = N ! an, i.e. aN = 1
N !
f (N)(x0).

Moreover, the radius of convergence of this new series is R as well.a

aSee MATH 249/466 for the complex analogue.

Lecture 19 - 03/20/2025

Proof. It suffices to prove the result for N = 1. The case N ≥ 2 follows by induction. Without loss

of generality, by composing with x 7→ x+ x0, we may assume that x0 = 0.

Consider k
√

k|ak| ≥ k
√

|ak|; hence, the radius of convergence of
∑∞

k=1 k ak(x − x0)
k is ≤ R (we

will show later that it is also ≥ R).

∀ x ∈ (−R,R), t ̸= 0, ∀ n ≥ 2,
1

t

( n∑
k=0

ak(x+ t)k −
n∑

k=0

akx
k
)
−

n∑
k=1

kakx
k−1

=
n∑

k=2

ak
(x+ t)k − xk − kxk−1t

t

=
n∑

k=2

k(x+ s)k+1t− kxk−1t

t
for some s ∈ (0, t) by Mean Value Theorem

=
n∑

k=2

kak

(
(x+ s)k−1 − xk−1

)
=

n∑
k=2

kak(k − 1)(s+ s′)k−2s for some s′ ∈ (0, s) by MVT

⇒
∣∣∣∣1t(

n∑
k=0

ak(x+ t)k −
n∑

k=0

akx
k
)
−

n∑
k=1

kakx
k−1

∣∣∣∣ = ∣∣∣∣ n∑
k=1

k(k − 1)ak(x+ s′)k−2s

∣∣∣∣ (∗1)

≤
n∑

k=1

k(k − 1)|ak|
(
|x|+ |t|

)k−2
+ 1

Since x ∈ (−R,R), letting ε > 0 be small enough so that |x| < (1− ε)R, and t be small enough so
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that |x|+ |t| < (1− ε)R, which gives

lim sup
k→∞

k−2
√

|ak|(|x|+ |t|)
k−2
√
|ak|(|x|+ |t|)k−2

< 1− ε

, thus giving ∃ kε ≥ 2 such that ∀ k ≥ kε,

k(k − 1)|ak|
(
|x|+ |t|

)k−2 ≤ k(k − 1)(1− ε)k−2

|kakxk−1| ≤ k|ak| |x|k−1 ≤ k(1− ε)k−2|x| ≤ k(1− ε)k−2R
(∗2)∑

k(k − 1)(1− ε)k−2 and
∑

k(1− ε)k−2 converge by ratio test:

(k + 1)k(1− ε)k−1

k(k − 1)(1− ε)k−2
=

k + 1

k − 1
(1−ε) →k→∞ 11−ε < 1 and

(k + 1)(1− ε)k−1

k(1− ε)k−2
=

k + 1

k
(1−ε) →k→∞ 1−ε < 1

Hence,
∞∑
k=2

k(k − 1)|ak|
(
|x|+ |t|

)k−2
converges and

∞∑
k=1

kakx
k−1 converges absolutely

2 Letting n → ∞ in (∗1) and (∗2), we obtain∣∣∣∣1t((f(x+ t)− f(x)
)
−

∞∑
k=1

kakx
k−1

∣∣∣∣ ≤ |t|
∞∑
k=2

k(k − 1)(1− ε)k−2

Letting t → 0, it follows that

lim
t→0

(
1

t

(
f(x+ t)− f(x)

)
−

∞∑
k=1

kakx
k−1

)
= 0

i.e. f ′(x) =
∑∞

k=1 kakx
k−1.

Proposition 6.3

1. ∀ x ∈ R, d
d(x)

[ex] = ex

2. x 7→ es is increasing bijective from R to (0,∞), limx→∞ ex = ∞ and limx→ −∞ ex = 0

Proof. 1. Since the radius of convergence of ex =
∑∞

k=0
sk

k!
is ∞, the previous result gives that

x 7→ ex is infinitely differentiable and

d

dx
[ex] =

∞∑
k=1

xk−1

(k − 1)!
=

∞∑
k=0

xk

k!
= ex

2In particular, this implies that the radius of convergence is ≥ R
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2. ∀ x ≥ 0, ex =
∑∞

k=0
xk

k!
> 0 since xk > 0 ∀ k

∀ x < 0, ex = e0

e−x = 1
e−x > 0 since e−x > 0

hence, d
dx
[ex] = ex > 0, which implies that x 7→ ex is strictly increasing and, in particu-

lar, also injective.

