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1 Topology of Metric Spaces
Lecture 1 - 01/07/2025

Objective: Extend the analysis of R to other spaces

1 Distance functions and metric spaces

Definition 1.1: Distance functions

Given a set X for which we have d : X x X, we say that a function d : (z,y) — d(x,y) X X

X — [0,00) is a distance function on a metric if:

is>0 ifx#y
o V(r,y) € X x X d(x,y) Jle. d(x,y) =0 < z=y

=0 ifr=y

o V(r,y) € X x X d(z,y) = d(y,x) symmetry

o Vx,y z€ X d(z,z) <d(z,y) +d(y,z) Triangle inequality

Any set X equipped with a metric d is called a metric space.

Example 1.1

(i) For every n € N and p € [1, o0], with say R™ x R" — [0, c0), we have

1/p
<Z?:1|371—%|p> if1<p<oo

mazx{l <i<n}|z;—y| ifp=o0

dy,: (xz,y) —

We also denote d,(z,y) = ||z —y||, or simplify ||z —y|| if p = 2. The distance d} is also called
Euclidean distance. d, is a distance is R" V p € [1,00]. The only non-trivial point to prove

is the triangle inequality; we will prove this later.



Say p € (0,1), then d, is not a distance. Indeed, dp((l,O,...,O), (O,l,O,...,O)) = (1+
DY =2Yr > 2=4d((1,0,...,0),(0,1,...,0)) +d((0...0),(0,1,0,...,0))

Example 1.2

(i) C x C — [0,00) (21,22) = |z — 2| = \/(yl —21)? 4 (1p —22)? =
d ((a:l, y1), (22, y2)> if we identify C with R2.

1.1 The discrete metric

0 ifx=y
(iii) Let X be a set. Define d : X x X — [0, 00) d: (z,y) — d is a distance in X

1 ife#y

called the discrete metric. Proof:

o Vr,ye X d(z,y) € {0,1} = d(z,y) >0
o Vr,ye X d(z,y) = 0 <= = = y by definition

o Vr,ye X d(z,y) = d(y, z)
(
0=040 ifx=y==z
1=0+1 ife=y+#=z
o Vr,ye X dr,2) =0<140 fr=z#y

1=1+0 ify=z+#=x

1<1+1 fx#yy#z2#x
\

2 Normal Vector Spaces

Definition 2.1: Norm functions

Given a vector space X over R or C, we say that a function || . || : X — [0, c0) x ||zl

with ||z|| being a norm on X is :




is >0
o Vz e X, |
=0

eVxeX MNeR Vv C,

ifx#0
ifz=0

Azl = |A] []]]

o Vr,ye X

||z + y|| <|lz|| + ||y|| Triangle Inequality

Any vector space X over R V C equipped with a norm || . || is called a normal vector space

Proposition 2.1

If || . || is a norm on a vector space X, then d : X x X — [0,00) d:(z,y) — d(z,y) =

||z — y|| is a metric on X

Proof:

e d(z,y) = ||z —y|| > 0 by definition.

¢ d(z,y) =0 <= |jlz—y||=0 <= 2—y=0 <= z=y by (i)

o d(z,y) = llz =yl = [[(=D(y — o)l = | = U [ly — «|[ = [ly — z[| = d(y, z) by (ii)
o Vu,y,z€ X d(x,2) = |lz—z|[ = [[(z—y) +(y—2)| < llz—yll+ly—=zl| = d(z,y)+d(y, 2)
O
Example 2.1
e inR” |||,

e Let [a,b] be a compact interval in R and C'([a, b]) be the set of all continuous functions

on [a,b]. C([a,b]) is a vector space. Define || . ||«

[1£1loo

= Mazzeay | f(T)]

|| . || is a norm on C([a, b]) called the uniform norm .

C([a, b]) — [0, 00)

f—



Proof;

e ||f||oo = 0 since |f(z)] >0 Vx € la,b

o |[flloo =0 = mazzeny |f(x)| =0=>Vaelab], [f) <0=>Vazeclab], f(r)=0,ie.
f =0. Conversely, f =0=||f||lsc = [|0]|cc =maxze[ap 0] = 0.

e VfeC(ab) AeR  [[Afllo =mazghe = [N maz| f(@)] = N || £l = A | £(2)]

Lecture 2 - 01/09/2025

3 Holder’s Inequality

For all p € [1,00], z,y € R", we have

n
> Lzl < lellpllylly
i=1

, where p’ € [1,00] is such that %—kz% = 1, with the convention that é = 0. ie. p =

]ﬁ ifl<p<oo
1 if p=o00

o ifp=1

Proof:

Case p = o0

Vie{l,...,m}, |zl = || lyil < (mazicj<m |2;])|y — i = |||l Hence,
n n
Dol <Y Moo vl = llzlloo [yl
i=1 i=1

Pretty much the same for case of p = 1, simply reversed.




Case 1 <p<

First assume that x # 0 and y # 0 (otherwise, proof is trivial).

_x
= Tl

= 1, so that it follows that

Now let 2’ y = W and observe that ||z'||, = ||ﬁ|| =

xT
2 = 1and |||l = ||y =

llyll,
IIyllp

n

>l = e
Z

= ||

o 191l

50 that 37 [ziyi| < |||l [lylly iff 22 |ziyi] <1

3.1 Young’s Inequality

Use Young’s Inequality ,V a,b >0, ab< %ap—l—z%bp', which follows from the convexity of exponential .

Proof of Young’s Inequality
. v /. p/ . ¥ /. p/ —
ab = elna . elnb — 61/plna . el/p Inb? _ el/plna +1/p’-nb?  _ etAJr(l t)B

,where t = 1—1), 1—t=1- % = z%’ A=Ina?, B=Inb? With e!+(1-05 < teA 4 (1 —t)eP which

N

;-J(H)&B.-----------------:_._-__

1A (116
(1 L ]

follows from the fact that (2L)%(e®) = e” > 0

Let’s assume this fact for the moment: we will study the exponential and its properties in

the last part of the course.

It follows that ab < te? + (1 — t)ef = telmo" + (1 — t)el"bp/ = taP + (1 — t)b? O

Note that when p = 2, Young’s Inequality follows from: ab = %aQ + %bz — %(a —-b)?2 < % + %b2



Now that a = |z}| and b = |y}| and apply Young’s Inequality:

1< 1< ,
lwi| = || i) < = !wl” Iyz\p=>Z!$ \nglxé\pﬂL;ZIyﬂp
=1 =1

from which we get |[2'[[} =1 and ||y’ ||p 1, bringing us to % —I—Z% =1.

And so, it follows that

n

> lzail < llallp [yl

i=1

4 Minkowski’s Inequality (triangle inequality)

For all p € [1,00], =,y € R", we have ||z + y||, < ||z|l, + [|[yll,
Proof:

Case p = o0

Vi € {1, c. ,m}, |33Z + yz| S |l‘z| + |yz| S (mal‘lgjgm |$J|> + (ma$1§j§m |y]|), hence, ||£L’ + y||oo =

mazi<j<m |[Ti + yi| < 7|0 + [[Y]]oo
Case p=1

i+ il < ol lyal = Yl il <Y Jaal + Y lul =zl lylh
=1 i=1 i=1

Case 1l <p< o0

e+ ylls = los +wil” =Y | + vl + wil
i=1 i=1

Remark 4.1

Since we transformed the expression into the sum of a product with |x; + y;|, we were able to

use the triangle inequality proven above!




Z |z + yilP i 4 il < Z i 4 wilP ] + Z i+ uil" il
i=1 i=1 i=1

By Holder’s Inequality, it follows that

1/p' 1/p

1/p 1/p
||x+y||zs(Z|xi+yi|<p—1>l’) (ZW) +(Z|xi+yz-|<p-”p) (Zw)

Consider now that (p — 1)p’ = p, our inequality above now becomes ||z + y||£/p' ||, + ||z +

Yl 1yl = [l + y| B (||, + ||y][»), which gives

[l +ylls™" < lallp + [lylly, withp—(p—1) =1

Proposition 4.1

For every p € [1,00], |[|.||, is a norm in R"

Proof. e ||z||, > 0 by definition v
o |lz]l,=0 <= Vie{l,....m}, |z;|=0,since |z;] >0, <= Vie{l,...,m}, ;=0

s YACR, R [aally = { (X ap) = 1\ (Sl = A ell, i1 <p < o0
Lecture 3 - 01/14/2025

5 Inner product spaces

Inner product spaces are an important claim of normed vector spaces.

Definition 5.1: Inner product spaces

Given a vector space X over R, we say that a function (.,.): X x X - R, (z,y) — (x,y),
such that it satisfies:

1. Ve e X, (z,x) >0

2. Ve e X, (z,2)=0 <= =0




3. Vz,y e X (x,y) = (y,x) symmetry

4. Vx,y,z € X and for \pu € R, (x,\y + pz) = XNz,y) + wp(z,2)
Linearity with respect to y

, is an inner product in X.

Any vector space X over R equipped with an inner product (.,.) is called an

inner product space

Remark 5.1

1. From the items 3 and 4 above, it follows that (Ax + uz, y) = A(z,y) + u(z, y) represents

linearity with respect to x, but because of symmetry, it is enough to prove linearity

with respect to only one variable.

2. The definition can be extended to the case of vector spaces over C by replacing item

3 (symmetry) by 3’ : Va,y € X, (y,x) = (z,y). In this case, 3’ and 4 give (\x +
1z, y) = Mz, y) +7i{z,y) (anti-linearity with respect to x), and such Vz,y, 2, A, u € C.

Example 5.1
Let A = (aij)1<ij<n be a n X n matrix with real coefficients. Define (.,.)4 : R" x R" —

R, (z,9) = (z,9)a = D01 @iTiy;.

Assume that A is symmetric (a;; = aj; Vi,j € {1,...,n}) and A is definite positive,
ie. Vx e R", (z,2)4 >0and (z,2) =0 < z=0.

Then (.,.)4 is an inner product on R", since 1,2,3 follow from the assumptions on A
and linearity is easy:

Vz,y,z € R, Vapu € R, (z, Ay +pda = 20wy + pzy) = A0 zayi +
1Y i Ti%p = M, y)a + p(w, 2)a and so (z,y)a = 3 Axai, (2,304 = 3oL Aa? > 0,
or (x,2)4 =0 <= 2, =0 Vi

10



a c
Now let us be in a 2-dimensional space, such that n = 2 and A = such

c b
that:

(x,y)a = (1, 22) (Y1, y2) = ax1y1 + bxoys + cx1ys + cT2y;

(x,7)a = ax? + bx3 + 2179, With (z,2)4,>0, =0 <= (21,73) = (0,0)

, and so we have a > 0, ab— ¢® > 0, with the discriminant= (cz,)? — a(bz3) = z3(c* — ab),

with discriminant< 0.

Results from Algebra: Symmetric matrices have real Eigen values. A symmetric matrix is

definite positive if and only if its Eigen values are strictly positive (> 0).

6 Cauchy-Schwartz Inequality
Let (X, (.,.)) be an inner product space. Then,

Ve,y e X, [z,9)| <Az, 9)(y, ).

Proof:
Define f(t) = (x + yt, = + yt) = (z,z) + 2(z, y)t + (y, y)t* by linearity and symmetry.

Observe that f(t) > 0 Vt € R, hence the discriminant must be negative, such that discriminant=
(z,y)? — (z,2){y,y) <0;ie [{(z,y)| <+/(z,z){y,y), which is the Cauchy-Schwartz inequality. [J

Proposition 6.1

Let (X, (.,.)) be an inner product space and ||.||: X — [0,00), =+ +/(x,z). Then, ||.|| is

a norm on X.

