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1 REPRESENTATION THEORY

In Algebra III, we studied groups, rings (& fields), and modules (& vector spaces). In
this class, we consider composite theories, i.e. interactions between these objects.

This course will be split into two halves: a half on representation theory (groups
< vector spaces) and a half on Galois theory (fields <> groups). We start with
representation theory.

I Representation Theory

We can understand a group G by seeing how it acts on various objects (e.g. a set).

A linear representation of a finite group G is a vector space V over a field F equipped
with a group action
GxV -V

that respects the vector space, i.e. mg : V. — V with mg(v) = gv being a linear
transformation. We make the following assumptions unless otherwise stated:

1. G is finite.
2. V is finite dimensional.

3. Fis algebraically closed and of characteristic 0 (e.g. F = C).

Since V is a G-set, p : G — Autg(V) which sends g + m, is a homomorphism.

Relatedly, if dim(V) < oo, then p : G — Auty(V) = GL,,(F).

The group ring F[G] is a (typically) non-commutative ring consisting of all finite linear
combinations {}_ ;cgAog : Ag € F}. It's endowed with the multiplication rule

[zagg][zﬁhh]: Y ashih

geG heG g,heGxG

where, in particular, (3. A,g)v = }_ A,(gv). Then, instead of viewing a representation
V as a vector space over F with the additional group action G x V — V, we can
simply view it as a module over the group ring F[G].

A representation V of G is irreducible if there is no G-stable, non-trivial subspace
W C V. This definition is somewhat analogous to transitive G-sets. Note, however,
that V can never be a transitive G-set, since g0 = 0 ¥g is an orbit.

Eg.1 Let G = Z, = {1,7} : ©2> = 1. If V is a representation of G, then V is
determined by p : G — Autp(V), i.e. p(t) € Autp(V). What are the
eigenvalues of p(7)? It’s minimal polynomial must divide x> -1 = (x —
1)(x+1).

DEF 1.1

DEF 1.2

DEF 1.3

By G-stable, we mean
gweWVwe W,geG
E.G. 1.1
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Supposing 2 # 0 in [, we have
V=V,eV_ Vi,=fveVimv=v},V.={veV:tv=-v}

V is then irreducible &< (dim(V,),dim(V_)) = (1,0)or (0, 1), as otherwise
we could take either V, or V_ as nontrivial G-stable subspaces.

Eg. 2 Let G = {gy,..., gn} be a finite abelian group. Let F be algebraically closed
with characteristic 0 (e.g. F = C). If V is a representation of G, then
Ty, ..., Ty with T; = p(g;) € Autp(V) commute with eachother.

J

By complex, we mean (a 4 N\

vector space over) an 1.1 Finite Abelian Representation
algebraically closed field . . . . .. g g
8 ith characteristic 0. If G is a finite abelian group, and V is irreducible representation of G over a

L complex field, then dim(V) = 1.

J

PROOF. G ={g1,.-» gn}. Then consider p : G — Aut(V),and let T; : V. — V = p(g;). Then,
T; and T; pairwise commute (since G is abelian). Ty, ..., Ty have a simultaneous
eigenvector v by Prop 1.1. Hence, span({v}) is a G-stable subspace. Since V is
irreducible, we conclude V = span({v}). O

prop 1.1 If Ty, ..., Ty is a collection of linear transformations on a complex vector space, then
they have a simultaneous eigenvector, i.e. Jv: Tjv = Ajv Vj.

PROOE. By induction. Consider Tj. Since I is complex, its minimal polynomial has a root
A, which is precisely an eigenvalue. Hence, an eigenvector exists.

n — n+ 1. Let A be an eigenvalue for Ty,;. Consider V) := Eigr, (), the
eigenvectors for A. We claim that T; maps V) — V), i.e. V) is Tj-stable. For this,
we have Ty, Tjv = Tj Ty v = ATjv, so Tiv € V).

By induction hypothesis, there is a simultaneous eigenvector v in V) for Ty, ..., Ty.
(Thinking of T; as a linear transformation V) — V) via its restriction). O

E.G. 1.2 Eg.1 Let G = S3 and F be arbitrary with 2 = 0. Then consider p : G — Autg(V),
an irreducible representation. What is T = p((23))? T2 = I, so T is diago-
nalizable with eigenvalues in {1, -1}.

Case 1: —1 is the only eigenvalue of T. Then (23) acts as —I. Since (23) and
(12),(13) are conjugate, (12), (13) act as —I as well (since —I, I commute with
everything). What about p(123)? This is p((13)(12)) = p(13)p(12) = (-I)? =
I. Hence, all order 3 elements act as I. We conclude that p(g) = sgn(g) (i.e.
0 for even, 1 for odd permutations).

Case 2: 1 and —1 are eigenvalues of T. Consider the action of S3 on 3 ele-
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ments {ey, €5, e3}, where oe; = e, (;). This provides a natural representation
homomorphism for V = span(ey, e;, e3).

< Case 2a: w = e + e, +ej3 is fixed under the action of S3, so W = span(w) C
V is a G-stable subspace. If W = V, then p(0) = Id.

< Case 2b: We may split V. = We W+, ie. Wand {v:v-.w = 0}, ie.

{are] + arer + azes : ay + ar + a3 = 0, a; € F} = span(e; — ey, e — e3). Then
W+ is G-stable, and provides a 2-dim representation

1 0 -1 1 0o -1 1 0
1<—>(0 1) (12)&)(0 1) (13)<—>(_1 0) (23)(—)(1 _1)

(123)<—>((1) :1) (132)9(:1 (1))

There are essentially 3 distinct, irreducible representations of Sj:

1. sgn: S3 — {1, -2}
2. 1d

3. A 2-dim representation

If V1, V, are two representations of a group G, a G-homomorphism from V; to V, is
a linear map ¢ : V; — V, which is compatible with the action on G, i.e. ¢(gv)
gp(v)Vge G ve V.

If a G-homomorphism ¢ : V| — V, is a vector space isomorphism, then we say two
Vi and V, are isomorphic as representations.

Eg. 1 Consider G = Dg, the symmetries of a square. We may label this group

G ={1,r,1%r3 V,H,D;, D,}. We want to think up some representation
p : Dg — Autp(V), where 2 # 0 by assumption.

Consider 2. It commutes with everything. Then T = p(r?) € Autp(V) is an
order 2 element, so T?> = 1. Since 220,V =V, ®V_,where V, ={v: Tv =
viand V_={v: Tv = —v}.

We claim that V, and V_ are both preserved by any g € Dg. Take v € V,.
Then Tgv = r’gv = gr’v = gTv = gv. The result follows similarly for
v € V_. Hence, if V is an irreducible representation, then either V = V, or
V=V_ie p(r?)=TIor-I.

Case 1: p(r?) = I, so p is not injective, and ker(p) 2 span(1,r?). Then

N\

DEF 1.4

DEF 1.5

E.G. 1.3
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Dg/ ker(p) < Kj4. We can write the following, then:

Dg P > AutF(V)

Since 27 x 27 = K, is abelian, we have 4 1-dim irreducible representations
@ into Aut(V). (Why 4? Later we’ll learn that the number of conjugacy
classes coincide with the number of irreducible representations). Hence,
we compose with 7t to yield these for Dyg.

Case 2: p(r?) = —I1. We claim that p(H) has both eigenvalues —1 and 1.
If p(H) = I, then p(V) = p(r’H) = —I. But we also have V = rHr™!, so
p(rHr™Y) = p(r)p(H)p(r"!) =1 = 4. We draw a similar contradiction by
taking p(H) = —I. Hence, H has both eigenvalues, so dim(V) > 2.

Let v{,v, € V be such that Hv; = v; and v, = rvy. We claim that
span(vy, vp) is preserved by Dg, and hence span(vy, v,) = V.

Consider r € Dg. We know rv; = v, and rv, = r?v; = —vy, so {1, 1,72, 13}
preserve span(vy, vp).

Consider H € Dg. Hv; = v; by construction. Also, Hv, = Hrv; =

r'Hv, = r~1v; = r¥v; = r?v, = —v,. Hence, H composed with {1, r, 72, 7%},

i.e. the whole group Dg preserve span(vy, v;), as desired.
0 -1 "
- ( ) (the rest follow by composition)

10
HH(O —1) 10

. J

Some questions to consider:
1. Can we describe all irreducible representations of G up to isomorphism?
2. How is a general representation of G made up of irreducible representations?

If Vy, V, are representations of G, then V; @ V, is also a representation of G, with
g(vy,v2) = (gv1, gvo). It has dimension dim(V;) + dim(V5).

1.2 Maschke’s Theorem

Any representation of a finite group G over a complex field can be expressed as
a direct sum of irreducible representations.
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Let V be a representation of G. Let W be a proper sub-representation of G in V.
Let W’ be the G-stable complementary subspace such that V.= W @ W’, as in
Thm 1.3. Then dim(W), dim(W’) < n. We proceed by induction, relying on this
lessening of dimension. O]

Remark 1: this is analogous to "every G-set is a disjoint union of transitive G-sets."
However, this is a trivial result, but Maschke’s is not.

Remark 2: generally, to prove counterexamples to Maschke’s when its conditions are
loosened, we find an irreducible sub-representation W of some fixed representation
V, and show that any other G-stable subspace necessarily contains W (hence, no
decomposition exists).

Remark 3: the assumption |G| < oo is essential. As a counterexample, take (Z, +)

1

Mﬂp:G—»GbMﬂsz):@ T
the line span(e;) is a G-stable subspace, i.e. an irreducible sub-representation of V.
Are there any other invariant lines? Take ae; + be,. WLOG assume b = 1. Consider
W = G(ae; + e3). Then 1-(ae; +ey)=(1+a)e; +e, € W,s0e; € W 4.

), i.e. ne; = e; and ne, = ne; + e;. Note that

Remark 4: C is necessary. Let F = Z/3Z, G = S3. Then let V be the 3-dim represen-
tation given by the natural action of S3 on {ey, e, e3} over F. Then span(e; + e, + e3)
is a 1-dim irreducible sub-representation. Let W be any G-stable subspace of
V. Then da, b, c, not all equal, with ae; + be, + ce3 € W. Multiplying by (123),
ce; + ae, + bes; € W, and once more by (132) yields be; + ce, + ae3 € W. Hence,
(a+b+c)eg +ey+e3) e W,sospan(e; + e, +e3) € W. (Let y =a+ b+ c. Since 3 is
prime, dk : ky = 1in F).

1.3 Semi-Simplicity of Representations

Let V be a representation of a finite group G above a complex field. Let W C V
be a sub-representation. Then W has a G-stable complement W’ such that
V=WeW.

Consider the standard projection 7ty : V. — W with n(z) = 1709, Im(779) = W. Let
ker(r) = W{. Then we can write V = W & W;. However, we have no guarantee
that W is G-stable. We alter 7 by replacing it with

1 -
== plg)omop(g)
geG
Some properties of 7

1. 7t € Endg(V).

PROOF.

PROOF.
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2. 7 is a projection onto W. See that

1
2 | L -1
: _[#G R

geG

1 a1 -1 -1
e Zhnoh J =302 Z gmog  hmoh
heG g,heG

where, by writing g (or &), we mean its linear representation in V. Note that
noh~! sends any v € V to a vector in W. Since W is G-invariant, g~'hmgh™!
also sends v to W. But now the next 7 acts as the identity (since we’re
already in W). Hence, the above summand reduces to hnoh‘l, and we may

write 1 |
2 _ -1_ L -1 _
T arrer) Z hroh _#GZhnoh = 7t
g,heG heG

3. Im(mr) = W. Im(7t) C W. But let w € W. Then n(w) = w (check it).
4. 1t(hv) = hr(v) Yh € G. See that
_ 1 1y - 1 1)1
n(hv) = o= Zgng hv = = Zgrc(h ¢ v
geG geG
Now, let § = h™'g. Then g = hg, and we write

1 .
=%c Zhgngv = hm(v)
geG

We can now take W’ = ker(m) and write V = W & W’. We have that W’ is
G-stable, now, sincew e W —= mn(gw)=gn(w)=g0=0 = gwe W' O
We’ll now give a second proof of Thm 1.2. Consider
DEF 1.6 A Hermitian inner product of V is a Hermitian, bilinear mapping
VxV->C

satisfying (v, + vy, w) = (v, w) + (v, w) and (Av,w) = A(v,w). On the second
coordinate, we have (v, w; + w,) = (v, wy ) + (v, w,) and (v, Aw) = A (v, w). The skew
linearity in the second argument allows us to conclude (v,v) € RZ% and (v,v) =
0 &= v=0.