∀ x ≥ 0, ex =
∑∞

k=0
xk

k!
≥ 1 + x and limx→∞ (1 + x) = ∞; hence, limx→∞ ex = ∞.

limx→ −∞ ex = limx→ −∞
1

e−x = limx→∞
1
ex

= 0 since limx→∞ ex = ∞.

By using the Intermediate Value Theorem, together with the continuity of x 7→ ex, limx→∞ ex =

∞ and limx→ −∞ ex = 0, we obtain that x 7→ ex is surjective from R to (0,∞) (Exercise of Analysis

I).

Remark 6.2

We can now define ln : (0,∞) → R, x 7→ y such that ey = x and ∀ p > 0, (0,∞) →
(0,∞), x 7→ xp = ep lnx.

Moreover, ln(x) =
∞∑
k=1

(−1)k−1

k
(x− 1)k ∀ x ∈ (0, 2)

Indeed, by observing that d
dx

[
(−1)k−1

k
(x − 1)k

]
= (−1)k−1(x − 1)k−1, we obtain that

d
dx

[∑∞
k=1

(−1)k−1

k
(x − 1)k

]
=
∑∞

k=1(−1)k−1(x − 1)k−1 =
∑∞

k=1(1 − x)k−1 = 1
1−(1−x)

and the

radius of convergence of
∑∞

k=1
(−1)k−1

k
(x−1)k is the same as that of

∑∞
k=1(1−x)k−1, namely 1.

Now, let y be such that ey = x, and observe that

d

dy

[ ∞∑
k=1

(−1)k−1

k
(ey − 1)k − y

]
=

Lecture 20 - 03/25/2025

Let α : [a, b] → R be monotone and f : [a, b] → R be bounded on [a, b]. For every partition

P, {x0, . . . , xn} of [a, b], we defined L(P, α, f) =
∑n

i=1mi∆αi and ∪(P, α, f) =
∑n

i=1Mi∆αi,

where mi = infxi−1≤x≤xi
f(x), Mi = supxi−1≤x≤xi

f(x) and ∆αi = α(xi)− α(xi−1).

We then define
∫ b

−a
fdα = supL(P, f, α) and

∫ −b

a
fdα = inf ∪(P, f, α) (we also denote

∫ b

−a
f(x)dα(x)
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and
∫ −b

a
f(x)dα(x)).

∫ b

−a
fdα and

∫ −b

a
fdα are called the lower and upper Riemann-Stieltjes

integrals of f over [a, b] with respect to α.

In the case where
∫ b

−a
fdα =

∫ −b

a
fdα, we denote

∫ b

a
fdα =

∫ b

−a
fdα =

∫ −b

a
fdα (also denoted∫ b

a
f(x)dα(x)) and we say that f is Riemann-Stieltjes integrable over [a, b] with respect to

α and
∫ b

a
fdα is called the R-S integral of f over [a, b] w.r.t. α. The set of all bounded functions

f : [a, b] → R which are R-S integrable over [a, b] w.r.t. α is denoted R
(
[a, b], α

)
or R(α).

If α(x) = x, we say Riemann integrable/integral instead of Riemann-Stieltjes integrable/integral

and we drop the α in the notations R
(
[a, b]

)
, U(P, f), L(P, f),

∫ b

−a
f(x)dx, etc.

In the case where α(x) ̸= x, the value of f in [xi−1, xi] are weighted by ∆αi instead of ∆xi = xi−xi−1:

the more α increased in [xi−1, xi],, the larger the weight.

Theorem 6.1: Geometric Interpretation in the case where α(x) = x and f(x) ≥ 0∫ b

−a
fdx = supremum of the areas of the regions between the axis y = 0 and the graphs of

piecewise constant function smaller than f on [a, b].

∫ −b

a
fdx = infimum of the areas of the regions between the axis y = 0 and the graphs of the

piecewise constant function larger than f on [a, b].
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Remark 6.3

1. α is monotone; hence, it is bounded: ∀ x ∈ [a, b], α(a) ≤ α(x) ≤ α(b).