Proof-

L ||z|| = /{x,z) > 0, with ||z]| =0 <= x =0, v

11



2. Ve € X, YAER, |[|Az|| =z, \z) = /A2, 2) = \/N2(z,2) = A/ {z,z) = \|||z|]| v
(we have linearity with respect to both z’s, meaning we take out a A for each of them, thus we get A\? in the

square root)

3. Vry € X, e+l = ety oty = Vo) +2.y) + .y < V=l +]y]])?

=
[lzl[* < [l [yl = [l=[] + [lyll, by Cauchy-Schwartz v
Ul

6.1 Order of spaces

Metric spaces D Normed Vector spaces O Linear Product spaces

6.2 Open balls

Definition 6.1: Open balls

Let (X,d) be a metric space, x € X and r > 0. We call open ball of centre z and radius r
the set

B(z,r)={ye X : d(z,y) <r}, also denoted By(x,r) or Bx,a)(x,7)

Example 6.1
X =R", d(z,y) = ||z — y||p, we have

n 1/p .

i1 1T —wlP) T <r ifp<oo
de(CC7T):{yERn: (Z 1| |)

MazTi<i<n|Ti — Y| <7 if p=o0

In the case n = 1, Vp, Bg,(z,7) = (x — r,z + 7). In this case, every interval (a,b), with

—00 < a < b< oo is an open ball of centre %2 and radius 2.

2 2
Lecture 4 - 01/16,/2025

Definition 6.2: Openness and Closedness

Let (X, d) be a metric space and A C X.

1. We say that A is open in (X,d) if Vo € A, Jr > 0 such that B(z,r) C A

12



2. We say that A is closed in (X,d) if A’s complement, X\A, is open in (X, d)

Proposition 6.2

Let (X, d) be a metric space, xg € X, 19 > 0:

1. B(zg, 1) is open in (X, d)

2. {y € X : d(zo,y) < 1o} is textbfclosed in (X, d)

Figure 1: Representation for Proposition 4.2

Proof:
(1) Let z € B(zg,10) and r = 19 — d(z,x0). Yy € B, d(zo,y) < d(zo,z) + d(z,y) < 19, i€

13



y € B(xo,10), which proves that B(z,r) C B(zg, 7o)

(2) Define A = {y € X : d(zo,y) < 1o}. Let x € X\A and r = d(z,z0) — 10 Yy € B(x,71),

then we have:

d(zg,x) < d(xo,y) + d(y,x), and d(y,z) < r = d(x,x0) —ro = ro < d(x0,Yy)

Figure 2: Representation for (2)

This shows that B(z,r) C X\A. Since this is true Yz € X\ A, we obtain that X\ A is open in
(X,d), i.e. Ais closed in (X, d). O

6.3 Properties of sets
Let (X, d) be a metric space:

1. X and () are both open and closed

2. If (A;)ier is a collection of open sets in (X, d), then | J;er, 4; is an open set in (X, d).

3. If (A;)1<i<n is a finite collection of open sets in (X, d), then | Ji,; A; is open in (X, d).

4. Tf (A;)ier is a collection of closed sets in (X, d), then [);=; is closed in (X, d).

5. If (Ai)1<i<n is a finite collection of closed sets in (X, d), then [ J, A; is closed in (X, d)

14



6. If A; is an open set in (X, d) and A, is a closed set in (X, d), then A;\ A, is open in (X, d)

7. If A; is a closed set in (X, d) and A, is an open set in (X, d), then A;\ A, is closed in (X, d)

Proof. 1. o Ve X, B(z,1) C X, which is true for every radius; hence, X is open.

e () is open: trivial since Ax € ()

e X is closed since X\ X = () is open.

e () is closed since X /() = X is open. v

2. Let (A;)ier be a collection of open sets in (X,d). Let x € Uyer A;, i.e. Ji, € I such that
x € A;,. Since A;, is open, 3 7, > 0 such that B(z,r,) C A;,. Since A;, C U;er A;, it follows

that B(x,r;) C User A;. v

3. Let (A;)1<i<n be a finite collection of open sets in (X,d). Let x € NI, A;,ie. Vie I, z € A,
Since A; is open, Jr; > 0 such that B(x,r;) € A;. Let r = min(ry,...,r,). Then
B(z,r) €N, B(z,r;) €Ny A v

4. Let (A;)ier be a collection of closed sets in (X, d). Write Njer A; = X\ Ujer (X\A4;) (by De-
Morgan’s Law!). The sets X'\ A; are open since A; are closed. Using property (2) from above,
we get that U(X'\ A;) is open; hence, NA; is closed. v

5. Let (A;)1<i<n be a finite collection of closed sets in (X,d) and U, A; — X\ N, (X\A4,).
The sets X'\ A; are open, since A; are closed. Then, by property (3), given that N, (X\A4;)

is open, we know that U} ; A; is closed. v

6. Let A; be an open set in (X,d), and Ay, a closed set. Then, A;\As = A; N (X\Az) is open
by property (3), since A; and X\ Ay are both open. v

15



7. Similarly to above. Write again A;\A; = A; N (X\Ay) and observe that A; and X\ A, are,
in this case, both closed. v
]

Counter-example 1:

vk =10

=

~ 1
In Rn, ﬂ de (0, E) = {IE e R": dp(.T,O) <

k=1
Indeed, Vo € R", [Vk €N, |||, < ] = [|z[|, < lim 1.
Conversely, z =0=Vk eN, |lz]|, < % Moreover, {0} is not open since Vr > 0, By (0,7) € {0}.
Indeed, (g,O. ..,0) € B(0,7)\{0}, since 0 < |[(5,0,...,0)|[, =5 <r

Counter-example 2:

R, | (R™\By, (0, %)) —R"\ () By, 0, %) — ™\ {0}

R™\{0} is not closed, since {0} is not open, but the sets R™\By, (0) are all closed, since By, (01)

are open.

Lecture 5 - 01/21/2025
0 ifx=y

1 ifzz#y
In this case, all sets A C X are open, since Vo € A, B(z,1) = {z} C A. It follows that all sets

Case of the discrete metric d(z,y) =

are also closed in this case.

Remark 6.1

When several metrics with different open sets are involved, it is important to specify the
metric. For example, {0} is not an open set in (R",||.||,), but it is an open set in (R",d),

where d is the discrete metric.

16



7 Closure, interior, and boundaries of metrics

Definition 7.1: Closure, Interior and Boudaries

Let (X, d) be a metric space and A C X.

1. We call closure of A in (X,d) the set A of all #+ € X such that
Vr>0, B(z,r)NA#0.

2. We call interior of A in (X, d) the set A of all z € X such that 37 > 0 such that
B(z,r) C A

3. We call boundary of A in (X,d) the set A = A\ A

Example 7.1

1. Case of a normed vector space (X, ||.||)

In this case, B(xg,r9) = {x € X : ||z — x¢|| < 10}. Indeed, Vz € X:

1. if ||z — zo|| > 70, then B(z, d(x,x9) — 19) N B(xo,79) = @ (we proved this earlier).

Hence, z € A.

2.1f ||z — m|| = o, then V r > 0, B(x,r) N B(zg,ro) # O.Indeed, let
ze = (1 —¢e)x — x0) + ®9 € B(xg,r9) N B(x,r), this is true because
l|z. — xol| = H (1 — &)(z — zo) + 0] — xOH = H(l — ¢)(z — wp)||, and con-
sidering ¢ > 0 = (1 —¢) € (0,1), we know (1 — ¢)||lz — xo|| < ||z — =0,
with ||z — x¢|| = 70, such that we get ||z — x| < 7r9. Also, we have
||x5—a:||:H [(1—5)(x_xo)+xo}—x||:H(1—5—1)(x—xo)H:e||x—x0||:gr0<r.

Since we now have ||z, —xg| < 7 and ||z. —z|| < r, we have the implication that x € A.

3. if || — xo]| < 70, then V7 > 0, z € B(z,r)N B(xg,1r0). Hence, B(x,r) N B(xg,79) # 0,
thus implying that = € B(xg, o)

It follows that B(xg,r9) = {x € X : ||z —xo|| < 70}. It is not true in general that B(zg,r0) =

{z € X : d(x,z9) < ro}. Consider the counter-example of the discrete metric and o = 1.

17



Then, Vx € X and Vr € (0,1), B(xg,7m0) N B(z,r) = {xo} N {2z} # 0 iff x = 0. Hence,
B(zg,m0) ={x0} #{r € X 1 d(z,29) <1} =1z

Example 7.2

2. Case of the normed vector space (X, ||.||).

.

In this case, interz’orr{:v € X ||z —xml| < TOF = B(xo,70) and let A ={zx € X : ||z — z|| <
7’0} = B(.'Eo,'f’o).
Indeed, Vx € X :

1. (Let A= Blaorra)) if ||z — @o|| > 70, then Vr > 0, B(z,r) € A, since z € A; hence, z € A.

2. if ||z — xo|| = ro, then Vr > 0, B(z,r) € A. Consider z. = (1 + ¢)(x — xo) + xo and

proceed similarly to what we did in Case 1:

H[(1+€)(:p—xo)+x0]—x0H =(14¢)-rg = ||xe — zo|| > r, (since e >0)
o2 = all = || [(1+ £)(w = 20) + 2] — 2| = 270 = |Joc =2l <7

(when ¢ is small enough)

Hence, z. € B(z,r)\A,i.e.B(z,r)  A.

3. if ||z — @] < 7o, then B(z, ro — d(x, z9)) € B(xo,r) (we proved this earlier)

So, we have proven that A = B (x0,70). Again, this is not true for all metrics. For example,
if d is the discrete metric and ro = 1, then {z € X : d(z,z) < 7o} = X, and X = X, since
Ve e X, B(z,1) C X (which is true ¥r). On the other hand, B(zg,7) = {0}

3. Case of the normed vector space (X, ||.||)

We will later prove this for all open sets, but we have interior B (B(a::), ro) = B(xg,ro), from

which it follows that 0B(zg,70) = B(xo,70) \ B(a::),ro) ={z € X : ||z — x| = ro} (with

18



0B (xo,r0) being like the circumference).

Again, this is not true in general. If d is the discrete metric and » = 1, then
0B(x0,70) = Blwo, 7o) \ B(zo, 7o) = {zo}\{zo} = 0.

Proposition 7.1

Let (X, d) be a metric space and A C X:

1. X\A = X\A and {X\4} = X\4

2. 0A = ANX\A = 9(X\A) (the boundary of a set is also the boundary of its complement.

Proof:

r€X\A < Vr>0, B(z,r)N(X\A) = B(z,r)\A # 0
<= not 37 > 0 such that B(z,r)\A =0
<= mnot 37 > 0 such that B(z,r) C A
— motzed < reX\A

By applying the result to X'\ A instead of A, we obtain X\(X\A) = A = X\(X \OA), which
gives X\A = (X \A)

2. 0A =A\A =AN(X\A) = AN X\A by property (1), which also implies 94 = (X \A) since
we can exchange A and X\ A.

7.1 Properties of interior sets

Proposition 7.2

Let (X, d) be a metric space and A C X. Then A is the largest open set in (X, d) that is

contained in A in the sense that:

1. AcA
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2. A is open in (X, d)

3. BC A for every open set B in (X, d), such that B C A

4. A= A if and only if A is open in (X, d)

Remark 7.2

It also follows from (1), (2), and (3) that A is the unique subset of X that satisfies those

properties.

Proof. Indeed, if A is another set satisfying (1), (2), (3), then it follows from (1) and (2) for A and
(3) for A that A C A. Similarly, from (1) and (2) for A and (3) for A, we get that A C A. Thus,
forcibly, we have A=A m

Proof of the properties from the proposition!

1. Let 2 € A, i.e. 37 > 0 such that B(z,r) C A. In particular, since = € B(x,r), it follows that
x € A. This proves that ACA.

2. Let z € A, ie. 37 >0, B(z,r) C A. We want to show that B(z,r) C A. Let y € B(x,r).
Since B(z,r) is open, we obtain that 3 s > 0 such that B(y,s) C B(xz,r) C A. This proves
that y € A, hence B(z,r) C A. Therefore, A is open.