One can think of (v, v) as the square of the "length" of v.

f 1.4 Special Hermitian Pairing A

If V is a complex representation of a finite group G, then there is a Hermitian
inner product on V such that

(gv,gw)=(v,w) VgeG and v,weV
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Let (, )¢ be an arbitrary Hermitian inner product on V. To do so, choose a basis
(e1,..., ;) be a complex basis for V, and define

<ei, ej>0 =0ifi#j,1ow

Then <Z?:1 ae;, ) 4 ﬁei> = a1 By + ... + @, B, € C. Similar to the proof for Thm
1.3, we will take an average. Consider another inner product

1
(v,w)= 2= ) (gv.gwh
geG

This has some nice properties. In particular, (-, -) is Hermitian linear, positive
definite, and G-equivalent.

We'll verify positiveness:
1
(v,v) = pre Z(g% 8V) 20
8€G >0

Suppose (v,v) = 0. Then } ,.c{(gv,gv)y = 0, so (gv,gv); = 0 Vg € G. In
particular, for g =1,(v,v)) =0 < v =0.

And to verify G-equivariant, we have (hv, hw) = (v, w). O

We provide a new angle to proving Thm 1.2. If W is a sub-representation, let
W+ ={v e V:(v,w) = 0} over the Hermitian inner product outlined in Thm 1.4.

Then we may write V.= W @ W+. The G-stability of W+ follows from equivari-
ance of the inner product. Let w € W,v e Wt — (gv,w) = <v, g*1w> =0 =
gv e Wt

This "semi-simple" structure of representations is a rare sight: abelian groups, and
especially groups generally, are not necessarily made of irreducible components.

We narrow our previous 2 questions with 2 more:

1. Given G, produce the complete list of its irreducible representations (up to
isomorphism).

2. Given a general, finite dimensional representation V of G, generate

v=V"eV,"®.0V" V; irreducible

If V.and W are two G-representations, we may investigate Homg(V, W) ={T : T —
W : T linear s.t. T(gv) = gT(v)}. Note that Homg(V, W) is a C-vector space.

PROOF.

PROOF OF 1.2



PROOEF.

PROP 1.3

PROOE.

DEF 1.7

PROP 1.4

PROOE.
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2 1.5 Schur’s Lemma h
Let V, W be irreducible representations of G. Then
0 VZW
Homg(V, W) = *
C v=W
where Homg(V, W) is the space of G-equivariant linear transformations. y

Suppose that V 22 W, and let T € Homg(V, W). ker(T) C V is a sub-representation
of G, since v € ker(T) =— T(gv) = gT(v) = 0. Hence, since V is irre-
ducible, ker(T) may be trivial or V itself. If it were trivial, then Im(T) = V.
But Im(T) € W, so by irreducibility of W we yield a contradiction. Hence,
ker(T)=V,so T = 0.

Suppose that V = W. Let T € Homg(V, W) = Endg(V). Since C is algebraically

closed, T has an eigenvalue A. Then T - AI € Endg(V). ker(T — AI) is a non-trivial
sub-representation of V, and hence ker(T - AI) =V — T = Al O

Let V decompose as
V = ‘/{n1 @@Vtmt

As a corollary, we see that m; = dim¢ Homg(V}, V).

Unwrap Vimi into m; copies of V;, and label 1, ..., s. Note that Homg(A, B@ C) =
Homg (A, B) @ Homg(A, C).

Homg(Vj, V) = Homg(V;, V1 & ... & Vi) = @Hom(Vj, Vi): VizV;Viel
iel
=Ce¢®..0C = dlmHOl’l’lG(V], V):m] O
-7

[I|=m; times

For an endomorphism T : V — V, the trace, tr(T), is defined as tr([T]g), where f is
some basis. This is well-defined, since basis representations [T],, [T] are conjugate,
and trace is a conjugate-invariant function.

Let W C V be a subspace and 7 be a function V — W such that n? = n and
Im(7t) = W. Then tr(nr) = dim(W).

Let vy, ..., v be a basis for W and v,,4, ..., d,, be a basis for ker(7). Then, since we
can write V = W @ ker(m) (recall projection properties), p = dy, ..., d,, is a basis
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for V. In this basis, t(v;) = v; for 1 < i < d. Hence

1.0 0|
0 1 0|
[mp=[ 0 O 1|
S

As for the rest of the matrix, 7t(v;) for i > d will be mapped to a linear combination
of basis vectors v; : i < d, so, in particular, they will not have diagonal 1 entries.
Since d = dim(W), we conclude tr(nt) = dim(W). O

Define VG = {v € V : gv = vVg € G} to be the members of V fixed by G. DEF 1.8

Remark that VC = Ngec (1-eigenspaces for p(g))

(1.6 Burnside R
If V is a complex representation of a finite G, then
1
. Gy _ *
dim(Ve) = = ) " tr(p(g))
geG
\. J

By Prop 1.4, for a projection 7 : V. — W (i.e. Im(nr) = W, > = x), we have PROOEF.

tr(m) = dim(W). Consider

1
ni= ) () € Ende(V)
gcG

Note that Im(7) C V. Let h e Gand v € V. Then

hn(v) = % Zhgv = 1t(v)
geG

Conversely, if v € V©, then 7t(v) = v. Hence, VC = Im(r) exactly. This also shows
that 77%(v) = t(v). We conclude that 7t projects V — VC.

= 2o )_t(p(g)

dim(V®) = tr(n) = tr(% geZGp(g)

Thm 1.6 = Burnside’s Lemma. PROP 1.5



PROOEF.

DEF 1.9

PROP 1.6

PROOE.

E.G. 1.4
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Consider later. ]

CHARACTERS

If V is a finite dimensional, complex representation of G, then the character of V is
the function xy : G —» C with xy(g) = tr(p(g)).

Xv is constant on conjugacy classes, i.e. xy(hgh™) = xv(g).

tr(p(hgh™)) = tr(p(h)p(g)p(h) ™) = tr(p(g)) O

Eg.1 Let G = S3. We discovered 3 distinct representations of S3: the trivial
action; the sgn function p(g) = sgn(g); and the two-dimensional represen-
tation given by

1 0 0 1 -1 0 1 -1
Id<—>(0 1) (12)<—>(1 0) (13)<—>(_1 1) (23)<—>(0 _1)

(123)<—>((1) j) (132)9(:1 (1))

non

Denote these representations by "triv," "sgn," and 2, respectively. The
conjugacy classes and associated traces are given by

[ 1](12)](123)
Xwiv |[ 1)1 )1
Xsgn | 1]-1 |1
x2 |20 |-1

Eg. 2 Recall G = Dg = {1,r,7%,73,V, H, D;, D,}. We have 4 1-dim irreducible
representations given by Dg/(1,r,) = Z, x Z,, including the trivial one.
Denote these by xyyiys ..., X4. We also have the unique 2-dim irrep, 2D, given

by
1 0 0 -1 D) -1 0 3 0 1
Id<—>(0 1) <—>(1 0) r <—>(0 _1) r <—>(_1 0)

-1 0 1 0 01 0o -1
V<—>(0 1) H<—>(0 _1) D1<—>(1 0) Dze(_l 0)
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L[ {2} [{r.r*) [ {V, H} | {D1, D}
Xew |11 |1 |1 1
o 111 |1 -1 -1
xs [1]1 |-1 1 -1
xe 111 |=1 |-1 1
X2D 2| -2 0 0 0

From these two examples, it seems that the number of irreducible repre-
sentations coincides with the number of conjugacy classes h(G) of G (also
called the class number of G). It also seems that the sum of squares of the
rows, weighted by class size, is the cardinality of the group. Even more!
The row look orthogonal. To that end, we conjecture:

1
Y ZXi(g)Xj(g) = 0jj
geG

Eg. 3 The Monster Group, #G = 8 - 103, has a smallest non-trivial represen-
tation of dimension d = 196,883. py then is given as a collection of
8-1053 196, 883 x 196, 883 matrices. This is too much information to ever
contain in a computer. However, G has only 194 conjugacy classes, and so
Xv, with 194 complex numbers, defines V.

. J

Xy (triv) = dim(V) PROP 1.7

Given representations V and W, Homg(V, W) = Hom(V, W)C, where we view ProP 1.
Hom(V, W) as a representation with the action gT = go T o g".

Let T € Homg(V, W). Then gT(v) = gTg™' = ¢gT(g"'v) = T(gg 'v) = T(v), so PROOE.
T € Hom(V, W)C.

Conversely, let T € Hom(V, W)®. Then ¢"'T(v) = ¢ !T(g(v)) = T(v) =
T(g(v)) =gT(v),so T € Homg(V, W). O

Given two G-representations V, W, then V & W is a representation with g(v,w) = PROP 1.9
(gv, gw). Then
Xvew = Xv + Xw

Linear representations of finite groups are diagonalizable over C. PROP 1.10

Fix g € G. To be diagonalizable, p(g)’s minimal polynomial must split into PROOF.
distinct factors in C. Since G is finite, gl°l = 1, so p(g)!°! = 1, so in particular
T = p(g) satisfies x/® — 1. We conclude p7|x/®! - 1. But, in C, x/6 - 1 splits into

distinct factors, so pr must as well. O



HONOURS ALGEBRA 1V 12

1.7 Character of Hom(V, W)

XHom(V,W) = XVXW

PROOEF.

and ge; = a;e;. Similarly, let f;, ..., f,, be a basis of eigenvectors for py (g), with
8fj = Bjfj- Then xv(g) = Li; a; and xw(g) = L B;-
Let T;; € Hom(V, W), where 1 <i <mand 1 < j < n, be the following

0 k=i
T;j(ex) = .
fi k=i
We claim that Tj; is a basis for Hom(V, W). We have

(8Tij)ex) = §T(8 " ex) = §T (A e) = A g Tijex

1|0 jEi _

:/\ 1 9 gT:/\lﬂT

k- .. ij jtij
{Aklﬁifj j=i !

Hence, gT;; = ai‘lﬁj T;j. We have that pyom(v,w)(g) is @ mn x mn matrix with

. il
entires {a; " Bi}jc(m),jen) SO

Xhom(v,w)(8) = ) ai'B; = [iail][iﬁf] = [iz][gﬁ]]

1<i<m
1<j<n

since a; are roots of unity. But this is xv(g)xw(g) O

Orthogonality of Irreducible Group Characters

Let g € G. Let ey, ..., e, be a basis of eigenvectors for py(g), with m = dim(V),

Let Vi,..., V; be a complete list of distinct, irreducible representations of G. Call

X1, Xt : G = C the associated characters.

DEF1.10  Xj € L?(G), the space of square integrable functions on G. Given fi, f, € L?(G), 1
(fi f2) = % Y ¢ec f1(8)f2(g). This is indeed an inner product.

et

(1.8 Orthogonality of Characters

Let x;, x; be irreducible characters of G. Then

0 i=zj
<x1,x]>—{1 iej

\
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(Xir Xj) = % Z%Xj(g)

geG
1
= E ZXHom(V,-,Vj)(g) by Thm 1.7
gcG
= dim¢(Hom(V;, V;)©) by Thm 1.6
. _[c oi=j
= dim¢(Homg(V;, V})) = dim¢ by Thm 1.5
0 ow. -
1 =i
_ { =i g
0 o.w.