2.

(
inf

a≤x≤b
f(x)

) =α(b)−α(a)︷ ︸︸ ︷
n∑

i=1

∆αi ≤ L
(
P, f, α

)
≤ U

(
P, f, α

)
≤
(

sup
a≤x≤b

f(x)
) =α(b)−α(a)︷ ︸︸ ︷

n∑
i=1

∆αi

since infa≤x≤b f(x) ≤ mi ≤ Mi ≤ supa≤x≤b f(x) and ∆αi ≥ 0, hence∫ b

−a

fdx,

∫ −b

a

fdx ∈

[
a
(

inf
a≤x≤b

f(x)
)(

α(b)− α(a)
)
,
(

sup
a≤x≤b

f(x)
)(

α(b)− α(a)
)]

and if f ∈ R
(
[a, b], α

)
, then

(
infa≤x≤b f(x)

)(
α(b) − α(a)

)
≤

∫ b

a
fdx ≤(

supa≤x≤b f(x)
)(

α(b)− α(a)
)

Definition 6.2: Refinements

1. Let P and P ∗ be two partitions of [a, b]
∣∣∣f, P ⊆ P ∗, then we say that P ∗ is a

refinement of P .

2. Let P1 and P2 be two partitions of [a, b]. Then, we say that P1

⋃
P2 is the common

refinement of P1 and P2.

Proposition 6.4

If P ∗ is a refinement of P , then L
(
P ∗, f, α

)
≥ L

(
P, f, α

)
and U

(
P ∗, f, α

)
≤ U

(
P, f, α

)
.

Proof. We prove the case where P ∗ consists in exactly one more element than P . The general case

is then obtained by induction.

Let x∗ ∈ (a, b) be such that P ∗ = P ∪{x∗}. Then, ∃ i ∈ {1, . . . , n} such that xi−1 < x∗ < xi. Then,

L
(
P ∗, f, α

)
− L

(
P, f, α

)
= m∗

i∆α∗
i +m∗

i+1∆α∗
i+1 −mi∆αi

where mi = infxi−1≤x≤x∗ f(x), m∗
i = infxi−1≤x≤x∗ f(x), m∗

i+1 = infx∗≤x≤xi
f(x), ∆αi = α(xi) −

α(xi−1), ∆α∗
i = α(x∗)− α(xi−1) and ∆α∗

i+1 = α(xi)− α(x∗).

Observe that m∗
i ≥ mi and m∗

i+1 ≥ mi; since [xi−1, x
∗] ⊆ [xi−1, xi] and [x∗, xi] ⊂ [xi−1, xi].

Moreover, ∆α∗
i ≥ 0 and ∆α∗

i+1 ≥ 0 (because α is monotone. Hence, L
(
P ∗, f, α

)
− L(P, f, α) ≥
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mi

(
∆a∗i +∆α∗

i+1 −∆αi

)
= mi

(
∆αi −∆αi

)
= 0.

Similarly, we obtain that U(P ∗, f, α) ≤ U(P, f, α).

Proposition 6.5 ∫ b

−a

fdα ≤
∫ −b

a

fdα

Proof. ∀ P1, P2 partitions of [a, b], letting P ∗ = P1 ∪ P2,

L(P, f, α) ≤ L(P ∗, f, α) (By previous result)

≤ U(P ∗, f, α) (since inf ≤ sup)

≤ U(P2, f, α) (By previous result)

It follows by taking the supremum on P1 and the infimum on P2 that
∫ b

−a
fdα ≤

∫ −b

a
fdα

Proposition 6.6

f ∈ R
(
[a, b], α

)
if and only if ∀ ε > 0, there exists a partition Pε of [a, b] such that

U(P2, f, α)− L(P2, f, α) ≤ ε.