3. Let B C A be such that B is open in (X, d). Let x € B. Since B is open, 3r >0, B(z,r) C
B.
Since B C A, it follows that B(z,r) C A, hence z € A. This proves that B C A, and so A is
the largest open subset of A.

4. A= /i, and so A is open because Ais open by property (2).
Conversely, if A is open, then A is an open subset of itself, then since A C A, we can apply

(3) with B = A, which gives A C A. By (1), we also have A C A: hence A = A. O
Lecture 6 - 01/23/2025
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7.2 Properties of closure sets

Proposition 7.3

Let (X, d) be a metric space and A C X. Then, A is the smallest closed set in (X,d) that

contains A, in the sense that:
1. ACA
2. A'is closed in (X, d)

3. A C B for every closed set B in (X, d) such that A C B

4. A= A if and only if A is closed in (X, d)

Remark 7.3

Again, (1), (2), and (3) imply that A is the unique set satisfying those properties.

Proof:
We apply the previous result to X'\ A:

1. (X\A) = X\A C X\A, which gives 4 C 4

2. (X\OA) = X\A is open, hence A is closed.

3. Let B be a closed set in (X, d) such that A C B. Then, X\B is open and X\B C X\A,
which implies that X\B C (X \A) = X\A. Therefore, A C B.

4. A=A X\A:X\Z:(XO\A) <= X\Aisopen <= A is closed

Let (X, d) br a metric space and A C X. Then 0A is closed in (X, d).

Proof. A = A\ A is closed since A is closed and A is open.= O
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8 Convergence of sequences in metric spaces

Definition 8.1: Convergence

Let (X, d) be a metric space, let € X and (xy)ren be a sequence of elements in X. We say
that (zx) converges to « in (X, d) (or x is the limit of (v1) in (X,d) and we denote by limy_, o T} = x

orzy = x as k — 00)

if Ve>0, Fk.€ Nsuchthat Vk > k., d(z,z) <e (i.e. T € B(az,e))

8.1 Properties of limits in metric spaces

Proposition 8.1

Let (X, d) be a metric space, z € X and (xj)ren be a sequence of elements in X.

1. limg oo o = z in (X,d) < limy_ d(z,z) = 0 as a sequence in (R,|.|) (i.e. R

equipped with the distance induced by the absolute value)

2. If im0 2 Jin (X, d) then it is unique

3. limy00 7 = ¥ <= for every subsequence (z,)jen of (Tx)ren, We have limy_,oo zp;, =
X (recall that a subsequence of (xy) is a sequence (xy,) such that (k;)jen is a sequence in N such that

kj+1>kj V]EN)

Lecture 7: 01/28/2025
Proof:

1. Recall from Analysis 1 that limy_,o d(zg,2) =0 <= Ve >0 Fk. € N Vk > k. |d(xg, x)—

0] <e

2. Assume that limy_, 2, = 2 and limg_,. xp = 2. With the triangle inequality, we have
d(z,2") < d(x,zg)+d(xg,2"). Since limd(z, x;) = limd(z’, xx) = 0, by property (1), it follows
that 0 < d(z,2’) < lim (d(x,xk) + d(xk,x’)) = 0. By the Squeeze theorem, this gives that

d(z,2') =0, ie. x =2
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3. limp o xp =2 <= (by 1) limp o d(zk,7) =0 <= (result from Analysis 1) limy_,o d(7;, 7) =

0 for every subsequence (xy;) <= limy_,o i, = @ for every subsequence ().

Example 8.1

limg ooz = x in (R™,[].]],) <= limpooo(xr)i = z; Vi € {1,...,n}, where (z;); and z;

are the i coordinate of z;, and x respectively.

Indeed, observe 0 < |(zy — x);| < ||z, — z||p, hence if ||z — x,|| = O, then |(zy —z);| = 0 V
;ie{l,...,n} as k — oco. Conversely, if |(zy — z);| = 0 Vi, then maxi<;<, |(xx — z);| = 0,

with p = 0o and (3, |(zx — 2)4|P)/? — 0; hence, ||z}, — z||, — 0 as k — oo.

Example 8.2

0 ifx=y

1 ifx#y
limg ooz =2 in (X,d) <= Jk; € Nsuch that Vk >k, xp ==z

Case of the discrete metric d(z,y) =

Indeed, if limy oo xx = x, then 3 k; € N such that V k& > ki, d(xg,x) < 1 (, ie.

d(zg,z) =0, ie zp=x).

Conversely, if 3k € N Vk > ki, zp=x,thenVe>0 Vk >k, d(zgx)=0<e.

Example 8.3

Case of <O<[a7 b}), \.OC), where a,b € R, a < b and ||f]|e = maxacscs, |£(2)]-
Then,
k—o0

lim f, = f in <C<[a,b]),||.||oo> = Ve>0, FheN, YE>k, |[fe—fllw<e

< Ve>0, k. €N, Vk>k, max|fi(z)— f(z)| <e
e Ve>0, Ik €N, Vk>k,
Va € la,b], [fu(z)—fl)l<e

We say that (fx)ren converges uniformly to f on [a,b] or that f is the uniform limit of
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(fx)ren on [a, b].

From this last statement, let us give a little example. Saya =0, b€ (0,1] and f(z) =2* Vz €
la, ], with k € N. From these definition, we have 0 < z* < b* V x € [a, b]; hence, || fi]l < b*.

If b < 1, then v* — 0, which would mean that ||fi|lcc — 0 as k — oo, i.e. (fi)ren converges

uniformly to 0 in [a, b].

If b = 1, then ||fi|lo = [fe(1)] = 1; hence, ||f|lo # 0 as k — oo, i.e. (fi)ren does not con-

verge uniformly to 0 in [a, b].

Proposition 8.2

Let (X, d) be a metric space and A C X. Then, x € A if and only if there exists a sequence

(2 )ken of elements of A such that limy . zx = x in (X, d)

Proof:
(=): Assume that z € A. Then, V k € N, AN B(xz, 1) # 0, ie. 32, € AN B(z, 1), which
gives x € A and d(xg,x) < % Since limk_m% = 0, it follows that limg o d(xg,z) = 0, ie.

limy_oo 1 = .
(«<): Assume that 3 (zx)reny in A such that limg ooz = . Then Vr > 0, 3 k. € N Vk >

ke, d(zg,z) <r,ie. xp € B(z,r). Since zx € A and zy € B(x,r), we obtain x, € AN B(x,r),
which implies that AN B(x,r) # (). This proves that = € A. O
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9 Sequential Criterion for Closedness
Theorem 9.1: Sequential Criterion for Closedness
Let (X, d) be a metric space and A C X. Then, the following statements are equivalent:

1. Ais closed in (X, d)

2. For every sequence (xy)gen of elements in A and every x € X, if limy ,oo 2x = 7 in
(X,d), then z € A. (in other words, for every subsequence in A, assume it converges
to some point. If you can prove that the limit is in A for all subsequences, then A is

closed!)

Proof:
(i) = (ii): Assume that A is closed. Then A = A. Let (73)ren be a sequence in A and z € X be
such that limy_,. 2 = x. By the previous result, we then obtain « € A. Since A = A, it follows

that z € A.

(i) = (i) : Assume that (i) is true. We want to show that A = A. Since A C A, if suf-
fices to show that A C A. Thus, let + € A. By the previous result, 3 (x;)rey in A such that
limy,_,o0 7 = 2 in (X, d). BY (i), it follows that x € A. This proves that A C A, and so, A = A,
i.e. Ais closed in (X, d). O
Lecture 8 - 01/30/2025

10 Cauchy Sequences

Definition 10.1: Cauchy sequences

Let (X, d) be a metric sequence and (z)ren be a sequence of elements in X. We say that (zy)g

is a Cauchy sequence in (X,d)if Ve >0, Jk. € Nsuch that V k, k' > k., d(xg, zp) < e.

Proposition 10.1

Every converging sequence in a metric space (X, d) is Cauchy in (X, d)

Proof:
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Let (x)ren be a sequence in X such that limy ., 2y = x for some x € X. Then Ve >0, Jk. €
N, Vk 2>k, dayz) <e Then, V kK > ke, d(zg, o) < d(og, ) +d(z,2) < 5+ 5 = ¢
hence, (z); is Cauchy. O

11 Complete Sets

Definition 11.1: Completeness

We say that a metric space (X, d) is complete if every Cauchy sequence in (X, d) converges
to some limit in (X, d). A complete normed vector space is called a Banach space.

A complete inner product space is called a Hilbert space.

Example 11.1

1. (R,].]) is complete (Banach) but (Q, |.|) is not complete. (Recall from Analysis 1 that
Q is not compact in R, so there is bound to be a sequence in Q that converges to an

irrational number).

2. For every n € N and p € [1,00], (R™,]].]|,) is Banach. Indeed, let (zx)ren be a Cauchy

sequence in (R™, ||.||,)

0 ifx=y

1 ifx#y

3. Case of the discrete metric d(z,y) =

Proof of (2):
Observe that V k, k" € N, i € {1,...n}, [(xx —2w)|i < ||or — xw||p, where |(z), — z4r)|; is the

i'" coordinate of (xj — x3/). Hence, we obtain that ((xk)i)keN are also Cauchy in (R, |.|. Thus,
by completeness of R, it follows that limg_,.o(zx); = a; for some a; € R, which implies that
limy oo 2 = a = (a1, ...a,) in (R, [|.|],)- O

Proof of (3):
Let (zx)ren be a Cauchy sequence in (X,d). Then, 3 k; € N Vk, k' > ki, d(zg,xp) < 1, ie.
d(xg,xr) = 0, ie. xp = xp. Hence, xp = x, Yk > ky. It follows that limg oz = z,, which

proves that (X, d) is complete in the case of the discrete metric. O
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Proposition 11.1

Let (X, d) be a complete metric space, and Y C X. Then, (Y,d), as a metric subspace of
(X, d), is complete if and only if Y is closed in (X, d).

Proof:
(=): Assume that (Y,d) is complete. We will use the Sequential Criterion for Closedness. Let
(xk)ken be a sequence in Y and let € X be such that limy_,o 25 = x. Then, (x}); is Cauchy in
(X,d). Since x € Y, it follows that (xy) is Cauchy in (Y, d). By completeness of (Y,d), it follows
that limg_,o, x; = Z for some & € Y. Forcibly, by uniqueness of the limit in (X, d), it follows that
xr =2. Since T € Y, we have x € Y. This proves that Y is closed by the Sequential Criterion for

Closedness.

(<) : Assume now that Y is closed in (X,d). Let (zx)reny be a Cauchy sequence in (Y,d). Since
Y C X, it follows that (zj)x is also Cauchy in (X, d). By completeness of (X, d), it follows that
limg_ oo 7 = x for some x € X. Since Y is closed, by the Sequential Criterion for Closedness, it

follows = € Y'; hence, Y is complete. O

12 Compact Sets and Metric Spaces

Definition 12.1: Compactness

Let (X,d) be a metric space and A C X. We say that A is compact or sequentially
compact in (X, d) if for every sequence (zy)ren of elements in A, there exists z € A and a

subsequence (7;);jen such that limy o 2, = 2 in (X, d).

If this is true for A = X, then we say that (X,d) is a compact or sequentially com-

pact metric space.

Example 12.1

[a, b] are compact in (R, |.|) Va,b € R such that a < b (Analysis 1).
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Proposition 12.1

Let (X, d) be a metric space and A C X:

1. If A is compact in (X, d), then A is closed in (X, d).

2. If A is compact in (X, d), then A is bounded in (X, d) in the sense that 3 C' > 0 such
that Vz,y € A, d(z,y) < C.

3. If (X, d) is compact, then (X, d) is complete.

Remark 12.1

For every fixed zy € X, it is easy to say that a set A C X is bound if and only if there
3 C > 0, where C'is a constant, such that Vx € A, d(x,z9) < C. (This definition is easier
that using Vz,y € X, d(x,y) < C because instead of checking Vz and Vy, you fix one, which

is also more convenient).