X1, Xt is an orthonormal system of vectors in L?(G).
Follows immediately from Thm 1.8. O]

X1,--» Xt are linearly independent, and t < #G.

Orthonormal systems are linearly independent. L?(G) = C*©, so t < dim(L?(G)) =
dim(C*%) = #G. O

t < h(G), the number of conjugacy classes of G.

LZlass(G) C L?(G), where Lflass(G) ={f:G—C: f(hgh ') = f(g)}. The dimen-
sion of this space is h(G). O]

Eg.1 G = S;3 (see Example 1.2), we had ¢t = 3, with the dimensions of the first
and second representations d; = d, = 1, and d3 = 2. h(G) = 3 is hence a
tight bound.

Eg. 2 G = Dg (see Example 1.3), wehad t = 5withd; =... =dys =1and d5 = 2.
Once again t = h(G).

c 0 )
2 1.9 Character Characterizes Representations

If V and W are two complex representations of G, then V is isomorphic to W as

a representation < = .
L P Xv =Xw y

PROOF.

PROP 1.11

PROOEF.

PROP 1.12

PROOF.

PROP 1.13

PROOF.

E.G. 1.5
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PROOE. If V.= W, thenlet ¢ : V — W be a G-equivariant isomorphism. Pvg(V) =

(p‘lpwg(p(v). But trace is conjugate-invariant, so xy(g) = xw(g).

Conversely, assume xy = xw, and write V = Z{ﬂl D-- -@Ztmt, W = Z{Zl EB'ueBZ;”.
Some m;, n; = 0, as needed. (In particular, let Z; encompass all irreducible
representations between V and W, shared or otherwise).

Xv =mipX1+ ...+ MmMXy Xw =N X1+ ..+ e Xy

Observe then that (xv, x;) = m; and (xw, xj) = nj. But xv = xw, so m; = n;,
and we are done. O

Regular Representations of G

In Prop 1.13, we argued that, for characters xi,..., x;, t < h(G), the class number of
G, by seeing that {x1, ..., x;} € L% _(G). We will prove a converse to this.

class

pef 1.1 Consider C[G] = {}_ 4egA8 : Ag € C}. Then G O C[G] by left multiplication. We call
C[G] the regular representation, and denote Vi = C[G].

PROP 1.14

#G g=1
Xv,,(8) =#{h e G:gh:h}:{ 8
0 o0.w.

PROOF. Consider p(g). C[G] has a basis {g1, ..., g} = #G. Hence, tr(p(g)) = #{h e G: gh =

h}. If g = 1, this is clearly all of G. Otherwise, we cannot have gh = h (or else
g=1. O

ProP 1.15  Every irreducible representation of G occurs in Vi, with multiplicity equal to its
dimension, i.e. if d; = dimc(V}), then

Vieg = Vlt]l1 ®--- tht

PROOF. We write Vreg = Vlm1 DD Vtmt, where m; may be 0. Then

1 JE—
m; = <Xreg! X]) = ¥G ZXreg(g)Xj(g)
geG
1 .
= E#ij(l) = dim(V;) O

PROP1.16  We conclude #G = d? + ... + d7.
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dlm( Vi) dim(V;)

dim(Vieg) = #G = dim(V] &---8V, )
= dim(V;)dim(V;) + ... + dim(V;) dim( V) O

1.10 Class Number Coincides With Number of Irreducible Representations

Let t be the number of distinct irreducible representations of G. Let h(G) be the
class number of G. Then t = h(G).

C[G] = Vld1 &P th‘. Note that C[G] is not just a G-representation, but a ring
under the following multiplication rule:

Zagg Zﬁhh = Z agPugh
geG heG g,heG

Consider the map G — Aut(V}) x --- x Aut(V;) by p = (py, ..., pt). We can write
p : C[G] — End¢ (V) @ - - - @ End(V;) by linearity, i.e.

ZAgg = Z/\gpl Z/\gpt

Observe that dim(C[G]) = #G and dim(End(V}) @ --- @ End(V})) = d? +... + d}

We show that p is an injective ring homomorphism. Let 6 = ker(p). Then
pj(0)=1 = Oactsas 1 on V; Vj € [t]. But all representations are comprised of
irreps by Thm 1.2, and especially the regular representation Vi, so 6 acts as 1
on Vieg. But then 6 is the identity on C[G], so ker(p) is trivial.

dim(C[G]) = dim(End¢ (V) @ - - - @ End(V})), so ¢ is also surjective. Hence
ClG]=My(C)®---& M,y4,(C)
We compute the centers Z of these rings
dim Z(C[G]) = dim{x = Z)\gg : x0 = 0x VO € C[G]}

dim Z(Mj, (C) @+ & My (C)) = dim(C&--- & C) = ¢

We claim that 6 = }_ A,¢ € Z(C[G]) & hO = Oh Vh € G, i.e. it is sufficient to
show that an element commutes with the group to show commutativity with the

PROOF.

PROOEF.



PROP 1.17

PROOEF.

PROOF.
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group ring. But

Ag(hgh™) =) Aeg

11101

Migh=AgVhe G geG

hence, ¢ — A, is a class function, so dim(Z(C[G])) = h(G). But dim(Z(C[G])) = ¢,
so we conclude t = h(G). O

As a corollary, we see that x, ..., x;, the irreducible characters of G, form an orthonor-

mal basis for LflaSS(G).
See Prop 1.13, with the added knowledge that ¢t = h(G). O

If G is abelian, we’ve seen that all irreducible representations Vi, ..., V; have dimension
1. From above, t = h(G), but since G is abelian, t = h(G) = #G. A direct proof of this
fact is as follows:

Write
G=diZx---d,Z:dy|--|d,

by structure theorem. Thus, let G be generated by {gy, ..., g}, where gfl" =1.1Ifp
is an IRREP of G, then p: G — Aut(C) = C*. Then

G={g' & :a;<dj
so p is completely determined by the elements p(g;), ..., p(g,). Consider
pg =& € C*: &% = 1) = {d*" roots of unity}
Consider now Hom(G, C*) = pg x - X pg by

p(g) — (p(g1), - (&)

This is a natural isomorphism, where we note that Hom(G, C*) and pg x--- X pg,
have group structure. On the left, Hom(G, C*) provides all 1-dim (and hence all)
irrep for abelian G. On the right, #(pg, X+ x pg ) = d; - ... - d, = #G by structure
theorem. O

Fourier Analysis on Finite Groups

We are primary concerned with

L*(G) = {square integrable functions from G — C} = C*©
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where

IFIP = 5 ) IF(@)F <o

geG
for ¢ € L?(G). Note that L?(G) is a Hilbert space with

(i f)= 35 ) F&HE)

geG

From now on, assume G is abelian, and therefore that L?(G) = LflaSS(G).

Let G = {x1,..., xn) be the irreducible characters for G. Then G is an orthonormal
basis for L?(G), and so, for f € L?(G), we can write

f=&uHxi+.+n fHxn

Given by Prop 1.11 and linear algebra. O
Given f € L%(G), the function f : G — C defined by

0= 56 Y x@f8) = )

geG
is called the Fourier transform of f over G.

Correspondingly,
f=) foox

xeG
is called the Fourier inversion formula.
Eg. 1 G = R/Z (the unit interval mod itself). Let L?(G) be the space of C-values
period functions on R, i.e. f(x+ 1) = f(x), which are square integrable on
[0,1].

Let G = Hom(G, C*). Any homomorphism from R — C* looks like x - ¥

But we also must satisfy
eM=1VneZ

since e** - et = eM by f(x + 1) = f(x). Hence, A = k27 for k € Z. Hence,

G={xj:jeZ: x(x)= eI} =7

Let’s define a norm on G, as above:

L 1
i fo) = 1200, 1] fm A f(x)dx = jo R0 fx)dx

PROP 1.18

PROOF.

DEF 1.12

DEF 1.13

E.G. 1.6
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We see that

1

1 o
<X€;Xf>=J Xz(x)xj(x)dx:j eézmxe]zmxdx:J”
0 0

Qli-02mix g _ {1 t=j
0

0 €=
Eg. 2 G = Z/nZZ. Note that this is a subgroup of R/Z by splitting the unit interval

into n equal parts of size % In particular, then

A 2mijx

G={xj:jeln]:xj=er}

SO XjX¢ = Xj+¢- For the inner product, we have

1 e 1 2mk(j-£) 1 (=
DIRCE DN s N

keZ/nZ keZ/nZ
since the sum of roots of unity is 0.

Eg. 3 Consider 1 - % + % - % +.... Consider also, for f € L*(Z/nZ), the series
S(f) =Yy @ Since f +— S(f) is linear, it suffices to consider S(f)on a

basis for L?(Z/nZ). In the above example, we have one: G = {eznriijx 1 j e [n]}.
For §(x;), we have simpler work to do:

Notice that this diverges when j = n. By the Fourier inversion formula and
linearity of f +— S(f), then

2mij
n

n—1
S(F) = S Uxw X1+ -+ Cow Fixa) = ) ejy f)(=In(1 =)
j=1

so long as (x,, f) = 0 (otherwise, it diverges by the observation above).

Back to our original question concerning 1 — % + % - % +.... Let f € Ly(Z/47)
be defined by

0 keven 0 op L1 1
fky=11 k=1 mod4:>5(f):z%:l—§+§—§+...

-1 k=3 mod4 k=1
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By our theory developed above, we have S(f) converges if (x4, f) = 0, but

(e_zni e 04 e 0T ] 48 0) =0

e

4
Y xalk)f (k) =
k=1

e

and identically for (x,, f). For the odds,

(x1, f)= (e%i—e%m):i.zi:_‘

e

and similarly with (x3, f) = —(x1, f). Hence,
1 2mi 6mi
Sﬁ)zzﬂ—mﬂ—e4)+MQ—e4»:

:im“*ﬂ:imm:iﬂz
21 1-1 21

and we are done.

Character Tables of Sy, As, and GL3(IF,)
Consider Sy.

Recall #54 = 24 and there are h = 5 conjugacy classes. The classes of this group are as
follows:

name \ rep \ size

1A (1) 1

24 | (12)(34) | 3

2B (12) 6

3A (123) 8

4A (1234) |6

and we have the character table (to start):

char |1A|2A | 2B[3A|4A
X1 1 [1 1 1 J1
Xsgn = X2 1 1 -11 -1

It suffices to look at abelian quotients of S, to find its 1-dim irreducible representa-
tions, hence the normal subgroups of S;. One can mod out by Ay to yield the sign
homomorphism from S; — C*. There are no other abelian quotients, so this is the
only 1-dim rep.

Note that Ky, the Klein 4 group, is naturally embedded in S4, and also S4/K4 = S3.  Ararity! S,,_; is a quotient

Let ¢ be this homomorphism. Recall the character table of S from Example 1.4: of S, only when n = 4, 3.
| 1](12)](123)
Xuiv | 1)1 1
ngn 1-1 1

X2 210 -1
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We compose ¢ with the 2-dim representation yx, above. 2A (i.e. (12)(34)) in Sy is in
the kernel of ¢, so it will be mapped to the identity, i.e. have trace 2 as well. The
image of 2B (i.e. transpositions) are exactly transpositions in S3, and hence we have 0.
Order 3 elements in S, get mapped to order 3 element in S3, and hence we maintain
-1 as the trace. Lastly, 4A becomes a transposition.

char | 1A |2A|2B[3A[4A
X1 11 J1 |1 ]1
Xsgn = X2 1 1 -111 -1
X3 2 |2 |0 |-1]0

We're still missing 2 representations, since h = 5. We have the natural representation
given by permuting 4 basis vectors. The trace of these representations is given by how
many fixed points a permutation has, i.e. (14,2A,2B,3A,4A) = (4,0,2,1,0). This
"natural" representation may be decomposed into the trivial representation and an
irreudcible representation. Hence, we subtrace each trace by 1 to yield

char | 1A |2A | 2B|3A[4A
X1 11 J1 |1 ]1
Xsgn = X2 1 1 -111 -1
X3 2 |2 |0 |-1]0
X4 3 |-1]1 |0 |-1

We still need to check that x4 is irreducible: for this, we compute (x4, x4), and find
that it is 1. To find the 5th representation, we can weasle our way out via number
theory. To start, we know the inner product of the columns with themselves is equal
to#S4 =24, 1i.e.