Lecture 21 - 03/27/2025

Proof. Assume that f ∈ R
(
[a, b], α

)
. Then, ∀ ε > 0, ∃ Pε, P

′
ε partitions of [a, b] such that∫ b

a

fdx︸ ︷︷ ︸
=
∫ b
a fdα since f∈R

(
[a,b],α

)−
ε

2
< L(Pε, f, α) ≤

∫ b

a

fdα =

∫ b

a

fdx ≤ U(P ′
ε, f, α) ≤

∫ b

a

fdx︸ ︷︷ ︸
=
∫ b
a fdα

+
ε

2

Letting P ∗
ε = Pε ∪ P ′

ε, and noting that
⋃
(P ∗

ε , f, α) ≤
⋃
(P ′

ε, f, α) and L(P ∗
ε , f, α) ≥ L(Pε, f, α), we

obtain ⋃
(P ∗

ε , f, α)− L(P ∗
ε , f, α) ≤

⋃
(P ′

ε, f, α)− L(Pε, f, α)

≤
(∫ b

a

fdα+
ε

2

)
−
(∫ b

a

fdα− ε

2

)
≤ ε

2
−
(−ε

2

)
= ε

Conversely, assume that ∀ ε > 0, ∃ Pε partitions of [a, b] such that U(Pε, f, α)− L(Pε, f, α) < ε.

Since L(Pε, fα) ≤
∫ b

−a
fdα ≤

∫ −b

a
fdα ≤ U(Pε, f, α), we obtain 0 ≤

∫ −b

a
−
∫ a

a
fdx ≤ U(Pε, f, α) −

L(Pε, f, α) ≤ ε. Letting ε → 0, we obtain
∫ b

−a
fdα =

∫ −b

a
fdα.

Lecture 22 - 04/01/2025
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Proposition 6.7

Let I be an interval in R and f : I → R be monotone on I. Then the set D of all points at

which f is not continuous is countable.

Remark 6.4

This result together with the result we proved last week show that if α is continuous, then

every monotone function is R− S integrable over [a, b] with respect to α.

Proof. For each x ∈ D, limy→x− f(y) and limy→x+ f(y) exist (since f is monotone) but limy→x− f(y) ≮=

limy→x+ f(y) (since x ∈ D). By density of Q in R, ∃ qx ∈
(
limy→x− f(y), limy→x+ f(y)

)
. Moreover,

∀ x, y ∈ I, x < y ⇒ qx ̸= qy (with < if f is increasing and > if f is decreasing).

it follows that D → Q, x 7→ qx is injective, hence D is countable

Example 6.2

Example of a function which is not R-S integrable where α is continuous:

f(x) =

0 if x ∈ [a, b]\Q

1 if x ∈ [a, b] ∩Q
. In this case, ∀ P partition of [a, b], m1 = 0 and

Mi = 1 where ∆xi > 0, hence L(P, f, α) = 0 and U(P, f, α) = α(b)−α(a) and so
∫ b

−a
fdα = 0

and
∫ −b

a
fdx = α(b)− α(a) ̸= 0 if α(b) > α(a).

Remark 6.5

This function, however, is ”Lebesgue” integral (see MATH 454).

Proposition 6.8

Let a, b, c, d ∈ R be such that a < b and c < d, f : [a, b] → [c, d], ϕ : [c, d] → R and α : [a, b] →
R be such that α is increasing on [a, b]. If ϕ is continuous on [c, d] and f ∈ R

(
[a, b], α

)
, then

ϕ ◦ f ∈ R
(
[a, b], α

)
.

Proof. Let ε > 0. By uniform continuity of ϕ (continuous compact set [c, d]) ∃ δε > 0 such

that ∀ x, y ∈ [c, d], |x− y| < δε ⇒ |ϕ(x)− ϕ(y) < λε , where λ is a constant to be chosen later.

Since f ∈ R
(
[a, b], α

)
, ∃ Pε partition of [a, b] such that

U
(
Pε, f, α

)
− L

(
Pε, f, α

)
=

nε∑
i=1

(Mi −mi)∆αi ≤ δ2ε
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We want to show that

U(Pε, ϕ ◦ f, α)− L(Pε, ϕ ◦ f, α) < ε

=
nε∑
i=1

(
sup

xi−1≤x≤xi

ϕ ◦ f(x)− inf
xi−1≤x≤xi

ϕ ◦ f(x)
)

︸ ︷︷ ︸
=ωi

∆αi

• If ωi ≤ δε, then ωi ≤ λεby (∗)

• If ωi > δε, then ωi ≤ M −m where M = maxc≤x≤d ϕ(x) and m = minc≤x≤d ϕ(x)