Proof:

1. Assume that A is compact in (X,d). Let (zx)ren be a sequence in A and z € X such
that limg_. 2 = . Since A is compact, 3 (z4,)jen subsequence and & € A such that
limy oo T; = Z. Moreover, since limg o 7, = x, we have that limy ,. xy, = z. By the
uniqueness of limits, we have x = Z. Now, since 7 € A, it follows that z € A. By the

Sequence Criterion for Closedness, this proves that A is closed. O

2. Indeed, if A is bounded, then fix 21 € A (provided A # (), but the result is trivial otherwise)
and write V x € A, d(x,z9) < d(x,x1) + d(x1,x0). Since d(x,z1) < C, then d(x,zq) < Co,
where Cy = C + d(x1,xg)., Conversely, if 3 C' > 0 such that V x € A, d(x,z) < C, then
Vae,y € A, d(z,y) < d(x,zo) + d(x,y) < 2C. O

Lecture 9 - 02/04,/2025

There is also another way to prove this. We remark that for a fixed point z(, A is bounded iff
3C > 0 such that Vo € A, d(z,z9) < C. Assume that A is compact and, by contradiction,
that A is not bounded. By the above remark, it follows that AC >0 Vz € A d(x,zo) < C;
hence Vk € N Jx, € A d(xg,x9) > k. By compactness of A, 3z € A and a subse-
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quence (zy;)jen such that limy_, 2, = x. Thus, it follows, from the triangle inequality, that
k < d(wg;,20) < d(an;, ) + d(x,20). Since lim;_,o d(x4;,2) = 0 and lim;_,, k; = oo, we

obtain a contradiction. Therefore, A is forcibly bounded. O

3. Assume that (X, d) is compact. Let (z;)ken be a Cauchy sequence in (X, d). By compactness
of (X,d), 3z € X and a subsequence (zy,)jen such that lim; ., z3, = z,ie. Ve >0, Jj. €
N such that Vj > j., d(wy,,r) < e. Since (zx)ren is Cauchy, we also have Ve > 0, Jk. €
N VE Kk > k., d(zy,xp) <e. Then, Ve > 0, letting &' = k;, for j sufficiently large so that
J > Jespand kj > k.o, we obtain that Vk > k.o, d(zp, v) < d(wg, 2p;) +d(7h),2) < 545 = €
hence limy_,o, xx = x. Therefore, we have proved that every subsequence is Cauchy, and so

(X,d) is complete. O

Proposition 12.2

Let (X, d) be a compact metric space and A C X. Then A is compact in (X, d) if and only
if A is closed in (X, d)

Proof:

The fact that A compact = A closed follows from the previous result.

Assume that A is closed in (X, d). Let (xj)ren be a sequence in A. By compactness of (X, d),
Jz € X and (wy,);en a subsequence such that lim;_,o x, = x. Since A is closed and z;, € A, it

follows that x € A; hence, A is compact in (X, d). O

13 Heine-Borel Theorem

Theorem 13.1: Heine-Borel Theorem

Let n € N, p € [l,00] and A C R™. Then, A is compact in R™ if and only if A is closed
and bounded in (R, ||.||,)-

Remark 13.1

The Heine-Borel Theorem is not true in infinite dimensions , which will be proven later in

the course.

Proof:

A compact = A closed & bounded is always true and has already been proven.
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Assume that A is closed and bounded in (R, ||.||,). Let (xx)ren be a sequence in A. Recall that
(()i] < ||lzll, YAk €N, i€ {1,...,n} where (z}); is the i’* coordinate of x;. Since x) € A is

bounded, we then obtain that ((24);),_, are bounded sequences in (R", ||.||,). By repeatedly using

keN
the Bolzano-Weierstrass Theorem, it follows that there exists a subsequence of this subsequence
such that the second coordinate also converges, etc. Finally, we obtain a subsequence (z,);en such
that all coordinates converges, i.e. lim; o, w3, = z for some x € R". Since A is closed and zy; € A,

we moreover have that @ € A. This proves that A is compact in (R", ||.|[,). O

Proposition 13.1

Let (X, d) be a metric space and A C X. If A is compact in (X, d), then for every collection

(Ui> of open sets in (X,d) such that A C |J,.; U;, there exists a finite sub-collection
i€l

i€l

(Uij) , where N € N and i4,...,1, € I such that
1<j<N

N
Acl o,
j=1

Remark 13.2

It can be proven that the converse is also true. (equivalent definition of compactness).

Proof:

Assume that A is compact. Let (U;);er be open sets such that A C (J,.; Us.

Claim: 37 > 0 such that Vo € A, 34, € I such that B(z,r) C U;,. Assuming this claim as true,
choose z1 € A (provided that A # () but the result is trivial otherwise) and, by induction, for each
jeN,if AZ J_, B(xs,r), then choose 2,4, € A\( /| B, r)) If the induction stops for some
j €N, then A C Ule B(z;,r) C ngl U;; and the result is proven. If the induction does not stop,
by compactness of A, 3z € A and a subsequence (z;, )en such that limy_,o z;, = z. On the other
hand, z;,,, & 7k B(xj,r) gives d(xj,,,,xj) > Vje{l,... ji}; hence, (v, )ren is not Cauchy

by contradiction.

Lecture 10 - 02/06/2025

Thus, to complete this proof in its entirety, all that is left is to prove the claim from above. Assume
by contradiction that B(x,r) € U;,. Then, V k € N, Ja, € A such that Vi € I, B(xy, 1 € U;.
By compactness of A, there exists a 2 € A and a subsequence (7, )jen such that lim;_,o 3, = .

Since x € A C Uy U;, Fi, € I such that x € U,,. Since x € U;, and U;, is open, 3 r > 0 such
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that B(z,r,) C U,,.
On the other hand, since By, £) € Ui, Jyp € B(ap, £)\Ui,. Then, d(z,yr,) < d(z,zy;) +
d(zx;,yr,) . Consider now that d(zy,,yx,) < = (since yy, € B(zy, 1) and d(z,zy,) — 0 since
ry; — x. This means that d(:z:,ykj) — 0, ie. yg, — x as j — oo. However, y, ¢ U;, and
B(x,r,) C Us,; hence yi; & B(z,r,). This brings us to a contradiction between d(, %) — 0 and

d(x, Yr;) > 7o O

Let (X,d) be a metric space and A C X. If A is compact, then for every r > 0, there exists

a finite number of elements x4, ...,zyN, € A, where N, € N such that

Proof. This is a direct application of the proposition to the open cover A C | _, B(x,r). O

z€EA

Let (X,||.]|]) be a normed vector space of infinite dimension. Then, B(0,1) is not compact.

(hence, the Heine-Bornel Theorem is not true in infinite dimensions).

Proof. Assume by contradiction that B(0, 1) is compact. By corollary 13.1, it follows that 3N € N
and 3 zy,...,zy € B(0,1) such that B(0,1) C UY, B(x;, 3) (see Figure 3 for visualization). Since
X has infinite dimensions, 3 z¢ € Span(xy,...,xy). By renormalizing (i.e. considering Az, for

some A > 0, instead of z¢), we may choose zo such that 2, € B(0, 3).

By induction, we prove the following: Vk € N, Jyi, 2 € X such that g = yp + 2x, ||ys|| < 277
and z, € Span(zy,...,zy). For k = 1, it is trivial by taking y, = xo and z; = 0. Now,
let us assume that it is true Vk. Observe that |[2%y|| = 2%||lun|| < 1, ie. 2%y, € B(0,1).
Since B(0,1) C Ui]ilB(xi,%), it follows that 34, € {1,...,N} such that 2*y, € B(z;,3), iec.
|[2Fyy, — 23, || < 5, which gives ||y, — 2 %y, || < 27%. Now write:

Yk+1 Zk+1
7\ N\

~ Y

zo = (yr — 2 "2, )+ (27 %2, + 21) = ||lyrea|| < 277" and 2,1 € Span(zy, ..., 2y), since z, € Span

This proves that Vk € N, Jyy, 2 € X such that o = yp+2zr, ||ykl| < 27F and 2 € Span(zy, ..., zy)
holds also for k + 1.
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Figure 3: Representation of U B(x;,1/2)

Since ||yxl] < 27%, we obtain that ||zg — z|| — 0, ie. 2 — o in (X,]||.]|). Since 2z, €

Span(xq,...,zy), it follows that xy € Span(xy,...,zyn). However, zo ¢ Span. It remains to
show that Span(xy,...,zx) is closed in (X, ||.||) to obtain a contradiction. We will prove later that
any subspace of finite dimensions are always closed. O

14 Convergence of functions
Definition 14.1: Limits of functions
Let (X,d,) and (Y, d,) be metric spaces with z, € X, y, €Y.

1. Regular Limits: For f : A — Y, we say that f(z) converges to yp as  — xy and we
denote lim,_,,, f(z) = yo if (see Figure) Ve >0, 3J. > 0 such that Vz € A,

0 < dx(z, 1) < de = dy (f(2),10) <&, i.e. f(A N Bx (o, 53)\{900}> C By (yo, €)

2. Limits of infinite sets: When (Y,dy) = (R, |.|), for f : A — R, we say that f(z)
tends to (J_rz) and we denote lim, ., f(z) = (J_rz) if Ve € R, 3 6. > 0 such that
VeeA

0 < dx(z, z0) < 0c = f(a) (Z 2) ie. f(A N Bx(zo, 50)\{950}) c ((C’ +°°))

(—OO,C)

3. Limits in infinite metric spaces: When (X, dx) = (R, |.|) and A D (gc_ooc’zg) for some

ce€Rfor f: A— Y, wesay that f(z) convergestoyasz — (1) and we denote

32



limwﬁ(ﬁo) f(@)=ypif Ve >0, Je. € Rsuchthat Vo € A

—o0

:c(> CE) = dy (f(z),3) <&, ie. f(Am < (CE’OO)))) C By (y0,€)

< C¢ (_00706

14.1 Continuity in Metric Spaces

Lecture 11 - 02/11/2025

Definition 14.2: Continuity of functions

Let (X,dx) and (Y,dy) be metric spaces, A C X, zp € Aand f: A — Y. We say that
f is continuous at xq if lim, ., f(z) = f(zo), i.e. ¥V e > 0, F6. > 0 such that Vz €
A, dx(z,z0) < 6. = dy(f(z), f(z0)) < e. We say that f is continuous on B C A if f is

continuous at every zo € B (or simply continuous when B = A)

Example 14.1

1. The identity function dx : X — X, z + x is continuous. Proof is trivial:
Ve >0, dy(z,z0) <d.=¢= dx(Idx(z)ldx(z0)) = dx(z,z0) < e.

2. For yo € X fixed, the function d(.,v) : X — X, z +— d(z,yy) is continuous.
Indeed, observe that Vx,zq € X, d(z,y) < d(x,z9) + d(zo,y), which gives
d(z,y,) — d(zo,y) < d(x,x0) and similarly d(zg,y0) — d(z,v0) < d(z,x¢). Hence,
’d(x,yo) - d(xo,yo)‘ < d(z,xp). It follows that Ve > 0, d(z,z9) < 0. = ¢ =
|d(z,y0) — d(z0, y0)| < &.

In particular, this shows that in a normed vector space (X, ||.||), the norm ||.|| : X — R

is continuous since in this case, || X|| = d(z,0).