1+1+22+3%+ x5(1)> =24 = x5(1)=3

We could also try taking Hom(V;, V;) for two of our existing representations, and
hope it is irreducible. Since XHom(V;,V)) = X_%ij» it should be that sz-(l)XVj(l) =3
The trivial representation won’t do us any good, so our only valid path forward is
Hom(V,, V,). Filling in the character table would yield

char |1A|2A | 2B[3A | 4A
X1 1 [1 |1 |1 [1
Xsgn = X2 1 1 -1 1 -1
X3 2 |2 |0 |[-1]0
X4 3 |-1/1 |0 |-1
X5 3 |-1]-1]0 |1

One verifies that (x5, x5) = 1, so x5 is irreducible.
Consider As.

It’s cardinality is #A5 = 60 and it has no normal subgroups (hence, the method of
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finding quotients won’t work!). It’s conjugacy classes are as follows:

name ‘ rep ‘ size
1A (1) 1
2A (12)(34) | 15
3A (123) 20
5A (12345) | 12
5B (12354) | 12

Once again, h = 5. Let’s start building the character table

char | 1A | 2A | 3A | 5A | 5B
x1 |1 |1 |1 |1 |1

# 1 |151]20 1212

We can take the standard permutation representation and subtract off the trivial
representation to yield a (hopefully) irreducible representation: (14, 2A,3A, 54, 5B)
have (5,1, 2,0, 0) fixed points, so:

# 1 15120 |12 |12
char | 1A | 2A | 3A | 5A | 5B

X1 1 [1 [1 [1
xo |4 |0 |1 |-1]-1

—_

One checks that xi, x, are orthogonal, and further that (x,, x,) = 1 (for irreducibly).
Recall that S5 acts transitively on S5/F,y = As/D; =: X, a set of 6 elements. Hence,
we can consider how many fixed points of A5 acting on X exist. Recall that an element
g € As fixes a coset hDyy <= hgh™! € Dyy.

5A On X, a five cycle acts as a five cycle (can you think of any other order 5 element
permuting 6 letters?), which has 1 fixed point.

5B Same as above.
3A A 3 cycle does not exist in Dy, so no cosets are fixed.
2A One finds two copies of (12)(34) in D;, and hence two fixed cosets.

# 1 15 120 |12 |12
char | 1A | 2A | 3A | 5A | 5B

x1 |1 |t J1 |1 |1
xo |4 |0 |1 |-1]-1
xs |5 |1 [-1]0 |o

We have two more representations to weed out. We can figure their dimensions, since
1+16+25+di+d§ =60 = di+dS2 =18 = d4 = d5 = 3. Hence, we will search
for 3-dim representations.
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gep

DEF 1.14

(Hopefully)

PROP 1.19

HONOURS ALGEBRA IV 22

It is interesting that A5 acts on 3-dim space... we know that A5 is the symmetry group
of the icosahedron and dodecahedron. Consider g = 2A under the action on one of
these objects.

Consider GL3(F,)

Recall some key facts: #GL3(F,) = 168 = 23-3 -7, and it has a Sylow 2 subgroup
isomorphic to Dg. We may first consider a trivial representation. Then, typically, we
consider the permutation representation of GL3(F,) on some transitive G-set. But
F3 = 0 is such a set, and we generate x, by subtracting off the trivial representation.

Then, for x;, we consider X, the set of Sylow 7 subgroups. #X|24 and #X =; 1,
so #X = 8. It is not 1, or else we would find a new conjugacy class. As a G set
under conjugation, X = G/H, where H is the normalizer of a Sylow 7 subgroup P (it
must have cardinality 21). Then P, is, by definition, a normal subgroup of H, so we
consider H/P, = 37. Let w : H — 3/Z be the quotient map. Then ™! = ker(rn) = P,
and every element which maps to 1 or 2 under this map is of order 3.

H has 6 elements of order 7, and 14 of order 3 (1 of order 1). Elements of order 2 or 4
in G may not fix any cosets G/H, since then gaH = aH = a'gac H,and 2,41 21.
Then, if g € 7A, then g acts a cyclic permutation of length 7 on G/H, and therefore
has a unique fixed point.

C[v*] = {Zw € V' A,[w]: A, €C} where V*=T3-{0)

size 1 21 |56 |42 (24 |24
class 1A|2A | 3A |4A | 7A | 7B
Xeiv=xXx1|1 |1 |1 |1 |1 |1
X2 6 0 0 -1 ] -1
X3 7 |-1]1 [=1]0 o

INDUCED REPRESENTATIONS

Recall the permutation representation of G, i.e. how G permutes a transitive G-set
X = G/H. We can view such a representation V as

V={f:G/H—C]
where gf(x) = f(g~!(x)). We may also write V as
V={f:G—-C: f(xh)= f(x)Vh € H}

Consider a subgroup H < G and let y : H — C* be a homomorphism, i.e. x €
Hom(H, C*). Then the induced representation Indg()() is given by

Vi=1f:G—>C: f(xh) = x(h)f(x)Vh € H}
We observe some key facts about the representation V.

V, is preserved by the action of G, where we obey the rule gf(x) = f(g'x).
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Let f € V,,g € G. Then gf(xh) = f(g~'(xh)) = f(g"'(x)h), and since f € V,, PROOF.

x()f(g7'(x)) = x(h)gf (x). Hence, gf € V. =
dim(Vy) = #G/H =[G : H]. PROP 1.20
Let ay, ..., a; be a set of coset representatives for G = a;H LI --- Ll a;H. We claim PROOF.
the function
f > (F(@), s flar) € C*
is an isomorphism from V,, — C'. We find that this is injective by computing
the kernel. If f € ker, then f(a;) = ... = f(a;) = 0. But since f € V,, f(a;h) =
x(h)f(a;) = 0. Hence, f(g) = 0 Vg € G. Conversely, for surjectivity, if we know
how f acts on a;, then we know how f acts on all g € G, since we may write
g =a;h for h € H and some a;. O
Hence, if H is a quotient of G, then any representation of H yields a representation
for G. Quotients are quite rare, though, and we observe further that for any subgroup
H < G, any character of H yields a representation for G.
1.11 Character of Induced Representation R
Fix an induced representation Vj, on which we write instead f : G — C :
f(xh) = p~Y(h)f(x) for f € Vy. For all g € G, then
) Plaga
aHeG/H
algacH
\. J
We fix a basis for V. For a € G, let 6, be the unique function in V, satisfying PROOE.

O04a) =1 6,x)=0x¢aH

Since o € V,,, we have 9,(ah) = =1 (h). Then g, -+ Og, are linearly independent
for coset representatives a;, since all but 6, (a;) terms disappear.

Let an element ¢ € G map a coset ga;H = ajH. Then ga; = aj h; for some h; € H.
Observe, then, g0, = 04, and 64, = P(h)d,.

géaj = 6ga]- = 6a]-fh]- = Il)(hj)éa-/

Then, finally,

t
xv(8)=) vi)=) wlai'ga)= ) pla'ga)
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Proof under maintenance 4 O]

1.12 Character of Induced Representation (Alternate)

xv,(8) = #H#C X Py

)/EC
PROOF. We use the result in Thm 1.11.
1 =l
xv,(8) = Z (alga) = = Z Y(a ga)
acG/H: acG:
gaH=aH a~'gacH

But if b € Z(g) and a"!ga € H, then ba also satisfies our conditions, since
a 'b~'gba = a~'ga. Thus, we may consider unique members of the conjugacy
class of gin H,i.e. C(g) N H, and compensate by a factor of #Z(g):

Xvw( Z Py

yeC(g

By Orbit-Stabilizer, #C(g) = %, where G acts on itself by conjugation. Finally,
then

xv,(8) = #H#C Z Py

yeC
[

( )\

E.G. 1.7 Eg. 1 Recall our "natural" representation for G if G acted on a set X of size n.
We claimed that the character of this representation on g € G coincides
with the number of fixed elements in X by the action of g. (And frequently
"subtracted off" the trivial representation representation). We’ll consider
this in a new light with induced characters.

Let G = S4, and consider the natural action on S4/S3 (i.e. 4 letters). With
H = Sz and ¢ : H — C* being the trivial representation, consider Indgi(lp).
What is its character on (12)?

#S4 1 14
Xlnd§4(¢)(12) #S, ( ) Z 5072
3 yeC(12)NS;

as expected. (3 and 4 are fixed by (12)).

Eg. 2 Let G = GL3(F;) and H be the normalizer of P;, any Sylow 7 subgroup of G.
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How large is H? With 168 = 7 - 3 - 2%, we know Ny|24and N; =1 mod 7,
so there are either 1 or 8 such subgroups P;. By the simplicity of GL3(F,),
there must be 8. By Sylow 3, the normalizer H has size % =21.

Consider now H/P;, a group of size 3, and hence Z/3Z. We can thus con-
sider a representation of H via the quotient map H — Z/3Z and a 1-dim
representation of Z/3Z. In particular, consider the non-trivial representa-
tion of Z/37Z given by i — & whereiisa primitive 3" root of unity. Then,
let ¢ be this representaiton pre-composed with the quotient:

H s C*

YARY/

Consider now V, = Indg(lp), where 1 is as above. By the theorem above,
its character on the identity is

xv,(1)=8- —Z¢

so the dimension of this representation is 8. In generality,

xv,(8) = Z Py

yeC

per Thm 1.12. For g = 2A,4A, we know C(g) N H = @&, since H has odd
order, and so 2,4 t #H. We conclude that XV¢(2A) = XV¢(4A) =0.

For order 3 elements, we look for the preimage of 1 and 2 under the quotient
map H — Z/37Z. We know P; — 0, so #ker(H — Z/37Z) > 7. But it must
divide 21, as a subgroup, and is not trivial, so it is exactly P;. Hence, the
remaining 14 elements in H must be mapped to 1 or 2. Since the quotient
map is surjective, there exists elements which map to either. But: if a — 1,
then a® + 2, and if b > 2, then b? > 1. Thus, the preimages of 1 and 2

have equal cardinality (i.e. 174 = 7 each). We write, by the theorem above:

Sxze YW@=

geH:ord(g)=3

(76 +78%) = -

\1IP—*

For order 7 elements, we consider both 7A N H and 7B N H. We have 6
yet unmapped elements in H (P; C H, in particular). One would imagine
that the classes are split 3 and 3. But this is true: if ¢ € 7A, then ¢? and g*

c.f. MATH456 A3Q7
c.f. MATH456 Thm 1.8


https://www.math.mcgill.ca/darmon/courses/algebra3/ass03.html
https://nicholashayek.com/tex/MATH/456/Algebra%203%20Notes.pdf#page=13

To show this: consider
x> +x2+1 < 7Aand
X+x+1 7B

DEF 1.15

PROP 1.21

PROOE.

DEF 1.16

PROP 1.22

PROOEF.
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belong to 7A, but g°, ¢°, ¢° belong to 7B. We yield 6 distinct elements, and
hence conclude that they are distributed 3 and 3.