Then,

U(Pε, ϕ ◦ f, α)− L(Pε, ϕ ◦ f, α) = λε

nε∑
i=1

αi︸ ︷︷ ︸
ωi≤δε

+(M −m)
nε∑
i=1

∆αi︸ ︷︷ ︸
ωi>δε, i.e. ωi/δε>1

≤ λε
nε∑
i=1

∆αi︸ ︷︷ ︸
=α(b)−α(a)

+(M −m)
nε∑
i=1

ωi

δε
∆αi︸ ︷︷ ︸

≤1/δε
∑nε

i=1 ωi∆αi≤δ2ε/δε=δε

By (∗2)

Now, choose λ− 1

2
(
α(b)−α(a)

) (if α(b) > α(a)) and δε small enough so that δε ≤ ε
2(M−m)

(if M > m).

Then, U(Pε, ϕ ◦ f, α)− L(Pε, ϕ ◦ f, α) ≤ ε
2
+ ε

2
= ε

Proposition 6.9

Let a, b ∈ R be such that a < b and α : [a, b] → R be increasing on [a, b]. Then,

1. ∀ f, g ∈ R
(
[a, b], α

)
, f + g ∈ R

(
[a, b], α

)
and

∫ b

a

(f + g)dα =

∫ b

a

fdα+

∫ b

a

Lecture 24 - 04/08/2025

7 Taylor’s Theorem with Integral Remainder

Theorem 7.1: Taylor’s Integral Remainder

Let x ̸= x0 ∈ R I =

[x0, x] if x > x0

[x, x0] if x < x0

and f : I → R be n + 1 times differentiable in I̊, n

times continuously differentiable on I and t 7→ f (n+1)(t)(x − t)n is Riemann integrable over
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I. Then

f(x) =
n∑

k=0

1

k!
f (k)x0(x− x0)

k +
1

n!

∫ x

x0

f (n+1)(t)(x− t)ndt where

∫ x

x0

= −
∫ x0

x

if x < x0

Proof. In the first version of Taylor’s Theorem, we defined h(t) = g(t)(x−x0)
n+1− g(x0)(x− t)n+1,

where

g(t) = f(x)−
n∑

k=0

1

k!
f (k)(t)(x− t)k

and we obtained that h(x) = h(x0) = 0 and h′(t) = (n + 1)g(x0)(x− t)n − 1
n!
f (n+1)(t)(x− t)n(x−

x0)
n+1. Consider that h is continuous on I (since f is n times continuous differentiable on I)and

that it is differentiable in I̊ (since f is n+1 times differentiable in I). Furthermore, h′ is R-integrable

over I (since t 7→ f (n+1)(t)(x− t)n is R-integrable).

Hence, the Fundamental Theorem of Calculus gives 0 = 0 − 0 = h(x) − h(x0) =
∫ x

x0
h′ =

g(x0)(x− x0)
n+1 − 1

n!

∫ x

x0
f (n+1)(t)(x− t)ndt(x− x0)

n+1, which then gives 0 = (x− x0)
n+1
(
g(x0)−

1
n!

∫ x

x0
f (n+1)(t)(x−t)ndt

)
. Thus, we get g(x0) =

1
n!

∫ x

x0
f (n+1)(t)(x−t)ndt = f(x)−

∑n
k=0

1
k!
f (k)(x0)(x−

x0)
k

Definition 7.1: L

et a ∈ R, b ∈ (a,∞) or b = ∞ and α : [a, b) → R be increasing on [a, b]. We say that

f : [a, b] → R is Riemann-Stieltjes integrable over [a, b) with respect to α if ∀ s ∈ (a, b), f ∈
R
(
[a, s], α

)
and lims→b

( ∫ s

a
fdx

)
∃ and is finite. We denote

∫
[a,b)

fdx = lims→b

( ∫ s

a
fdx

)
and we call

∫
[a,b)

fdc the R − S integral of f over [a, b) with respect to α. When b = ∞, we

denote
∫
[a,∞)

fdx =
∫∞
a

fdx. Similarly, we define
∫
[a,b)

fdx and
∫ b

−∞ fda

Proposition 7.1

Assume that a > −∞, b < ∞ and f ∈ R
(
[a, b], α

)
.

1. If α is continuous at b, then
∫
[a,b)

fdx =
∫ b

a
fdx.