3. In an inner product space (X, (. )), for yo € X fixed, the function X — R, = —

(x,10), is continuous. Indeed, V x, 29 € X

(. yo) — (0, 0)| = |{x — z0,0}| < ||z — 0| - ||wol| Dby Cauchy-Schwartz
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Then, Ve > 0

=/ llwll if yo # 0 .
||z — xo|| < de = = |<$,yo>—<$0»yo>|§—|'||3/0||:5

any number if yo =0 [|%ol

4. For each ny,ny € N, py,ps € [1,00], A CR™, 20 € Aand f: A — R™ f:
T ( fi(z), ..., fQ(x)>. Then, f is continuous at xq if and only if f; is continuous at

xg Vie{l,...,no} 7777 i dont fucking know girlie pop

Proposition 14.1

Let (X,dx) and (Y, dy) be metric spaces, with A C X, x5 € A\{zo}*and f: A - Y. If

lim,_,,, f(x) exists, then it is unique

“Exclude x¢ to avoid the case where x is isolated in the sense that 3 7 > 0 such that B(zg,r) N A = {z¢}

Proof. By contradiction, assume that Jyy # o such that lim,_,,, f(x) = yo and lim,_,,, f(x) = 7o,

1.e.

e Ve> J6.>0 VaxeA 0<dx(z,zg) <d.=dy(f(x),y0) <e

eVe>0, 30.>0, VaeA 0<dx(z x) <0.=dy(f(x),50) <e

Define 0. = min(d./s,0./5). Since wy € A\{xo}, I 2. € B(w,0.) N (A\{;UO}), ie. z. € A and
0 < dx(ze,20) < 6., which implies that dy(f(z),y0) < § and dy(f(z),%) < 5. It follows that
dy (Yo, o) < dy (vo, f(2)) + dy (f(2.), %) < £+ £ = . Since this is true V e > 0, it follows that

dy (Yo, Jo) = 0, which is a contradiction. Thus, yo = Jo. O

Lecture 12 - 02/13/2025

Proposition 14.2

Let (X,dx),(Y,dy),(Z,dz) be metric spaces, zo € X, f: X =Y andg:Y — Z. If f is
continuous at zg and g is continuous at f(zg), then go f is continuous at zo. More generally,

if f is continuous on A C X and g is continuous on f(A), then g o f is continuous on A.

Proof. 1t f is continuous at xg, then V ¢ > 0, 3 J. > 0 such that Vo € X, dx(z,z9) <
6. = dy(f(z), f(zo)) < e. If g is continuous at f(zp), then Ve > 0, 3 0. > 0 st. Vy €

Y, dy(y, f(zo)) <& = dz(9(y), 9(f(20))).
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Ve > 0, letting 67 = dg, it follows that Vo € X, dx(z,z0) < 6/ = dy(f(2), f(z)) < o, =
dy (g(f(a:)),g(f(:vo))) < e. Therefore, g o f is continuous at x* O

Proposition 14.3

Let (X,dx),(Y,dy) be metric spaces and f : X — Y. Then, the following statements are

equivalent:

e f is continuous from (X, dx) to (Y, dy)
e For every open set O in (Y,dy), f~*(O) is open in (X, dx)

e For every closed set C in (Y,dy), f~1(C) is closed in (X, dx)

Remark 14.1

The inverse is not true. There exists open sets O in (X, dx) such that f(O) is not open in

(Y,dy), even if f is continuous. The same is true for closed sets. Thus, the proposition is

only in regard from the function to the preimage, and doesn’t work the other way around.

Example 14.2

Let f: R — R with f: 2 +— ﬁ R is open and closed, where as f(R) = (0, 1] is not open,

nor closed.

Proof. 1) = 2): Assume that f is continuous. Let O be an open set in (Y, dy). Let zy € f~(0),
ie. f(xo) € O/ We want to show that 3 r > 0 such that By (f(:ico), e) C O. Since f is continuous, it
follows that 3. > 0 such that f(BX(xo7 (55)) C By (f(xo), 6) C O, which gives Vx(g,6.) C f~1(0).
This proves that f~(O) is open in (X, dx)

2) = 1): Assume that 2) is true. Let 2o € X and € > 0. Since B(f($0),€) is open in (Y, dy),
it follows from 2) that f~* (By(f(xo),s)) is open in (X,dx). Since f(zo) € By (f(z0),¢), ie.
g € [ (By(f(xo),&:)) and f! (By(f(xo),s)) is open in (X, dx), we then obtain that 3 6. > 0

1See how when proving that a composed function is continuous, we kind of formed a ”composed” delta-epsilon.
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such that Bx(xg,d.) C f! (By (f(xo, 6)) , which gives f (Bx (xo, (55)) C By (f(xo), 6). This proves

that f is continuous.

2) = 3): Assume that 2) is true. Let C be a closed set in (Y, dy ). Then, Y\C is open; hence, by
2), fHY\C) is open. Since f~HY\C) = X\ f~1(C), it follows that X\ f~*(C) is open, i.e. f~1(C)
is closed in (X, dy).

3) = 2): Direct proof using the same logic as above. O

14.2 Sequence Criterion for Continuity

Theorem 14.1: Sequence Criterion for Continuity

Let (X,dx) and (Y,dy) be metric spaces, zp € X and f : X — Y. Then, the following

statements are equivalent:

e f is continuous at xg

e For every sequence (xy)ren of elements in X, if limy_,o xx = xo, then limg_,o f(x)) =

f (o).

Proof. 1) = 2): Assume that f is continuous at zg. Let (x)ren be a sequence in X such that
limy_oo Tr = Xp.

Since f is continuous at xy, Ve >0, 3. >0st, Ve X, dy(x,zg) <. = dy(f(x),f(:co)) <

€.

Since limg_yoo Tx = @, J ks, € Ns.t. Vk > ks, dx(z,z9) < d., which implies that dy (f(xk), f(xo)) <
e. This implies that limy o f(zx) = f(20).

2) = 1): Assume that 2) is true, and, by contradiction, that f is not continuous at xg, i.e. 3 & > 0,
st. Vk €N, Jay € X st dx(zo,21) < 7, and dy (f(20), f(zx)) > €. Since dx(zo, 1) < 7 — 0
as k — oo, we obtain limy ,o zr = xo. It follows from 2) that limg_ .o, f(xx) = f(z0), i.e.
limyoo dy (f(20), f(2x)) = 0, but this is in contradiction with dy (f(zo), f(zx)) > €. Therefore, f

is continuous at xg. O

Lecture 13 - 02/18/2025
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Proposition 14.4

Let (X, dx) and (Y, dy) be metric spaces, A C X and f: X — Y. If A is compact in (X, dy)
and f is continuous on X, then f(A) is compact in (Y, dy).

Example 14.3

1. There exists compact sets A in (Y, dy) such that f~!(A) is not compact for some
continuous f : X — Y. Example: f(z) = ;7. Say A=1[0,1], f~'([0,1]) = R, which

is not compact, while [0, 1] is compact.

2. There exists non-continuous functions f such that f(A) is compact for all compact

0 ifzx#0
A C X. Example: f:R—> R, z— 7 , such that f(A) C {0,1} VACR
1 ifzx=0

and every subset of {0,1} is compact.

Proof. Assume that f is continuous and A is compact. Let (3)ren be a sequence in f(A). Then,
Jxj, € X such that f(z)) = yx. Since A is compact, 32 € A and a subsequence (1y,);en such that
limj o f(xr,) = f(x), ie. imjo yr, = f(x). Moreover, f(z) € f(A) since € A. This proves
that f(A) is compact. O

Proposition 14.5
Let (X, d) be a metric space, A C X, A# 0 and f: X — R. If Ais compact in (X,d) and

f is continuous on X, then 3 x,,in, Tymae € A such that

f(min) = min f(x) and f(Zpax) = max f(x)

z€EA €A

Proof. By the previous result, we have that f(A) is compact. In particular, f(A) is bounded.
Moreover, A # (), hence f(A) # 0. Therefore, inf f(A) > —oco and sup f(A) < oco. It follows
that there exists sequence (mg)reny and (Mpy)gen in f(A) such that limg o my = inf f(A) and

limg oo My = sup f(A).

Since f(A) is compact, we obtain that f(A) is closed, hence, since my, My € A, the sequence
criterion for closedness gives that inf f(A) € f(A) and sup f(A) € f(A), i.e. I Tmin, Tmax € A such
that f(zmin) = inf f(A) (= min f(A) since it is attained), and f(zmax) = sup f(A) (= max f(A)

since it is attained). O
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Remark 14.2

We can now define || f||oc = maxgea |f(z)| for ever continuous function f : X — R, when A
is compact and non-empty in (X, d). We denote C'(A) the set of continuous functions on A.

Like in Q2 of Assignment 3, we obtain that (C(A), ||.]|«) is a Banach space.

Definition 14.3: Uniform Continuity

Let (X,dx) and (Y,dy) be two metric spaces, A C X and f : X — Y. We say that
f is uniformly continuous on A if V 0. > 0 such that V z,y € A, dx(z,y) < J. =

dy (f(l"); f(y)) <ée

Uniformly continuous = Continuous

Definition 14.4: Lipschitz Continuity

Let (X,dx) and (Y,dy) be metric spaces, A C X and f : X — Y. We say that f is
Lipschitz continuous on Aif 3C € (0,00) such that V z,y € A, dy (f(a:), f(y) < Cdx(z,y)

Lipschitz continuous = Uniform continuous

Example 14.4

1. For each yo € X, the function x — d(x, 1) is Lipschitz continuous. Indeed, we proved

that V xwxl € X7 |d($,y0) - d(x/7y0)| < d(x,m’).

2. Let I be an interval. in R and f : I — R be differentiable at every point in I and such
that sup,c;|f'(z)| < oo. Indeed, by the Mean Value Theorem, Vz,y € I, 3 z € [
between x and y such that f(x) — f(y) = f'(2)(z — y), which gives |f(z) — f(y)| <

sup,¢; | f'(2)| |x — y| which is smaller than oo by assumption.

Proposition 14.6

Let (X, dx) and (Y, dy) be metric spaces, A C X and f: X — Y. If A is compact in (X, dy)

and f is continuous on A, then f is uniformly continuous on A.

Lecture 14 - 02/20/2025
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Proposition 14.7

Let (X,d), (Y,dy) be metric spaces, AC X and f: X — Y.

If A is compact in (X, d) and f is continuous on A, then f is uniformly continuous on A

Proof. Assuming by contradiction that f is not uniformly continuous, we obtained the existence of

(k) ren and (yg)ken such that dx (g, yr) < % and dy (f(:z:k), f(yk)) > ¢ for some fixed € > 0.

By using compactness of A, we then obtained subsequences () jen and (y, )ien such that lim; . xy; =

z and lim; o yx, =y for some z,y € A. By using d(zy, yx) < =, we then obtained z = y.

By continuity of f, since lim; o, 2k, = = and lim; , yx;, =y = z, we have that lim; . f (z,) =

It follows that
dy (f(xx,), () < dy (f(ax,), f(2)) + )Y (f(y), f(u;,))

and, since lim; o f(7x;) = f(x) and lim; o0 f(yr;,) = f(y) = f(x), then both distances approach
0. Hence, lim;_,o, dy (f(xkj), f(ykji) = 0), but this contradicts that dy (f(a:kj), f(ykji)) < e. O

Definition 14.5: L

et (X, d) be a metric space, A C X and f: X — X.

We say that f is continuous on A if

3C € (0,1) such that Vz,y € A, dx(f(2), f(y)) < Cdx(z,y)

Remark 14.3

1. Contraction = Lipschitz continuous

2. C<1: f(x)is”closer” to f(y) then x is to y
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15 Banach Fixed-Point Theorem

Theorem 15.1: Fixed-Point

Let (X, d) be a non-empty complete metric space and f : X — X be a contraction on X.

Then, f has a unique fixed point in X, namely there exists a unique xy € X such that

f(ﬂﬁo) = Zo-

Example 15.1

1. Let I € X be a closed interval in R (so that (/,[.|) is complete), and f : I — I be
differentiable on I, such that sup,c; |f'(z)| < 1. Then, f is a contraction on I; hence,

it has a unique fixed point in I.

2. Let X = [0,00)" = {(z1,...,2,)} > 0 Vi € {1,...,n} and f : X — X with
x — Az + a for some A > 0 and a € X. Then, X is complete (as closed subset
of (R™||.||2)). Moreover, f is a contraction on X if and only if A < 1. Indeed,

Vr,y € X, |[f(x) = FWI = [Mz,9)l| = Allz = yl].