1 24
8xo2 ) We=5;=1

7ANH

The same will occur for 7B, and we add a character row.

size 1 21 |56 |42 |24 | 24
class 1A |2A | 3A|4A|7A | 7B
Xew=x1]1 |1 |1 |1 [T [1
X2 6 -1]-1
X3 7 |-1]1 |-1

X4 = XVI/) 8 0 -11]0 1 1

One checks the inner product of (x4, x4) to conclude that is is irreducible.
To find the dimensions of the remaining characters, ds, dg, we have

1+62+72+8%+d2+d} =168 = d2+d; =18 = ds=dg=3

MISCELLANEOUS

Tensor Products

Previously, we’ve seen how to generate new representations from old ones, e.g. with
direct sums V| ® V,, where g(v, w) = (gv, gw) and Hom(Vy, V,), where ¢T = gTg™ L.
The characters of these new representations are x; + x, and X7 x,, respectively.

One could also take Hom(V,C) := V7, the space of linear functionals on V (one
envisages C as the trivial representation). Then xy- = xv.

V1 ® V, := Homg( V7, V3) is the tensor product of V; and V.

dim(Hom¢(V}, V3)) = dim(V]) dim(V5) = dim(V}) dim(V5). O

Given v € V},v, € V,, we define v; ® v, € V; ® V) to take € € V| > {(v})v,.

Let ey, ..., e, be a basis for V; and fy, ..., f,, be a basis for V;. Then g ={e;® f; : i €
[n], j € [m]}is a basis for V; ® V,.

Let vi = ajeq +...+aye, and v, = by fi + ... + by, f,,- Then

V1 @y = (a6 + o+ ) @ (b1 fy + 4 buf) = ) abjlei®f))

i€[n],je[m]
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so f is spanning. But |f| = dim(V;)dim(V;) = dim(V; & V5), and we are done.
]

G actson V; ® V, by g(vi ® v5) = (gv1) ® (gv2). Then xv,gv, = Xv, Xv,- PROP 1.23

Fix g € G. Let {e;} and {f;} be bases of eigenvectors for g. Then let ge; = A;e; and PROOF.

gfi = pifi- We have
gle; ® fj) = (ge;) ® (gfj) = (Aie;)) ® (pjfj) = Aipj(e; ® f;)

Then tr(pv,ev,(8)) = Licln),jem] Aitj = (Liepn) Ai) (L jem) #5) = tr(pv, (8))tr(pv,(8))-

One may also observe directly by combining xyom(v,,v,) = Xv, Xv, and xv- = xv.
O

Further Applications

We consider G-equivariant endomorphisms on G-representations V, and use the
heaviest machinery yet to conclude, as we did early in our algebraic journey, that
linear transformations on F" are exactly n x n matrices in F".

1.13 G-equivariant Endormorphisms Act as Matrices

Let V is arepresentation of Gand T : V — V be a G-equivariant endomorphism,
ie. e Endg(V). If V=V, ®---@V, for irreducible, distinct representations of
multiplicities all 1, then T(V;) C V;and T(v) = Ajv Vv € V.

Let n7; : V; <> V be the inclusion map v; - (0, ..., vj, ..., 0) and 7t; : V — V; be the PROOF.
"exclusion" map (vy, ..., v;, ..., v¢) > v;. We have

where T;; is a composition of these maps. Note that 7; € Homg(V}, V) and
n; € Homg(V, V;) are G-equivariant themselves, so T;; will be. For the latter,
take an arbitrary v = v; +... + v;. Then g distributes over the sum, and so

gmi(v) = gv; = 1;g(v)

We write T;; = 7;Tn; € Homg(V;, V;). By Schur’s Lemma, then

T — 0 i=j
TN =g
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It follows that T(v) = A;v for v € V; = Vj: let v € V; = V;. Then, by isolating each
coordinate,

T(v)=mT()+..+ 1 T(v) = Tyj(v) + ... + T;j(v) = Tj;(v) = Aiv

where 7t; T (v) = T;j(v), since v € V}, so 17;(v) = v. Using this, we identify

Ty Ty - Ty >
Ty Ty - Ty

T(v) = . . ) . Tij € Homg(V;, V])
Ttl Tt2 A Ttt Vt

In the context of the theorem proven, where V; 2 V]-, we write

Ay 0 -+ 0
0 A, -~ 0

T=1|. i . ZAiE(C
0 0 - A

O]

In the extreme setting where V; = F and V is F?, T;j € Homg(F,F) = F. Then

T :V — V are represented by t x t matrices with entries in F.

E.G. 1.8

4 3\

Eg. 1 Let X be the faces of a cube. Let G = S4. Let V be finite, C-valued functions
on X, asin Def 1.14. G O V via G © X, and gf(x) = f(g ' x). Consider

T:V - V:T(p)(x)= }L Zqo(y)
y~x

where y ~ x <= v and x are adjacent faces. We wish to decompose V
into a sum of irreducible representations of S4. Recall the characters of Sy

itself:
class | 1A | 2A | 2B | 3A | 4A
size |1 6 3 18 6
X1 1 1 1 1 triv
X2 1 |(-1]1 |1 |-1]sgn
X3 2 2 |-110
X4 3 |1 |-1]{0 |-1|natural
xXs |3 |-1]-1]0 |1 |Xx2®x4
X6 6 |0 |2 |0 V, by calculating FP on X
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We conclude from this table that V = V; @ V3@ V5. The trivial representation
V1 is comprised of all constant functions.

A function ¢ : X — Cis called even if p(X) = ¢(x’), where x’ is the face
opposite to x. The dimension of the vector space of even functions, say
L?(X),, is hence 3.

If ¢ € L*(X),, then gp(x) = p(g™"'x), and gp(x’) = p(g7'x"), s0 (g™ x) =
p(g71x"), so G preserves L?*(X),. We want to extract the trivial representa-
tion out of these functions, so define

LZ(X)+,O ={¢p:X > C:¢el*X), and Z(p(x) =0}
xeX
with this we can write

Vi e Vi3 Vs
| — | —

constant fns  L?(X),

L2(X),

Similarly, we consider the space of odd functions L*(X)_ = {¢ : X — C:

@(x’) = —p(x)}, and extract the trivial representation similarly to yield
L*(X)_-

Recall that T, defined at the start, preserves Vi, V3 and V5. T(1) = 1,
thankfully. If ¢ € V5, then T(¢) = 0. If ¢ € V3, we consider

DEF 1.17
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I Galois Theory

If E and F are fields, then E is an extension of F if F is a subfield of E. From now on,
all fields are commutative. Note: if E is an extension of F, then E is also a vector space
over F, by "forgetting" internal multiplication of elements in E. This motivates the
following definition.

The degree of E is dimp(E), the dimension of E as an F-vector space. It is either a
positive integer or infinity. We sometimes denote [E : F] = dimg(E).

E over F is called a finite extension if [E : F] < oo.

We write E/F to mean "the extension E over F," and, for [E : F] = n, draw
E
n
F

denoting inclusion by vertical position (higher containing lower).

Eg. 1 Consider E = Cand F = R. Then [C : R] = 2, with a basis {1, i}.
Eg. 2 Consider E = Cand F = Q. Then [C: Q] = oo.

Eg. 3 Let E = F(x) be the fraction field of F[x], i.e. all expressions

{%:f,geF[x],g:tO}

Then [E : F] = o0, in much the same spirit as Eg 2.

Let F be a field, and E = F[x]/{(p(x)), where p € F[x]. Then E is an extension of F,
with [E : F] = deg(p) by taking a basis {1, ¢, ..., tdeg(p)-11,

2.1 Multiplicity of Degree

Let K C F C E be finite extensions. Then

[E:K]=[E:F][F: K]

Letn =[E: F]and m = [F : K]. Let a, ..., a,, be a basis for E as an F-vector space,
and similarly, 4, ..., B, be a basis for F as a K-vector space. Let a € E. Then

a=Aa +...+ Aa,
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uniquely for A; € F. But each A; may be written uniquely as

> >

Ai = AP+ + AP = i

where A;; € K. Then, substituting this expression in for A;, we see that

n.m
a= Alﬁal T coo AP Anﬁan = ZZ/\,]a,ﬂ]

i=1 j=1

and hence {a;B;}1<i<n is a K basis for E. Ol
1<j<m

Let F be afield and a € E, where E/F is an extension. Then F adjoined with o, denoted  DEF 2.4
F(a) is the smallest subfield of E containing « and F.

One extends this idea for F(ay, ..., a,), where {«a, ..., a,} C E.

We may think of F(a) outside of the context of a fixed extension E.

If a is algebraic over F (see Def 2.6), then F(a) = F[x]/p(x)|,, the elements f € proP 2.2
F[x]/p(x) evaluated at a, where p is the smallest irreducible polynomial in F which «
satisfies. If « is not algebraic, then F(a) = F[a], all polynomials in F at a.

A complex number is constructible by ruler and compass if it can be obtained from Q  DEer 2.5
by successive applications of + or 4/-. Alternatively, & € R is constructible if there = Sometimes called
exists extensions Q C F; C --- C F,, such that F; | = F;(\&;), a; € F;,and a € F,,. "quadratic extensions"

2.2 Non-Constructible Roots

If a € R satisfies an irreducible, cubic polynomial over Q, then « is not con-
structible by ruler and compass.

Suppose that «a is constructible. Then Q C Fy C --- C F,,, where F;,; = F;(\/a;) : PROOF.

a; € F;. Hence, [F;,1 : F;] = 2,s0 [F, : Q] = 2". We have also a € F,,.

But consider Q[x]/p(x) = Q(a) for the cubic p of interest. [Q(«) : Q] = [Q[x]/p(x) :
Q] =3. Buta € F, and a € Q(a), so F,, is a Q(«a) vector space of dimension d.



E.G. 2.2

DEF 2.6

E.G. 2.3

Since we can essentially
associate with each a a
polynomial in Q. But Q is
countable, and hence Q[x]

is.

PROP 2.3

PROOE.

DEF 2.7

PROP 2.4
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3d = 2" by Thm 2.1, which is a contradiction. Visually:

Q(a) Fy
X ‘2
Q

O

As a corollorary, we see that, for any a € R which satisfies an irreducible polynomial
over Q, this polynomial must have degree 2! for some t in order to be constructible.

Eg. 1 v/2 is not constructible, since it is a root of x> — 2, which is irreducible in Q.

Eg. 2 cos (27”) is not constructible, since it is a root of 4x> + 3x + %

The constructability of the first two values in Example 2.2 are necessary to duplicate
a cube and trisect an angle, respectively, with a ruler and compass.

Let E/F be a finite extension. An element « € E is algebraic over F if « is the root of a
polynomial in F[x].
Eg. 1 V2 is algebraic over Q (see x?> — 2), and i is algebraic over Q and R (see

x?+1).

Eg. 2 7 is not algebraic over Q, but it is algebraic over Q(rc®) (see x> — 7c3).

Eg. 3 The set of a € R which are algebraic over Q is countable!

| J

If E/F is a finite extension, then every a € E is algebraic over F.

{1, @, @?, ..., "} cannot be linearly independent, since [E : F] = n. Hence, there

exist coefficients which vanish a linear combination of these elements. O

The automorphism group of E/F is
Aut(E/F):={p:E—>E:p(x+y)=@x)+ @) : p(xy) = px)p): ¢l =1}
p(1)=1,¢0(0)=0,¢p(a!) = p(a)! for ¢ € Aut(E/F).

We observe that any ¢ € Aut(E/F) is automatically injective. In fact, if [E : F] < oo, it
is automatically surjective as well (by viewing it as an F-linear transformation).
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2.3 Aut(E/F) Has Finite Orbits on E

If E/F is a finite extension, then Aut(E/F) acts on E with finite orbits.

By this, we mean, when taking ¢ € Aut(E/F), repeated action on some « € E PROOF.

yields only finitely distinct elements.