2. If α is continuous at a, then
∫
(a,b]

fdx =
∫ b

a
fdx.

Proof.

(1) ∀ s ∈ (a, b),

∣∣∣∣ ∫ b

a

fdx−
∫ s

a

fdx

∣∣∣∣ = ∣∣∣∣ ∫ b

s

fdx

∣∣∣∣ ≤ ∫ b

s

|f |dx ≤ sup
a≤x≤b

|f |
(
α(b)− α(a)

)
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, by continuity of α and since f ∈ R
(
(a, b], α

)
.

The proof for (2) is similar.

Example 7.1

(1)

∫ ∞

1

dx

xα
α ∈ R

8 Integral Convergence Test

Theorem 8.1: Integral Convergence Test

Let n0 ∈ N and f : [n0,∞) → [0,∞) be decreasing and such that limx→∞ f(x) = 0. Define

sn =
n∑

k=n0

f(k), tn =

∫ n

n0

f and dn = tn − sn

Then,

1. 0 ≤ f(n+ 1) ≤ dn+1 ≤ dn ≤ f(n0) ∀ n ≥ n0

2. dn → d ∈ [0, f(n0)

3.
∑∞

k=n0
f(k) converges if and only if f is R integrable over [n0,∞)

4. 0 ≤ dn − d ≤ f(n) ∀ n ≥ n0

1. Proof.

dn+1 =
n=1∑
k=n0

f(k)−
∫ n

n0

f

= f(n+ 1) +
n∑

k=n0

k+1︷ ︸︸ ︷(
f(k)−

∫ k+1

k

f
)

(≥ f(n+ 1))

=

∫ k+1

k

(
f(k)− f(s)︸ ︷︷ ︸

>0

)
ds (Since f is decreasing)
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and so we have

dn =
n∑

k=n0

f(k)−
∫ n

n0

f

= f(n0) +
n∑

k=n0+1

(
f(k)−

∫ k

k−1

f
)
≤ f(n0)

=

∫ k

k−1

(
f(k)− f(s)

)
ds ≤ 0

dn+1 − dn = f(n+ 1)−
∫ n+1

n

f =

∫ n+1

n

(
f(n+ 1)− f(s)

)
ds ≤ 0

2. Proof. Since (dn)n∈N is monotone and bounded by 0 and f(n0), by (1), we obtain that

limn→∞ (dn) = d for some d ∈ [0, f(n0)].

3. Proof. Since f ≥ 0, we have that x 7→
∫ x

n0
f is increasing. Therefore, limx→∞

∫ x

n0
f ∃

and is finite (i.e. f is R−integrable over [n0,∞)) iff limn→∞ tn ∃ and is infinite. Since, by (2),

limn→∞ (sn − tn) = d ∈ R, we obtain that (sn)n∈N (i.e.
∑n

k=n0
f(k)) converges iff (tn)n

converges.

Hence,
∑∞

k=n0
f(k) converges iff f is R-integrable over [n0,∞).

4. Proof.

∀ n′ > n ≥ n0, dn − dn′ =
n′−1∑
k=n

(dk − dk+1)

=
n′−1∑
l=n

∫ k+1

k

( ∈[0, f(k)−f(k+1)]︷ ︸︸ ︷
f(s)− f(k + 1)

)
ds

Hence, 0 ≤ dn − d′n ≤
n′−1∑
k=n

(
f(k)− f(k + 1)

)
(Since f is decreasing)

Since limn→∞ dn = d and limn→∞ f(n)︸︷︷︸
=0

= f(n)−f(n′), it follow s that 0 ≤ dn−d ≤ f(n).

—– THE MATERIAL COVERED BY THE FINAL EXAM STOPS HERE
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A Change of Variable Formula

Theorem A.1: Variable Change

Let a, b, A,B ∈ R be such that a < b and A < B, α : [a, b] → R be increasing, f : [a, b] → R

be bounded and φ : [A,B] → [a, b] be strictly increasing and surjective. Then, f ∈ R
(
[a, b], α

)
iff f ◦ φ ∈ R

(
[A,B], φ ◦ α

)
. Moreover, if f ∈ R

(
[a, b], α

)
, then∫ b

a

fdx =

∫ B

A

f ◦ φd(α ◦ φ)
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