Note that if A > 1 and a # 0, then f has no fixed point. Indeed, if f(x) = 2, then
Ae+a=uxgives A—1)x+a=0. Since A\—1>0, x>0andx >0 Vie{l,...,n},
it follows that (A — 1)z =a =0 Vi € {1,...,n} which contradicts a # 0.

Note also that if X = (0,00)" and f : X — X, with  — Az, then f is a contraction
on X when A € (0,1), but (X, ||.||2) is not complete (since (0,00)" is not closed in
(R™,]]-]|2)) and f has no fixed point in X.

Proof. Existence: Since X is not empty, we can choose z; € X. Then, define (zy)reny by Tx11 =

f(z). Since f is a contraction, 3 C' € (0,1) such that V z,y € X, dx(f(z), f(y)) < Cdx(z,y),

hence Vk € N, d(zpya, Tpt1) = d(f(xk-i-l)a f(fﬁk)) < Cdx(Tpy1, Tr)

2 Infinite Series
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2 Convergence of Infinite Series

Lecture 15 - 02/25/2025

Definition 2.1: Convergence of Infinite Series

Let (X,||.||) be a normed vector space, ky € Z and (ax)r>k, be a sequence of elements in
X. For each n > kg, we call s, = Zzzko ay the partial sum of order n of the series
> ke @k I limy, o0 8, = s in (X, ]|.||) for some s € X, then we denote s = Y 7, a; and

we say that the series Z,;";ko ar converges to s and that s is the sum of the series Z,;";ko ay.

If (Sy)nen does not converge to any limit in (X, ||.||), then we say that the series

ke di
=k, @k diverges.

Example 2.1
. HES Al
1. Geometric series: ap =%, S0 rF = > pe, " converges if and
n+1
only if |r| < 1. If [r| < 1, then Y77 7F — =

2. Let M(n,R) be the vector space of n x n real matrices equipped with the norm

1Allz2 = sup [[Az]];

|l|l2=1

(= max| |31 ||Az|| since x — ||Az]|2,2 is continuous [see Assignment 4] and

{z e R": ||z||2 = 1} = 0B(0,1) is compact in R™ as closed and bonded.

Remark that Vo € R", |[|Az|l2 < ||A]|22]|z]||2- Indeed, V2 € R™\{0}, [|Az|lz =
||Aﬁ||2 ]l < ||Alla2 |lz|]l- Define a, = AF.  Then observe that
(T — A) Sy A% = T g A% — 5 A% = Idy — A1,

Assume that ||A||s2 < 1. Then, Idy — A is invertible, i.e. ker(Ildy — A) = {0}.
Indeed, Vz € ker(ldy — A), ie. (Idy — A)x = 0, which gives + = Az and so
=]l = [|Az]l2 < ||A
ie. x = 0. It follows that >, A* = (Idy — A)"'(Idy — A™*'). We will show that

2.2 ||%||2, which contradicts that ||All22 < 1 unless ||z|]s = 0,
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S AP =(Idy — A7 YVzeX .

ZAk (Id — A Nalls = [|(Id — A (Idy — A" — Idy)z||s

1(Zd — A)~H A" x|

< |I(Id = A) 2z |A™ =]l
<|d = A) 22 [1All22 || A"l
<..
< |l(d - A)~ 55 |lzll2
, which gives || >"}_, A% — (Id — A)~ < ||(Id — A)™! 54" — 0 as n — oo,

since ||A||s2 < 1. Therefore, Y 7o, AF = (Id A)~t

Proposition 2.1

1.V k> ko, ZZ‘;% ay converges if and only if )2, ‘a; converges (therefore, we will

often without loss of generality take kg = 0 or 1 in what follows)

2. If Zi’iko ay, converges, then limy_.o, ap = 0.

Proof. 1. Yn>ky, Y g k= ag, +-oFag g+ ZZ:% ag; hence, > 77, “a;. converges if and

only if 3 7, aj, converges.

1 ipq- .
2. Yn > ko, @n = 80— Sn1= ) pp, Wk — D p_p, @; hence if lim, .o s, = s, then lim,, ;o a, =

s—s=0.

Proposition 2.2

If 70y, ax and Y772, by, converges, then VA, u € R (or C), 322, (Aay + puby) converges and
Zziko ()\Cbk + ,Ubk) = >\ Zzo:ko Qg + 2 Zzo:ko bk

Proof. Follows from 37\ (Aag 4 pubr) = XD ar +p Y by Vn > k. O
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3 Cauchy Criterion for Convergence

Theorem 3.1: Cauchy Criterion for Convergence

If (X,][.]) is Banach, then >, "a; converges if and only if Ve > 0, 3n. > ko such that
Vn' > n,
1) all<e
k=n+1
Proof. If (X, ||,|]) is Banach, then Y °, “a;, converges if and only if (s,)n>r,, Where s, = >, ay

is Cauchy in (X, ||.|]), i.e. Ve >0, In. > ko such that Vn' >n > n., ||sn/—sn||=ZZ;n+1ak<
€ O

Definition 3.1: W

e say that the series Y ", a), converges absolutely if >, ||ax|| converges in (R, |.|).

Remark 3.1

8n = D _p_i, |lax]| is increasing, hence (s, )n>k, converges if and only if it is bounded above.

Moreover, if (8,)n>k, is bounded above, then Y72, [|ax|| = sup,>x, &n-

Proposition 3.1

If (X,|],]) is Banach, then for every series » 2, a) in (X,d), if > .7, ap converges

absolutely, then »°, "a;, converges.

Moreover, Vn > ko, || e, axll <D ope |laxl].

“We will see in Assignment 5 that the converse is true: if for every > ax , > aj converges absolutely, then

> ay converges, then the space is Banach

Proof. Since ZZO:kO ay converges absolutely, Ve > 0, dn. > kg such that V n > n,

o0 n
> lawll = el
k=Fko k=Fko

-~

/
EZ:WH llax|

<e€

S/

It follows that

nl

n' 00
S [ < X Nall< Yl <<

k=n+1 k=n+1 k=n+1

Vn >n>n.
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. Hence, by using the Cauchy Criterion, since (X, ||.||) is Banach, we obtain that  7°, ") converges.

Moreover,

n’ n/ 0
Vn' >n >k, HZ%H < ZHakH < ZHakH
k=n k=n k=n

Since Y - aj, converges, by continuity of ||.||, it follows that

Sl <t ([ = [, ()l 3 )
k=n k=n k=n k=

O

Proposition 3.2

If (X,]||.]]) is Banach and ) ;- aj converges absolutely, then for every bijective function
[N =N, the series > /7, ayu) converges to the same sum as ), a.

We call >~ aru) a rearrangement of > > aj

Example 3.1

iZ’“ I+5 SR DL S S
e 4 8 ST 42 16 8

Proof. Since Y, | ai converges absolutely, Ve > 0, 3 n. € N such that Vn > n,

o0 o0
D Maell =D el
k=1 k=1

oov
:Zk=n+1 [lakl|

<e€

Moreover, since (X, ||.||) is Banach and )", | converges absolutely, we have that Y ;- | a converges.

Define N. = maxlgkgng/z], (k) sothat {1,...,n.0} C f({l, o NE}>, Le. {f7M(1),.... [ Hnepa)} C
{1,..., N.}.Then,

Ne Ne /20K 1) R
1> ar = 2 || = || 2 a|| < X llal = 32 el < 5
k=1 k=1 keK, keK.

:n5/2+1

where K, = f({l,...,N€}>\{1,...,n5/2} C{neN:n>n,}

It follows that

[ o= < | S o~ 2| ]| &

_ns/Z

k‘<5

44



O

Therefore, Y 7 | apr) converges to D2 | ay.

4 Convergence for Series with Non-Negative Terms

4.1 Comparison Test

Proposition 4.1

Let 12, ax and Y~ by, be series in (R, |.|) such that 0 < ay < b, Vk € N. Then,
L. If 7.2, by, converges, then > ;7 aj converges

2. If 77 | ay diverges, then Y o~ | by diverges

Proof. 1. Y., by converges, then ) by, is bounded above = ) a4, is bounded from above since

ar < by VkeN. So, > ay converges as well.

2. follows from 1)

O

4.2 Root Test

Proposition 4.2

Let Y 12, ax be a series in (R, |.|) such that ay >0 VkeN
L. If limsup,,_,., #a, < 1, then Y ;7 | a; converges

2. If limsup,,_, ., V/ag > 1, then "% | a; diverges

Remark 4.1

If limsup,,_, ., +/ar = 1, then this test does not give any information.

Proof. Let r = limsup,,_, . /ar = lim, e SUPy>, /ax

1. Assume that r <1, then Ve >0, Jn. € Nsuch that Vn >n., sup,., &/ar <r+ ¢, which
gives V k > n., Vagp <., ie ap < (r+e)k
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Writing e € (0,1 —r) (with 1 —7 > 0 since r < 1), we obtain that Y ;- (r + £)* con-

verges. Hence, by the Comparison Test, it follows that > | a; converges.

2. Assume that v > 1. Then, 3 n; € N such that V n > ny, sup;s, ¢/ar > 1; hence V. n >
niy, 3k > nsuch that ¢ap > 1, i.e. ap > 1. In other words, 3 (an,)ren subsequence such
that a,, > 1 V ke N. It follows that > * a, > Zle n, > Zle 1=k (since a, >0 Vn).

As k — 0o, we have k — oo, so the series diverges.

O

4.3 Ratio test
Lecture 16 - 03/11/2025

Proposition 4.3

Let > 72, ax be a series in (R, |.|) such that 3ky € N, Vk >k, ay > 0. Then,

AL41 o
o <1, then Y77 ax converges

1. If limsupy,_,

2. If liminfj_ o (IZ-’:I > 1, then ) 72 ay diverges

Remark 4.2

=1 and liminfj_,o “Z:l = 1, then the test gives no information.*

o If limsup,_,,, 4=

e liminf cannot be replaced by lim sup in 2).

Q41 __
a - 1

%.e. limp_ oo

Example 4.1

27%F if k is odd if k is odd -
Let a, = . Then, {/a, = ; hence, ) )~ ai converges

N[

37% if k is even % if k£ is even ,
- 2 ifkisodd _ oo 3
by the root test. However, === = . ; and so limsupy_,, == =5 > 1.
5 if kis even
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Proof:

L. Let r = limsupy_,o, "o+ Then, Ve >0, 3k € Nsuch that V& > ky, supyso ot <7 +e.
Since r < 1, we can choose ¢ > 0 so that »r + ¢ < 1. Since supk > :ICQGZ—Zl <r—+1, we
obtain that ay,; < (r +¢€)ay V k > ke which implies ax < (r + &)ag_1 < (r+¢)%ag, < -+ <
(r+e)"™a,, Vk>ky Sincer+e <1, we obtain that Y °, (r+¢)" converges. Hence, by

. oo
comparison, » ;_ ;@ COnverges.

2. Since liminfj_, o a’jlzl >1, 3k €N, Vn >k, infps, ™ > 1, which implies that

ag

V k> Ky, % > 1, i.e. apyy > ag, which implies V k > ki, ap > ap_qy > -+ > ag,.

Therefore, Y-, ax diverges since a, 4 0 as k — oo. O

5 Convergence of Series with Negative Terms

This is also the Case of series which converge but do not converge absolutely

5.1 Alternating Series Test

Proposition 5.1

Let > 7 ,(—1)*ax be a series in (R, |.|) such that limj_0 ar =0andVk €N, 0 < ap1 < ay.
Then, Y 77 (—1)*a; converges and 0 < Y 77 (—1)Fay < ay.