Since «a is algebraic for F, there is a polynomial f(a) = A,a" +...+ L1a+ Ay =0,
where A; € F. Then
pAa” +..+ Qja+ ) =0

by Prop 2.4. But, by linearity and vanishing conditions on F, this is also
P(A,a") + .+ (A a) + @(Ag) = A, @(a)" +...+ A p(a) + A

We conclude: if « is a root of f(x) € F[x], then ¢(«) is a root of f(x). Hence, the
orbit of @ under the action of Aut(E/F) will be contained in the roots of f(x),
which is finite (and bounded by [E : F], by Prop 2.3).

To be precise: the orbit of any ¢ € Aut(E/F) is contained in the roots of f, so the
orbit of all of Aut(E/F) is contained in the roots of f. O

Though we contextualized Thm 2.3 around finite extensions, we only used the fact
that a € E is algebraic. Hence, if E/F is an infinite, algebraic extension (i.e. all @ € E
are algebraic), then the result also holds. We restate without proof:

If E/F is an algebraic extension, then Aut(E/F) acts on E with finite orbits. PROP 2.5
If [E : F] < oo, then #Aut(E/F) < co. PROP 2.6
PROOF.

Let ay, ..., a, be generators for E over F (i.e. every a € E can be written as a
polynomial in ay, ..., a;). Let G = Aut(E/F). Then

E =F(ay,.., a,)
F(ay, ..., a,) C E, since {a;} C E. Conversely, since {«;} are generators, all elements
in E are polynomials in {«;}, which are contained in F(ay, ..., @,) by definition.

If @ € Aut(E/F), then ¢ is completely determined by {¢(a;), ..., ¢(a,)}, which is
contained in
orbg(ay) X - -+ x orbg(a,,)

Since orbg(a;) is finite by Thm 2.3, this is finite, and so is Aut(E/F). Ol

Eg. 1 Suppose that E is generated over F by a single element «, i.e. E = F(a). Let E.G. 2.4
p(x) € F[x] be the minimal polynomial of a. Then E = F/(p) as well.

@ € Aut(F(a)/F) is determined by ¢(a) € {roots of p(x)}, which, as a set, is



PROP 2.7

PROOEF.
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< deg(p(x)) = [F(a) : F], so we have
#Aut(E/F) < [E : F]

We remark that this inequality is true in general.

If E/F is any finite extension, then #Aut(E/F) < [E : F].

We’ll proceed by induction on the number of generators for E over F. (A similar
proof is employed for Prop 2.15.) Let E = F(ay, ..., @,). Notice that Aut(E/F) =
Homp(E, E). Let M be any extension of F, and consider Homp(E, M). We'll
instead prove #Homp(E, M) < [E : F].

The n = 1 case is essentially covered above in Example 2.4. Let E = F(a) =
F/(p), where p(x) € F[x] is the minimal polynomial of a. Let d = [E : F] =
deg(p). Consider ¢ € Homp(E, M). Then the map ¢ — ¢@(a) is an inclusion
Homp(E, M) < {roots of p}, by observing

plag+aja+...+ ad,lad_l) =ag+aea)+..+ ad,l(p(a)d_l

In particular, these are the roots of p in M, the collection of which is bound in
size by deg(p) = [E : F].

Now we show n — n+ 1. Set E = F(ay, ..., @,41)- Let F' = F(aq,...,a,). f F" = E,
then we’re done. One may write E = F’(a,,,1). Let [F': F] =d; and [E : F'] = d,.

Consider the restriction map
Homp(E, M) - Hompg(F’, M)

We know, by induction, that #Hompg(F’, M) < [F’ : F] = d;. Now we ask: given
¢@o € Homg(F’, M), how many ¢ € Homp(E, M) exist such that ¢|p = ¢@o? In
other words, we wish to describe the preimage of the map above. Define

g(x)=Ag x4+ Lix+Ag: A €F

to be the minimal polynomial of @, in F’[x]. Fix ¢y € Homg(F’, M) and let
¢ € Homg(E, M) be such that ¢|p = ¢y. Then

0= @(g(an1) = P(Aa)P(@s1) + .. + (A1) P(Ani1) + @(Ao)
= 0o(Ad,)P(@ns1)™ + . + Po(A1) (i) + Po(Ao)

We conclude that ¢(«,.1) is a root of §, which replaces g’s coefficients A; by
@o(A;). #{roots of ¢} < deg(g) = deg(g) = d,, so there can be at most d, choices
for ¢(a,1). However, ¢’s behavior outside of F’ is completely determined by
¢(a,.1). We conclude that #Homp(E, M) < d, - #Homp(F’, M) < d,d, = [E : F].

O

34
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E/F is called Galois if #Aut(E/F) = [E : F]. We write Gal(E/F) := Aut(E/F).

Eg. 1

Eg. 2

Eg. 3

Let E = C and F = R, with [E : F] = 2. Consider complex conjugation
7:C — Cby x+iy — x—iy. This is a field automorphism, so {1, t} C
Aut(C/R), and indeed Aut(C/R) = {1, t}, since #Aut(C/R) < [C : R] < 2.
Hence, C is Galois over R.

Let F = Qand E = Q(¥2) = Q[x]/(x®-2) C R. Then Aut(Q(V2)/Q) < {roots
of x3 — 2 over Q(v2)}. But the only such root is V2, so #Aut(Q(V2)/Q) = 1.
Hence, @(\3/5) is not Galois over Q. What can we do to make this Galois?

Let F = Q as above and E = (@(\3/5, &), where &3 = 1is a cube root of unity,
and thus satisfies x2 + x + 1. We claim that E is Galois. We can write

Q(V2,¢)

&) 6 Q(v2)

Q

by observing Q(V2, &) = Q(V2)(&) and noting that x? + x + 1 is still irre-
ducible in Q(¥?2). (Then [Q(V2, &) : Q(V2)] = 2, and the rest follows).

= [E: F] = 6. Now let ¢ € Aut(E/Q). ¢(&) will be a root of x?+x +1,ie.
& or &. Similarly, (p(\3/§) will satisfy x3 =2, s0it may be V2, 6\3/5, or 5\3/5.

@ is completely determined by where it sends & and V2, as outlined above.
Its ac_tion on the roots rq, 1, r3 of x3 — 2 follow. Fix r = V2, ry = 5\3/5, and
r3 = £V2. We will construct a table of automorphisms:

E—& |E-E
\‘75—) \3/5 Id (T2 7’3)

V2> &2 | (1) ra13) | (11 12)
V2 = EN2 | (11 r3 1)) | (11 73)

Hence, Gal(E/F) = S3, and has size 6, as desired.

Let E/F be a finite extension. Consider G C Aut(E/F). Then

EC={acE:ga=aVgeG)

is called the fixed field of G under E.

EG is a subfield of E, which contains F.

DEF 2.8
E.G. 2.5

Recall that all n-th roots &
satisfy the polynomial
en-ly +&+1=0

DEF 2.9

PROP 2.8
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2.4 Galois Fixed Fields are the Base Field
If E/F is a Galois extension, with G = Gal(E/F), then EC = F.

For reference, consider the diagram

We know #G < [E : EC], since G ¢ Aut(E/E®). (Let ¢ € G = Gal(E/F), a € EC.
We claim @|gc = 1. @(a) = a by definition, since ¢ € G.) We also know [E :
F] = #G, since E/F is Galois. But [E : E®] divides [E : F] by multiplicity, so we
conclude [E : EC] = [E: F] = [E®: F] = 1. Hence, E® = F exactly. O

2.5 E/F Galois =— Normal

Let E/F be a Galois extension. If f(x) is an irreducible polynomial in F[x] which
has a root in E, then f(x) splits completely into linear factors in E[x]. We call
this property normality (see Def 2.12).

Let r € E be aroot of f(x). Let {ry, ..., ,} be the orbit of r € E under Gal(E/F) (as
in Thm 2.3). Consider now

g(x):=(x—r)---(x—ry) € E[x]
Expanded out, we get

1 1

gx)=x"+o0x" + opx" + ..+ (-1)"0,

where o; are the "elementary symmetric functions" in rq, ..., r,,, i.e. equivalent up
to permutations on the indices of r;. For instance, 0y = r;+...4+r,and o, =1 --- 1,,.
We find that o; € EC, since G = Gal(E/F) permutes the roots ry, ..., ,,, and o; are
symmetric. But E¢ = F, so o; € F. Hence, g(x) € F[x].

Since f is irreducible, it is the minimal polynomial which vanishes r over F.
But g € F[x] vanishes 7, so f(x)|g(x) = (x —ry)---(x — r,). We conclude that
f(x) =[Tjer(x — rj) for some index restriction I C [n], so it splits. Ol
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SPLITTING FIELDS

Let F be a field and f(x) be any polynomial in F[x]. A splitting field of f(x) is an
extension E/F satisfying

1. f(x) factors into linear factors in E[x], i.e.

f(x)=(x=ry)---(x—r,): 1, €E

2. E is generated, as a field, by the roots ry, ..., 1, i.e. F(ry,...,1,) = E.

A splitting field always exists.

By induction on deg(f) = n. If n = 1, then E = F itself.

Let deg(f) = n+ 1. Let p(x) be an irreducible factor of f(x) in F[x]. (If f is
irreducible itself, then set p = f, and our argument does not change).

Consider L = F[x]/{(p). Then L is a field containing F and a root of p(x) (and
hence of f(x)). Let r be such a root of p(x) in L. Then (x — r) divides p(x), and
hence f(x), in L[x], i.e. we can write f(x) = (x — r)g(x), with deg(g) = n.

Let E be the splitting field of g(x) over L. We claim that this is the splitting field
of f over F. First note that, over E, g splits completely. But f(x) = (x —r)g(x)in a
subfield of L C E, so f splits completely too. E will be generated by the roots of
g, which are contained in the roots of f. O]

We remark that it is computationally hard to compute the degree of a splitting field
of f(x). In particular, if f(x) is irreducible of degree n, and E is the splitting field of
f(x), then

n<|[E:F]<n!

In the best case, we have an irreducible with only one root to affix, in which we
mod out by a degree n polynomial, yielding a degree n extension. In the worse
case, we must affix all roots "manually," generating extensions-of-extensions-of-... of
decrementing degree, which yields a total extension of degree n-(n—1)-...-1 = n! by
multiplicity.

2.6 All Splitting Fields Are Equivalent

If f(x) € F[x] and E, E’ are two splitting fields of f(x) over F, then E = E’ as
extensions of F.

By induction on the degree deg(f) = n. If n =1, then E = E’ = F.

Let p(x), as before, be an irreducible factor of f(x), and let r be a root of p(x) in
a splitting field E of p. Similarly, let " be a root of p(x) in E’, another splitting
field of p. We know that F(r) and F(r’) are isomorphic over F, since they are both
equal to F[x]/p(x). Let ¢ be the isomorphism F(r) i F(r').

DEF 2.10

PROP 2.9

PROOEF.

PROOF.
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Denote L = F(r) = F(r’). Then E and E’ are also splitting fields of g(x), where
(x —r)g(x) = f(x), over L. By induction, then, they are E and E’ are isomorphic
as extensions. O

prop 2.10  If E/F is Galois, then E is the splitting field of a polynomial f(x) in F[x].

PROOF. Since [E : F] < o0, let ay, ..., @, be a finite set of generators for E/F (such that every

generator is "necessary"). Let fj, ..., f, be the minimal irreducible polynomials in
F[x] having ay, ..., @, as roots, respectively (e.g. f; is minimally irreducible such
that @ is a root).

Consider f(x) = fi(x)--- fu(x). By normality of E[x] (see Thm 2.5), all the fj’s
factor completely in E[x]. Hence, f factors completely. The roots of f(x) generate
E by construction, so we conclude that E is a splitting field of f(x).

Be careful! To be the splitting field, E must be generated by ay, ..., a, exactly,
even though f; --- f,, may contain more roots. To see that this doesn’t matter, if
F(ay,..,a,_1) = F’, we have F'(a,) = F'(B,) = F'/(f,), where a,, B, are any two
roots of f,. We can perform this "replacement" for any choice of roots for each f;.