Example 5.1

—1)k-1 . .
Do ( ll)c converges since limy_, o % =0and 0 < k%l < % VkeN

Proof. Observe that V k € N

2n

Sop = Z(—l)kak =ag—a;+azy—...— Q1+ a2y
k=0
= a9 — (al — ag) - (0,3 - a4) T e e T (a2n—1 - a’zn)

n
=aqg — Z(azk—l —agr) and agg_1 — ag, > 0 by assumption
k=1

Furthermore, ss,11 = (ap — a1) + (a2 — a3) + -+ + (a2n — @2nt1) = Y _po(@2k — aox41) with

(agk — agg+1) > 0 by assumption.
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Moreover, so,41 = S2;, — A2p41 < Sop.

(Son)n is decreasing and bounded from below by 0
It follows that { (sg,41), is increasing and bounded from above by aq
0 < Sap41 < Sop < ag
Hence, 3 s, 5" € [0, ag] such that lim, o So, = s and lim,,_,oo Sopy1 = . Since o1 = Sop — Gopt1

and lim,,_,o. a2,.1 = 0 by assumption, it follows that s = s, so the series converges to s = §' €

[0, ao]. O

Lecture 17 - 03/13/2025

Proposition 5.2

Let Y 3%, and > 7, by be series in (R, |.|) such that ), a, converges absolutely and
> e b converges.

For each n > 0, define ¢, = Y ,_, axby—y

Then, Y 7 ¢, converges, and > >~ ¢, = (ZZZO ak) (ZZOZO bk).

The series Y~ ¢, is called the Cauchy product of Y. ax and >~ b.

Example 5.2

|z‘k+1

DT |z .

% = 71 — 0 as k — oo; hence the
k!

. 9 ® $k yn—k o (x+y)n
=D ) T

n=0 k=0

=3y % converges absolutely V x € R. Indeed,

ratio test applies.

. k k
, since Y77 % and -2 ) 4 converge absolutely.

el _ g—iw

2i ?

et—e ”
2

et4+e ”

55—, shx =

, sinz = ch x =

ix —ix
We can now also define cos z = %

and derive trigonometric formulas from the formula e**¥ = e%¢Y.

Counter-example: in case > - a; and >~ by converge but do not converge absolutely:

Yoo % converges by the alternating series test, but does not converge absolutely (Assignment
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5, Q4)

~ (=Dt
VE+L Vn—k+1 Z\/k—l— n—k+)

(k+1)(n—k+1)=—-k+nk+n+1 which attains its maximum at k = g

=0

3

1
= > .. other steps but too long
227

=V k+ 10 )(n+ +1)

k 1) k
Therefore, Y 07 >0, \/#\(/n)T

Proof of the Cauchy Product Proposition:
We obtained that V NV € N, Zg:o Cp = ZLO > ro @by

. 00 . N—-n _ oo oo . .
Since ).~ by converges, we can write » = by = > ;" bp — > .~ n_.. bk, which gives

n=0 k=N-—n+1

It remains that limy_, (ij:@ (™ ZzO:N_nH bk) = 0.

Since Y, by converges, Ve > 0, 3 n. € N such that V n > n., ‘Z;O:o b — > o bi
(since Y07y ni1 Dk = D opeo — Dopeo k). Then, we obtain

N fe’e)
ST ST SIS SURHED St
n=0 k=N-n+1 n=0 k=N-n+1
N—ng¢ 0o N 00
=D lal| D0 W+ DL ale| D b
n=0 k=N-—n-+1 n=N-—nc+1 k=N-n+1
— ——
o0 <e
o
§Z|an| simcen<N-n.=N-n+1>n.+1
N 00 Ne 00
We now write: Z |ay,| - ' Z br :Z|aN—n€+n|' Z br which — 0 as k — o0
n=N-—ngs+1 k=N-—n+1 n=1 k=n:—n+1
It follows that
N [e’s) o0
lim sup Zan Z be| < <Z|an|>8
N=oo |20 k=N—n+1 n=0
The, letting € — 0, we obtain that limy_,. (Ziv:o Un D pe N—ntt bk> =0. O
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6 Power Series

Lecture 18 - 03/18/2025

Definition 6.1: Power Series

Let (ax)r>0 be a sequence in (R, |.|) (or (C,|.]) ) and zy € R.
Then, the function = + > 2 ar(® — x9)* (at points where it converges) is called a

power series

Proposition 6.1

Let > 77, ax(z — z9)* be a power series in (R, |.]).

Define R = m, with the convention that é =0 and % = 00. Then, Vx € R:

1. If |2 — 29| < R, then Y po ax(z — zo)* converges absolutely

2. If |[x — zo| > R, then > 2 ap(z — x0)" diverges.

Remark 6.1

e If R =0, then (2) holds V = # x

e If R = o0, then (1) holds V z.

Example 6.1

o] k _ x __ oo gk
Zk=o$ R=1, €” = Zk=1 ) R

oo

Proof. 1. If |z — zo| < R, then limsup,_,. v/|ax(z — z0)*| < 1, hence the root test gives that

> oo ar(@ — x0)* converges absolutely.

2. If |x — xo| > R, then limsup,_, . /|ar(x — x¢)*| > 1.
Hence 3 k; € N, V n > ki, sups, v/|ax(z —x)k| > 1, ie. (ak(x - xo)’“) does not
= k

converge to 0 and Y p- ar(x — x)* diverges.
U
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Proposition 6.2

Let f(z) = > po ar(®—x0)" be a power series in (R, |.|) and R > 0 be its radius of convergence.
Then, f is infinitely differentiable in (zo — R, 79 + R) and for every N € N, the N'!
derivation fN) of f is given by

k(k—1)...(k = N+ Dag(z — 20)*V

WE

f*(@) =

I
I
2

(E+N)k+N—1)...(k+ Dapen(z — 20)*

I
NE

B
Il

0

In particular, f™)(zq) = Nl ay, ie. ay = o f™)(zo).

Moreover, the radius of convergence of this new series is R as well.®

*See MATH 249/466 for the complex analogue.

Lecture 19 - 03/20/2025

Proof. 1t suffices to prove the result for N = 1. The case N > 2 follows by induction. Without loss

of generality, by composing with = — x + zy, we may assume that xy = 0.

Consider /k|ag| > {/|ax|; hence, the radius of convergence of > r” k ap(z — x)* is < R (we
will show later that it is also > R).

Vee(—R,R), t#0, Vn>2, (Zak (z + )" Zakx)—ikakxk_l
k=1

(x +t)F — 2k — kah~ 1t
-S>
t
k=2
n L k+1t —k k_lt
_ Z (z +s) . r for some s € (0,¢) by Mean \
k=2

= z": kay, ((x + )P — xk_1>
f=2
= i kap(k —1)(s + s')*2s for some s’ € (0,5) by MVT
1 - k-1
j‘;(z x—i—t Zakx)—Zkakx =
k=1

< k(k = Dlar] (J2] + 1) +1
k=1

k—Dag(x + s')2s

(*1)

Since x € (—R, R), letting ¢ > 0 be small enough so that |z| < (1 — )R, and t be small enough so
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that |z| + |t| < (1 — €)R, which gives

i oy e )
e Nl (o] + )2

k—2
k(k — D)|ag| (x| + |t <k(k—1)(1—¢)k2
thus giving 3 £, > 2such that ¥ & > k., 4 aal (21 + 11) (k=1 =) (2)

|kapx® | < Klag| |z|*7 < k(1 —e)*2|z] < k(1 —e)* 2R
Sk(k—1)(1 —e)* 2 and Y k(1 — £)*2 converge by ratio test:

(k+Dk(1—e)* k+1
k(k—1)(1—¢)k2 k-1

k+1)(1—eft k+1
k(L—e)—2 &

(1—€) =2 ksoo 11— < 1 and ( (1—€) =psoo 1—e < 1

[ee] o0
Hence, Z k(k — 1)|ag| (|| + |t|)k_2 converges and Z kayaz™ converges absolutely
k=1

? Letting n — oo in (*1) and (*;), we obtain

’1((f(a:+t ) Zk‘akxk !

Letting t — 0, it follows that
lim ( - t) kapa" ') =
g (0 10) - Sohe) -
Le. f'(x) = > kaga* 1. O

Proposition 6.3

LVzeR, hle]=e

<|t|Zk: —1)(1—e)2

2. x +— €® is increasing bijective from R to (0,00), lim,_ . €* = 0o and lim,_, _, e* =0
g bij ,00),

J

Proof. 1. Since the radius of convergence of e* = Y ;2 % is 0o, the previous result gives that

x +— e is infinitely differentiable and

k

:Z(k Zk—:ew

00
k=1 k=0

2In particular, this implies that the radius of convergence is > R
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2. Vx>0, ¢ =35, % >0sinceat >0 Yk

V<0, "= ee,oz = e}z >0 since e >0
hence, %[ex] = e¢” > 0, which implies that x +— e" is strictly increasing and, in particu-

lar, also injective.
V>0, "=, ”,“;—T > 1+ and lim, . (1 + x) = 0o; hence, lim, ., €* = 0.

lim, , _e® =1lim,_, _o e*% = lim,_, eiz = 0 since lim,_,,, €* = oo.
By using the Intermediate Value Theorem, together with the continuity of x +— €*, lim, ,,, €* =
oo and lim,_, _o, € = 0, we obtain that x — e” is surjective from R to (0, 00) (Exercise of Analysis

1. 0

Remark 6.2

We can now define In : (0,00) - R, x +— y such that ¢ = z and V p > 0, (0,00) —

(0,00), T+ 2P = ePlne,

€9 -1 k—1
Moreover, In(z) = Z (=1 (x—1)* Vaoe(0,2)
=
Indeed, by observing that %[(_1}:_1 (x — 1)’“} = (=1)*1(z — 1)*1, we obtain that

o] —1)k-1 o] — — e 9] —
i | e %(m - 1)]6} = Y (DM e - D) =300 (1 - o)t = k(Lx) amg. e

radius of convergence of > .2, (_1]):_1 (z—1)* is the same as that of Y ;- (1 — )", namely 1.

Now, let y be such that e = x, and observe that

d [~ (=1 "
@[Z( k) (¢ =1)" —y| =

k=1

Lecture 20 - 03/25/2025
Let « : [a,b] — R be monotone and f : [a,b] — R be bounded on [a,b]. For every partition
P, {xg,...,x,} of [a,b], we defined L(P, o, f) = > 7 miAca; and U(P,a, f) = >0 | M;Awy,

where m; = infy, | <o<o, f(2), M; =sup,, <., f(2) and Aa; = a(z;) — a(zi—1).

We then define f_ba fd, =sup L(P, f,a) and fa_b fd, = inf U(P, f,a) (we also denote f_ba f(x)dy()



and fa_bf(:v)da(as)). f_ba fd, and fa_b fd, are called the lower and upper Riemann-Stieltjes
integrals of f over [a, b] with respect to a.

In the case where ffa fd, = fa_b fd., we denote ff fdo = ffa fd, = fa_b fd, (also denoted
fab f(z)d,(x)) and we say that f is Riemann-Stieltjes integrable over [a,b] with respect to
a and fab fd, is called the R-S integral of f over [a,b] w.r.t. a. The set of all bounded functions
f :la,b] = R which are R-S integrable over [a,b] w.r.t. « is denoted R([a, b], a) or R(a).

If a(x) = x, we say Riemann integrable/integral instead of Riemann-Stieltjes integrable/integral

and we drop the « in the notations R([a, b]), U(P, f), L(P,f), f_baf(m)dx, ete.

In the case where a(z) # x, the value of f in [x;_1, z;] are weighted by Ac«; instead of Ax; = x;—x;_1:

the more « increased in [z;_1,x;],, the larger the weight.

Theorem 6.1: Geometric Interpretation in the case where «(z) =z and f(z) >0

f_ba fdx = supremum of the areas of the regions between the axis y = 0 and the graphs of

piecewise constant function smaller than f on [a, b].

fa_b fdx = infimum of the areas of the regions between the axis y = 0 and the graphs of the

piecewise constant function larger than f on [a, b].
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Remark 6.3

1. « is monotone; hence, it is bounded: V x € [a,b], a(a) < a(z) < a(b).

2.
=a(b)—a(a) =a(b)—a(a)
n n
(,int, /@) >80 <L(P.f0) SU(Rf0) < (s s@)) > Ao,

since inf,<,<p f(x) < my < M; < sup,<,<, f(2) and Aa; > 0, hence

/_l; fdx, /a_b fdx € [a( inf f(x)) (a(b) — a(a)), ( sup f(x)) (cu(b) — Oz(a))]

and if f € R([a,b],a), then (infagxgbf(x))(a(b) — afa)) < bfdr <
($1Pazszs f(@) ) () = ala)

Definition 6.2: Refinements

1. Let P and P* be two partitions of [a, b]’f, P C P*, then we say that P* is a

refinement of P.

2. Let P, and P, be two partitions of [a,b]. Then, we say that P;|J P is the common

refinement of P, and P.

Proposition 6.4

If P* is a refinement of P, then L(P*,f, a) > L(P, f, a) and U(P*, f a) < U(P, f, a).

Proof. We prove the case where P* consists in exactly one more element than P. The general case
is then obtained by induction.

Let z* € (a,b) be such that P* = PU{z*}. Then, 34 € {1,...,n} such that x;_; < 2* < x;. Then,
L(P*,f, a) — L(P, f, oz) =m;Aa; +mi Acj — mAa;

where m; = inf,,  <u<pe f(z), m = inf,, <o f(2), mi, = infrcic, f(@), Ao = a(z;) —

a(zi—1), Aaf =a(r*) — a(ri—1) and Ao, = a(z;) — a(z”).

Observe that m} > m; and m}, > my; since [z,_1,2%] C [z;-1, ;] and [2%,2;] C |20, 7).

Moreover, Ao > 0 and Ao}, > 0 (because « is monotone. Hence, L(P*,f, a) — L(P f,a) >

%)



mi(Aaf +Aaj,, — Aozi) =my (Aai — Aozi) =0.
Similarly, we obtain that U(P*, f,«a) < U(P, f, a). O

Proposition 6.5

b —b
fda < / fda

Proof. ¥ Py, P, partitions of [a, b], letting P* = P; U P,

L(P, f,a) < L(P*, f,«) (By previous result)
<U(P", f,«a) (since inf < sup)
<U(Ps, f,q) (By previous result)
It follows by taking the supremum on P; and the infimum on P, that f_ba fda < fa_b fda O

Proposition 6.6

f e R<[a, b],a) if and only if V ¢ > 0, there exists a partition P. of [a,b] such that
U(P2>f7a)_L(P27f7a) <e.

Lecture 21 - 03/27/2025

Proof. Assume that f € R([a,b], ). Then, Ve >0, 3 P., P! partitions of [a, b] such that

b b
/ fdx —§<LPE,f, / fda—/ fdx <U(P ,oz)g/ fdx—i-g
&/—’ &/—/
:f; fda since fER([a,b],a) :f; fda
Letting P* = P. U P!, and noting that |J(PZ, f,a) < U(P., f,«) and L(P, f,a) > L(P., f,«), we
obtain
U fa) - <J L(P., f,a)
<

/ fda —I— / fda — =
<< _-
=2 ( 2 ) c
Conversely, assume that ¥V ¢ > 0, 3 P. partitions of [a, b] such that U(P., f,«a) — L(P., f,«a) < ¢

Since L(P., fa) < f_ba fda < fa_b fda < U(P., f,a), we obtain 0 < fa_b—f: fd, <U(P., f,a) —
L(P., f,a) < e. Letting € — 0, we obtain ffa fdo = fa_b fda. O

Lecture 22 - 04/01/2025
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Proposition 6.7

Let I be an interval in R and f : I — R be monotone on I. Then the set D of all points at

which f is not continuous is countable.

Remark 6.4

This result together with the result we proved last week show that if « is continuous, then

every monotone function is R — S integrable over [a, b] with respect to a.

Proof. Foreachx € D, lim,_,,- f(y)and lim,_,,+ f(y) exist (since f is monotone) but lim,_,,- f(y) <z
lim, .+ f(y) (since z € D). By density of Q in R, 3 ¢, € (limy,,~ f(y),lim,,+ f(y)). Moreover,

Ve,yel, x<y= q #q, (with <if f is increasing and > if f is decreasing).

O

it follows that D — Q, x — ¢, is injective, hence D is countable

Example 6.2

Example of a function which is not R-S integrable where « is continuous:

0 ifzelad\Q

flx) = . In this case, V P partition of [a,b], m; = 0 and
1 ifzxefe,bNQ

M; = 1 where Az; > 0, hence L(P, f,a) = 0 and U(P, f,a) = a(b) —a(a) and so f_ba fda=0

and [° fd, = a(b) — a(a) # 0 if a(b) > a(a).

Remark 6.5

This function, however, is ”Lebesgue” integral (see MATH 454).

Proposition 6.8

Let a,b,c,d € R be such that a < band ¢ < d, f : [a,b] = [c,d], ¢ : [c,d] - R and « : [a,b] —
R be such that o is increasing on [a, b]. If ¢ is continuous on [¢,d] and f € R([a,b], @), then

pofe€ R([a,b],a).

Proof. Let ¢ > 0. By uniform continuity of ¢ (continuous compact set [c,d]) I d. > 0 such
that Vz,y € [¢,d], |x—y| <d. = |o(z) — d(y) < Ae, where A is a constant to be chosen later.
Since f € R([a,b],a), 3 P. partition of [a,b] such that

Ne

U(Ps, f, O[) — L(Pg" f, Oé) = Z(Ml — m,)Aaz < 53

i=1
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We want to show that

U(P€7¢Of>a)_L(P57¢Of7a) <é¢

Ne

( sup  ¢o f(z) — inf ¢of(x)) N
i—1 Ti-1<T<wm; ;1 <x<z;

-~
=w;

o If w; <4, then w; < Aeby ()

o If w; > 4., then w; < M —m where M = max .<,<4¢(x) and m = min.<,<q ¢(z)

Then,
U(P.,¢o f,a) = L(P-, ¢ 0 f,) Aszaz (M=m) > A
i=1
wiség wi>557 1.e. w,—/55>1
< e ;Aai +(M —m) 3, Y Aoy

—— \ﬂ,_/

=a(b)—a(a) <1/8c 3078 wiho; <2 /6-=06c
By (x2)
Now, choose \ — m (if a(b) > a(a)) and §. small enough so that J. < S (1f M > m).
Then,U(P€,¢Of,a)—L(P6,¢Of,Q)S%—f—%:{;‘ O

Proposition 6.9

Let a,b € R be such that a < b and « : [a,b] — R be increasing on [a, b]. Then,

b b b
1. ‘v’f,geR([a,b],a), f—l—geR([a,b],a) and/(f—l—g)da:/ fda-|—/

Lecture 24 - 04/08/2025

7 Taylor’s Theorem with Integral Remainder

Theorem 7.1: Taylor’s Integral Remainder

[0, z] if x > xg .
Let x #xg € R [ = and f: I — R be n+ 1 times differentiable in I, n

[z, 2] if x < g

times continuously differentiable on I and ¢ +— f"*1(¢)(z — )" is Riemann integrable over
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1 a3 x0
f(z) = yf(k)xo x — x)* / FrrD( —t)"dt where / = —/ if © < x
k=0 zo T

Proof. In the first version of Taylor’s Theorem, we defined h(t) = g(t)(z — zo)" ™ — g(zo)(x — t)" 1,

LG

and we obtained that h(z) = h(zo) = 0 and 1/(t) = (n+ 1)g(zo)(z — t)" — L f D (t) (z — t)"(x —

x9)" "1, Consider that h is continuous on I (since f is n times continuous differentiable on I)and

where

that it is differentiable in 1 (since f is n+1 times differentiable in 7). Furthermore, b’ is R-integrable
over I (since t — f™*D(¢)(z — t)" is R-integrable).

Hence, the Fundamental Theorem of Calculus gives 0 = 0 — 0 = h(z) — h(xg) fxo n =

g(zo)(x — )"t — & o T () (2 — t)”dt(x — x9)" ™!, which then gives 0 = (z — x)"™! (g(xo) -
L ;) FOHD(t )(x—t)”dt) Thus, we get g(zg) = f("+1)( Y(z—t)"dt = f(z)=> "1, %f(k)(:co)(x—
$0)k O

Definition 7.1: L

eta € R, b€ (a,00) orb=o00and «: [a,b) - R be increasing on [a,b]. We say that
f i [a,b] — R is Riemann-Stieltjes integrable over [a,b) with respect to « if V s € (a,b), f €
R([a, s],a) and lim,_,; <f; fdx) 3 and is finite. We denote f[a,b) fdx = lim,_,; (fas fd:):)
and we call f[a ) fdc the R — S integral of f over [a,b) with respect to . When b = oo, we
denote f[a’oo) fdz = [ fdx. Similarly, we define f[a’b) fdx and f_boo fda

| '
.
.
.
\

Proposition 7.1

Assume that a > —o0, b < co and f € R([a,b], ).
: : b
1. If v is continuous at b, then f[a p fdT = [, fdz.

2. If o is continuous at a, then f(a y fdz = fab fda.

Proof.

(1) Vse(ab), |f!dx< sup | f[(a(b) — a(a))

a<z<b

Iy
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, by continuity of o and since f € R((a,b],a).
The proof for (2) is similar. O

Example 7.1

8 Integral Convergence Test

Theorem 8.1: Integral Convergence Test

Let ngp € N and f : [ng,00) — [0,00) be decreasing and such that lim, ., f(x) = 0. Define

sn= > f(k), tn:/ f and d,=t, — sp

k=ng

Then,
L 0L f(n+1) <dny1 <dp < f(no) V2>
2. d, —>de [0, f(no)

3. 3.2 f(k) converges if and only if f is R integrable over [ng, o)

1. Proof.
dn+1 - i f(k) — nf
o kt1
n ” k+1

S0+ > (f0 - [ ) > fin+1)

k=no k

k+1
= (f(k) — f(s) )ds (Since f is decreasing)
k N——
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and so we have

n n

do =Y fk)— | f

k=no o

~fo)+ Y (F0 = [ )< s

k=ng+1

k
[ (w0 = e)ds <o
n+1 n+1
o~ =S )= [ 7= [ (Fn 1) = f(s)ds <0
]

2. Proof. Since (d,)nen is monotone and bounded by 0 and f(ng), by (1), we obtain that
lim,, o (d,,) = d for some d € [0, f(ng)]. O

3. Proof. Since f > 0, we have that x — f;o f is increasing. Therefore, lim, fio f
and is finite (i.e. f is R—integrable over [ng,o0)) iff lim, ,» %, 3 and is infinite. Since, by (2),

lim, yoo (S0 — tn) = d € R, we obtain that (s,)nen (i.e. D>J,_, f(k)) converges iff (¢,),

converges.
Hence, Z;O:no f(k) converges iff f is R-integrable over [ng, 00). O

4. Proof.

n'—1
Vo' >n>ng, dy—dy =Y (dp — diy1)
k=n
N ¥ (i)
:Z/k (7) — f(k+1))ds
l=n
n'—1
Hence, 0 < d,, — d, < Z (f(k) = f(k+1)) (Since f is decreasing)

k=n

Since lim,, oo dp, = d and lim,,_,», f(n) = f(n)— f(n'), it follow s that 0 < d,, —d < f(n). O
—~~

=0

—— THE MATERIAL COVERED BY THE FINAL EXAM STOPS HERE
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A Change of Variable Formula

Theorem A.1: Variable Change

Let a,b, A, B € R be such that a < band A < B, «: [a,b] — R be increasing, f : [a,b] - R
be bounded and ¢ : [A, B] — [a, b] be strictly increasing and surjective. Then, f € R([a,b], o)
iff fo¢ € R([A, B],¢oa). Moreover, if f € R([a,b], ), then

/abfdx=/ABfos0d(aoso)
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