O

proP 2.11  All finite fields have cardinality p" for some prime p and n > 0.

p times
Let F be a finite field. Recall that char(F) = p, the minimal p such that1 +... +1 =
0, is always prime. We can naturally extract F, C F by taking the subfield
generated by 1. Let n := dimFP(F). We have #F = p". O

PROOEF.

2.7 Unique Field of Prime Power Cardinality

Given a prime p and an integer n > 0, there is a field F of cardinality p".
Furthermore, this field is unique.

This theorem implies a one-to-one correspondence between finite fields and prime
powers.

PROOF. One possible approach is to find a polynomial f(x) in F,[x] which is irreducible

of degree n. Then
F =TFp[x)/(f(x))

is the desired field. This is a valid approach. However, instead, we’ll construct a
polynomial of degree p” whose roots form a field, and are distinct.

Let F be the splitting field of xP" — x over [F,. Note that xP" — x has distinct roots
in any extension of IF,. Hence, #F > p". We now need to show that #F = p"
exactly. To do so, recall that the set of roots of x?" — x is closed under addition
and multiplication, and is hence a field, so #F < p".
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The uniqueness of F up to isomorphism follows from Thm 2.6. O]

Note that F, as constructed above, is an extension of FP. It happens to be Galois.

2.8 Extensions of Fp are Galois

If F/F, is a finite extension for prime p, then #Aut(F/F,) = [F : F,]. Moreover,
Aut(F/F,) = Z/pZ.

The map ¢ : F — F by a +— a” is called the Frobenius automorphism. DEF 2.11

Consider the Frobenius homomorphism ¢ : F — F. Because ¢ is a homomor- PROOE.

phism, it is injective. But dimp (F) < oo, so ¢ is a bijection, and hence an
automorphism.

o~ (a) = a”". Let k = ord(¢). This is the least k such that ¢*(a) = a Va € F. If
there exists such a k, then x”" — x has at least p" roots, and so k > n. But also
@" =1, so exactly k = n, and ord(¢) = n in Aut(F/F,). Hence, Z/pZ C Aut(F/F,).

But #Aut(F/F,) < [F : F,] = n, so in fact Z/pZ = Aut(F/F,), with a canonical
generator ¢ of order n:

Gal(F/Fy) = (@, .. """, 9"} O

NORMAL, SEPARABLE, AND GALOIS
E/F is called normal if every irreducible polynomial f € F[x] with a root in E splits  DEF 2.12
completely in E.

Any Galois extension E/F is normal. PROP 2.12

See proof of Thm 2.5. O PROOF.

An extension E over F is separable if every irreducible polynomial f € F[x] witha DEFr2.13
root in E has no multiple roots.

A polynomial f € F[x]is called separable if it is irreducible and has no repeated roots  DEF 2.14
in its splitting field. Equivalently, f is irreducible and gcd(f, f’) = 1.

If char(F) = 0, then every extension E/F is separable. PROP 2.13

If gcd(f, f’) = 1, where f” is the formal derivative, then E/F is separable. (This is PROOE.
necessary and sufficient—if a root appears with multiplicity > 1, it will show up

in the gcd). We show this is the case when char(F) = 0.
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We write
f(x) = aux"+..+a1x+ag: a; € F = f'(x) = na,x" '+ (n-1)a,_1x" ..+ 2a,x+a

We know that gcd(f, f')|f. But f is irreducible, so gcd(f, f’) = f or 1. If
gcd(f, f) = f,thenn=n-1inF (as deg(f) = n,deg(f’) = n—1). But char(F) = 0,
so this can’t occur. O

prOP 2.14 A finite Galois extension E/F is separable.

PROOE. We repeat the proof in Thm 2.5. By necessity, the orbit of a root contains distinct

elements. Assume we "terminate" the orbit, i.e. observe —» a —  — . Let
@ be the automorphism we take the orbit through. ¢(a) = fand () =p =
pla'p)=1 = a'p=1 = a =4 O

propP 2.15  If E/F is finite, normal, and separable, then E/F is Galois.

PROOF. We provide a similar proof to that of Prop 2.7. In particular, we show #Homp(K, E) =

[K : F] for F ¢ K C E by induction over n = [K : F]. Then, #Aut(E/F) =
[E : F] as desired. If n = 1, then K = F, so #Hompg(F, E) = {1}, since, for
¢ € Homg(F, E), p(a) = ap(1) = a.

We show for n > 1. Let K be some intermediate extension of F with gen-
erators ay,..., a;, i.e. K = F(ay,..., a;) with [K : F] = n. We can write K =
F(ay, ..., a;1)(a;) =t K;_1(a;). By the induction hypothesis, #Homp(K; 1, E) =
[Ki-1 @ Fl.

We now wish to show that there exist [K : K;_;] ways to extend the domain of
¢@o € Homp(K;_1, E) to a homomorphism ¢ € Homp(K, E). Then, #Homg(K, E) =
[K : K;1][Ki—1 - F] = [K: F].

Let a; € K have minimal polynomial p(x) € K;_;[x], so that K = K;_{[x]/{p(x)).
Fix @9 € Homp(K;_y, E) with ¢|g, , = ¢@o. The remainder of ¢’s mapping is
determined by ¢(a;).

¢(a;) will be a root of p, since «; is a root of p. Let [K : K;_1] = d. Then

0= p(p(ar) = (Ayaf + ...+ Aja; + Ao)
= Po(An)p(a)? + ..+ @o(A1)@(ay) + @o(Ao)

where we note that ¢(A;) = @o(A;), since @[k, | = @o. We conclude that ¢(a;) is a
root of p, the polynomial p with its coefficients composed with ¢ . In any case, it
is of degree d, so we can find at most d roots, and hence d mappings for p(a;).

We need to demonstrate that there are exactly d ways to extend ¢, i.e. exactly
d distinct roots of p in E. p is minimal in K;_;, so it divides g, the minimal
Why? g € F[x] € Ky_1[x]is polynomial of a; in F. Composing p and g’s coefficients with ¢, yields p|g. But g

satisfied by a;. But p is has coefficients in F, so ¢q doesn’t alter the polynomial, i.e. g = §.
minimal in K;_;[x] with
this property.
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By normality and separability, g splits into distinct linear factors in E[x], and
therefore p does as well. We conclude that p attains all its roots in E[x], so ¢(a;)
has exactly d valid mappings. O]

If E/F is a finite extension, then the following are equivalent:
1. #Aut(E/F) = [E : F]
2. E is normal and separable

3. E is the splitting field of a separable polynomial over F.

(1 = 2)is done in Prop 2.14 and Thm 2.5. (2 = 1) was completed above.

(1 = 3)is completed in Prop 2.10, noting the separability of f as defined (there
are some fine points here to deduce from the separability of each f;). (3 = 2)
is left as an exercise. O]

If E/F is Galois, and K is a subfield of E containing F, then E is Galois over K.
Since E/F is normal and separable, if a € E, there exists a polynomial f € F[x]

which is irreducible, splits distinctly in E, and is satisfied by « (take the minimal
polynomial).

Let g be the minimal irreducible polynomial of a over K. Then g|f. But in E[x],

f factors into distinct linear factors, and, therefore, so does g. We conclude that
E/K is normal and separable.

Caveat: K need not be Galois over F. Let G = Gal(E/F), X = Homg(K, E). Then
#X = [K : F] by the induction argument employed in Prop 2.15.

Homp(K, K) C Homg(K, E) = X is reasonable, where then #Aut(K/F) < [K : F].

The idea above can also prove that E/K is Galois. We write, by orbit stabilizer,

#G #G  [E:F]

X:m :Stab((ﬂ):ﬁ—[KF]

= [E : K]

where we take the action gp = go ¢ for ¢ € X. Then stab(¢) = Aut(E/K)
exactly. For this, let g¢ = ¢ and a € K. Then g¢p(a) = ¢(a), but p(a) = a, so
ga =a = g € Aut(E/K). The converse holds similarly. O

Eg. 1 Recall that, if E/F,is a finite extension, then E/F, is Galois with Galois
group Z/pZ (see Thm 2.8).

Consider then K = Fr, with F, C K C E, then E is Galois over K. Gal(E/K) =

PROP 2.16

PROOF.

PROP 2.17

PROOEF.

E.G. 2.6



PROP 2.18

PROOE.

PROP 2.19

PROP 2.20

PROOF.

E.G. 2.7

PROP 2.21
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l ("), with @' : x — xpt.(The "relative Frobenius" over K). J

GALOIS CORRESPONDENCE

Let F C E be a finite Galois extension. The map K +— Gal(E/K) is an injection from

{subfields K : F ¢ K C E} — {subgroups of Gal(E/F)}

We’ll construct a left inverse for K +— Gal(E/K). Let H = Gal(E/K) c Gal(E/F).
Consider EX (recalling Def 2.9). This is K exactly by Thm 2.4. O

If E/F is finite and Galois, then there are finitely many fields K such that F ¢ K C E.
If E/F is finite and separable, then there are finitely many subfields F ¢ K C E.

Let E/F be separable and finite. Then E is generated by «y, ..., a;, where a; is
the root of a separable polynomial g;(X) € F[x]. Hence, E, the splitting field of

g1 - & contains the generators of E, and hence E C E. Since g1, ...g; is separable,
E/F is Galois. By the previous corollary, there are finitely many K : F ¢ K C E,
and so finitely many K : F ¢ K C E. O

( )\

Eg. 1 We remark that E/F being separable is essential. As a counterexample, take
F = Fp(u, v), the field of rational functions on two variables u, v, over IFp.
We then adjoin to F the p*" roots of u and v, and write E = F(u"?, v'"").
Then K, = F(u"? + av'?) as a € F are all distinct subfields F ¢ K C E.
As proof, first note that [E : F] = p?, since u? and v? are the roots of irre-
ducible polynomials x? — 1 and xP — v, respectively. Writing E = F(u'"?)(v'?),
and noting that x? — v is still irreducible in F(u"?), delivers this fact.

Fix @ € F. Then K, = F(u"? + av'?) C E, since we can write u"? + av"
in E, and F c E. We also claim that K, Kﬁ are distinct fields. If this
were not the case, then u"” + av'» — (u"? + pv'?) = (a — )v"». But then
(a - B)H(a— B = v € K, = Kg. But then u'’ + pv' — o' = u'r €
K, = Kg. Then K, = Kg = E. But E is of degree p?4.

. J

( 2.9 Primitive Element Theorem )

Let E/F be finite and separable. Then da € E such that E = F(a) = F/{p(x)),
where p is the minimal irreducible polynomial of & in F[x].

J

Let H C Gal(E/F). Then [E : E] = #H.
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Proof under construction # O]

f 2.10 Galois Correspondence
Let F/E be finite and Galois. The maps

L given by K + Gal(E/K) and H > EH are mutual, inclusion-reversing inverses. y

{subfields F C K C E} < {subgroups H C Gal(E/F)}

We know that H — Ef inverts K — Gal(E/K). To show the converse, consider
EH. We claim that Gal(E/E") = H. But H C Gal(E/E"), since ¢(a) = a for
@ € H, a € EH, by construction. Prop 2.21 establishes #H = Gal(E/EH), and we
are done.

If K C L as subfields, then Gal(E/L) < Gal(E/K) as subgroups (anything that fixes
L will also fix K), so this map is inclusion reversing. O

7

N\

Eg. 1 Let F = Q and E be the splitting field of x* — 2. Let Ey = Q(V2). In this

field, then
xt =2 = (x = V2)(x + V2)(x? + V2)

But Ej C R (not C), so we cannot factor the last term further. We conclude
that E = Eg[x)/(x?> + V2). This will have a root i(V2), so we may adjoin
E = Ey(i(V2)) = Eo(i), and conclude E = Q(V2, i).

E= Q(%: 1)
|
2
|
8 Ey=Q(V2)
|
4
|
Q

Let 0 € Gal(E/Q). It is determined by where it sends o(r) and o (i), where
r =2

o(r)e{r,—r,ir,—ir} o(i) € {i, -1}

One computes the action of o on the roots to find that Gal(E, Q) = Dg. We

PROOF.

PROOF.

E.G. 2.8
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list the subgroup structure of Dg (nontrivial normal subgroups in blue):

I

, Dy 1,D, 1,1, 1,H
N NS

ﬂ,Dl,Dz,r2 1,r,r4r 1,V,H,r?

Using the Galois correspondence, with H +— EH, we generate the associated
fixed fields (non-trivial Galois extensions in blue):

1

Note that each intermediary extension is of degree 2.

J

.

pDEF2.15 Let ¢ € Gal(E/F), with F ¢ K C E. Then oK = {@px : x € K}, called the complement, is
also a subfield F ¢ ¢K C E.

Let ¢ € Gal(E/F). If H « K under the Galois correspondence, then pH¢p™! <
@K.

PROP 2.22

PROOF. Gal(E/@K) = {a € Gal(E/F) : a(px) = px Yx € K}. But then p~lag(x) = x, so
¢ 'agp € Gal(E/K) = H, and hence a € pHp™!. O

(211 Galois Intermediate Fields

Given F C K C E, the following are equivalent:
1. K = K V¢ € Gal(E/F)
2. K is Galois over F

3. Gal(E/K) is a normal subgroup of Gal(E/F), with Gal(E/F)/Gal(E/K) =
Gal(K/F) (as a quotient). )
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1 = 3. Let H = Gal(E/K). Then if oK = K V¢ € Gal(E/F), then pH¢p™! =
H V¢ € Gal(E/F) by Prop 2.22,i.e. H < Gal(E/F) is normal.

1,3 = 2. Consider the restriction # : Gal(E/F) — Aut(K/F) (this is valid, since
@K = K for ¢ € Gal(E/F)). This is a homomorphism. Then ker(#) = Gal(E/K),
so the isomorphism theorem tells us that Gal(E/F)/Gal(E/K) < Aut(K/F).

But then % < #Aut(K/F), while also, by multiplicity, % = [K : F]. We

conclude that [K : F] < Aut(K/F), and so Aut(K/F) < [K : F] implies the result.

3 = 1. Let H = Gal(E/K). Then H < K in the Galois correspondence. By
Prop 2.22, pHe ! < @K. But 9"'He = H for ¢ € Gal(E/F) by normality, so
H < @K. Since the correspondence is one-to-one, K = ¢K. O

An extension E/F is called a radical extension if dn > 1 and a € F such that E =
F({/a) = F[x]/{(x" — a) (if x" — a is irreducible) or E = F({/a) = F[x]/{p(x)), where
plx" — a is an irreducible factor (if x" — a is reducible).

A tower of radical extensions E/F is a sequence
F=EyCcE,Cc---CE,=E

where E;/E;,; is a radical extension, i.e. E; = Ej;1 §/a; : n; > 1, a; € Ej_4.

This definition is motivated by the following two questions: is every finite extension
of Q contained in a tower of radical extensions?; and, given a polynomial f(x) € Q[x],
can its roots be expressed in terms of radicals?

Recall Def 2.5: an element a € C is constructible if it is contained in a tower of
quadratic tower of extensions. We showed in Thm 2.2 that a € R is not constructible

if [Q(e) : Q] = 3. More generally, « is constructible only if [Q(«) : Q] = 2! for some t.

Our goal is to find a structural invariant of Q(a)/Q when « is constructible by radicals
(not necessarily quadratic).

Let E = F(/a) for a € F,n > 1. This need not be Galois (see Q(V2)/Q). We know
Q(/«) is contained in the splitting field of x" — a, i.e. Q({/a, &), where & is a primitive
n-th root of unity. Hence, if & € Q(x/a), then we would have a simple structure for

Gal(Q(Va)/Q).

2.12 Galois Radical Extensions

Suppose that F contains distinct n-th roots of unity. Let y,(F) = {x € F* : x" =
1} = Z/nZ. Then F(X/a) is Galois with an abelian Galois group. Moreover, this
group is (canonically) a subgroup of y,,(F).

PROOF.

DEF 2.16

DEF 2.17

It’s automorphism group is
trivial: we need to map

roots of x3 — 2 to roots of
x3 - 2, but there is only one

in Q( éﬁ), namely 2
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PROOE. Let F be as above, and let E = F({/a). Consider the mapping
1 : Aut(E/F) — pn(F) @ > &

where @(/a) = &/ {/a for some j. One checks that 1 is indeed a homomorphism.
It is also injective: 17(¢) =1 = @(/a) = /a, so ¢ is the identity on E. Hence,
Aut(E/F) < u,(F). Observe also that, since & € F, E = F({/a) = F({/a, &) is the
splitting field of x" — a. O

Let char(F) = 0 from now on.

DEF 2.18 A finite group is solvable if there is a sequence
{Itl=GycGyc---CcG,=G

where G;_; < G; is normal as a subgroup, and G;/G;_; is abelian. In particular, G;
must be abelian.

DEF2.19  We say that an extension E/F is solvable or abelian if its Galois group is solvable or
abelian, respectively.

4 3\

Eg. 1 Every abelian group G is solvable, with a trivial sequence {1} C G.

E.G. 2.9

Eg. 2 S; and S; are solvable, by the sequences
{1}cZ3=A3CS; and {l}CKyC A4 C Sy

For S3, observe that As is normal in S5, and S3/Az = Z2. The same holds
for S4 and A4. We also have Ay/Ky = 7Z3.

Eg. 3 S5 is not solvable, since it only has A5 as a normal subgroup, and Ajs is
simple and non-abelian.

. J

prOP 2.23  If G is solvable, then any quotient G is solvable.

PROOF. Let 1 be the quotient map on G. Then we may apply this map to all subgroups
G; C G,i.e. 3(G;) = G;, which make up its solvable sequence. 71 then induces a
surjective homomorphism 7 : G;/G;_; — G;/G;_1 by n(aG;_;) = n(«)G;_;. We
conclude that G;/G;_; is abelian. 7 preserves normality, so we’re done. O

prop 2.24 If E/F is a tower of radical extensions, it is contained in a Galois extension E/F, where
Gal(E/F) is solvable.

PROOF. Proof under construction # O
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2.13 Main Theorem of Galois Theory
If f(x) C F[x] is solvable by radicals, then Gal(f) is a solvable group.

We say that f is solvable by radicals if all its solutions are constructible with PROOE.

radicals (over the base field). Then, its splitting field E (generated by these roots)
is contained in a tower of radical extensions, which itself is contained in a Galois
extension E, for which Gal(E/F) is solvable. Therefore, Gal(E/F) is a quotient of
Gal(E/F). (Refer to the proof of Thm 2.11). But solvability is preserved by taking
quotients, so we are done. 0l

Every solvable extension of F is constructible by radicals. PROP 2.25

It is enough to show this for abelian extensions, i.e. E/F such that Gal(E/F) is PROOF.

abelian. Recall that if any E is solvable, then its Galois group G is such that
{1}=Gy<---<G, =G
with G;/G;_; abelian and G;_; < G; normal. The Galois correspondence yields
F=EyCc---CE,=E

where Gal(E;/E;_;) is abelian. Hence, if we consider the result on each sub-
extension, also have the result for E. Also assume that F contains the n-th roots
of unity, where n = [E : F]. (One can prove the result without this assumption).

We can view E as an F-linear representation of G = Gal(E/F). But G is abelian,
so all its irreducible representations are 1-dim. (In the context of our previous re-
sults, F is "complex," since char(F) = 0). Let G = Hom(G, F*) (all representations

of G), with
E={(PEI]

xeG

where E[x] ={v € E: ov = x(0)v Yo € G}. We claim dimp(E[x]) < 1. Suppose
v € E[x], with v # 0. Consider ¥ for some w € E[x]. We would like this to be in
F. (Then, one could write w = Av with A € F for any w € E[x], i.e. E[x] = AF.
We conclude that dimp(E[x]) < 1).

v

a(w):ﬂ:X(U)w:EVGEG

ov xloj v
so, by prior theory, ¥ € EC = F, so dimp(E[x]) < 1 indeed. But dimg(E) = [E :
F] = #G and dimp (GBXE[)(]) < #G = #G. Hence, exactly, dimp(E[x]) = 1. Then,
E is isomorphic to F[G] as a G-representation (recall: the regular representation,
Def 1.10).



PROP 2.26

PROOE.

PROP 2.27

PROOEF.

PROOE.

PROP 2.28

PROOE.

PROP 2.29
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For each x € G, let vy € E[x] be a basis for it. Then E = F(y, : x € é)' el
now y;:
o(93) = [o@)]" = [x(o)y,]" = x(0)"yy = ¥5
1

we conclude that y € F. Relabeling, y! = a, = a} = y,, and we rewrite

1

E=F(a}: x€G) O

Exercise: if G is a finite group, and H < G is a solvable normal subgroup, with G/H also
solvable, then G itself is solvable.

If f(x) is a quintic polynomial, and Gal(f) = S5, then f(x) is not solvable by radi-
cals.

If this were the case, then S5 would be solvable. But we’ve seen in Example 2.9
that this is not possible. O

In order for this proposition to be useful, we should demonstrate some quintic
polynomial which has the full Galois group Ss:

Let G be a transitive subgroup of S5 containing a transposition. Then G = Ss.
Since G acts transitively on 5 element, 5[#G. Hence, WLOG, o = (12345) € G. It
also contains a transposition, say 7 = (12) € G.

Conjugating by o’ : i < 5, we get all the other transpositions. But S5 is generated
by all transpositions, and we are done. O]

Then, let f be a polynomial of degree 5 over Q which is irreducible over Q. Suppose
further that f has exactly 3 real roots and 2 complex roots. Then Gal(f) is a field
whose Galois group is isomorphic to Ss.

Let E be the splitting field of f. Then Gal(E/Q) C S5 acts transitively on the 5
roots of f. Complex conjugation is an automorphism, and it must interchange

the two complex roots. Hence, Gal(E/Q) contains a transposition. By Prop 2.27,
Gal(E/Q) = Ss. O

If n > 4, then S,_; is the maximal subgroup of §,,.

Proof under construction p 4 O

If a satisfies a polynomial f of degree n > 4, and Gal(f) = S,;, then « is not con-
structible.
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We have, by the Galois correspondence, PROOF.
Gal(E/Q(a)) = Sycq Qa)
8
Gal(E/Q) = Gal(f) = S, oo Q

But, if @ were constructible, we’d need intermediate fields between Q(«) and
Q. By the Galois correspondence, then, we’d find a subgroup S, 1 Cc H C S,,

violating Prop 2.28. O

2.14 Fundamental Theorem of Algebra
C is algebraically closed.

We’ll use the following two (analytic) facts: every polynomial of odd degree in PROOF.

R[x] has a root in R. Equivalently, every odd-degree extension of R is trivial. This follows from the IVT.
Secondly, every quadratic equation in C[x] has a root in C.

Let K be a finite extension of C. Then K is an even degree extension of R. Let
K’ be the Galois closure of K over R, and consider G = Gal(K’/R). We have
#G = 2'm, where m is odd, since this extension must be odd. By the Sylow
theorems, there exists a subgroup S C G of size 2".

RS
\/

Gal(K//R) = G 4o

4 ....... > GO = Gal(K//(C)

The field F = K’S has [K’ : F] = 2f, so F is odd degree m over R. Hence F = R, so
G = S. We conclude #G = 2!, and #G, := #Gal(K’/C) = 2!=1. If Gy = {1}, then it
contains a subgroup G of index 2 in Gy. Then [K’: K’C600] = 271, 50 this is a
quadratic extension of C. But we know no such extensions exist.

— Gy ={1} = K’ =C, and we are done. O
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