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1 VECTOR SPACES

I Vector Spaces

AXIOMS

In previous calculus courses, we've considered the set of tuples (ay, ..., a,,), where,
in particular, a; € R. These are examples of vector spaces, the construction which
we will primarily study in this course.

Define a vector space V over the field IF to be an abelian group under the operation DEeF1.1
+ and an identity element 0y, which one calls the zero vector. Members of V are

called vectors. Finally, V is equipped with scalar multiplication by members of F,

and satisfy the following axioms:

1. Ipv=vVveV 3. (a+pB)v=av+pv
2. a(py)=(apvVveVapelF 4 au+v)=au+avVacFuveV

Recall also the properties of abelian groups from Math 235, which apply to V:
u(vw) = (uv)w v+0y =v A(-v)s.t. v+ (-v) =0y uv = vu

forallu,v,we V.

Some formal consequences of the vector space axioms: PROP 1.1
Opv =0y forallveV —lpv=—-v a0y =0y
(1) Opv = (@[@‘ + @F)’l} =0pv + Opyv = 0Oy = 0pv PROOF.

(2) —HFV+V:(—HF+HF)V:@FVZ@V

(3) aly = a(@v + @V) = a0y =0y O

& Examples & E.G. 1.1

Most of the pedagogical examples of vector spaces we’ll see do not bear much
resemblance to the R”, (x, y, z)-like form we are familiar with:

1. The set of real, continuous functions, denoted C[R] := {f : R —> R}, is a
vector space over R.

2. F[t], the set of polynomials with coefficients in F, where addition and scalar
multiplication are defined as usual, is a vector space over F.
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Further Constructions

DEF 1.2 Define a product, sometimes called the direct sum, of two vector spaces U, V over
the same field F to be the Cartesian product U x V equipped with the following:

(u1,v1) + (up, vp) = (uy + up, vy +v) and Au,v) = (Au, Av)

Yui,u, € U,v1,v5 € V, A € F. One notates this as U & V. This is itself a vector
A good exercise to prove.  space. Note that the coordinate-vise addition and scalar multiplication are defined
as in the original vector spaces.

For example, consider F? over the field F. One can conceptualize F as a vector
space over I, and thus the direct product of I with itself is a vector space.

Subspaces

DEF1.3  Define a subspace to be a set W C V satisfying the following conditions

Oy e W u+ve WVu,veWw aue WVYueW,aelF

If W were non-empty, then

choose u € W. Then . . .
Opuc W,s00y € Was 1here a few equivalent characterizations of subspaces: W C V' is a vector space;

required. or, W C V is non-empty and satisfies the latter two conditions from above.

E.G. 1.2 & Examples &

Consider " over the field F. This is a vector space. The following are subspaces
of F" :

1. {(0, xp, ..., x,,) € F" . x; € F}.

2. W={(xq,..., x,) € F" : x1 + 2x, = 0)}. One can choose x3, ..., x,, all 0, and
since x; = x, = 0 satisfy x; + 2x, = 0, one sees that 0y, € W. If x; + 2x, =0,
then Ax; + 2Ax, = 0 as well, so W is closed under scalar multiplication.
Lastly, if x; + 2x, = 0 and x] + 2x} = 0, then (x; + x7) + 2(x; + x3) = 0,50 W
is closed under addition.

3. Generally, though it is not a fact we can prove now, W C F" :=

ap1xXy +appXxXy +...+auXx, = 0
ar1X1 +axXy + ... +dy, X, = 0
(X1, ey x,,) € F" 50t

A1 X1 + AypXy + oo + Ay Xy = 0

i.e. a subset of " where a system of at least one linear equation is homoge-
neous. As a counter-example to this construction, see that {(xy, ..., x,,) € F" :
X1 + x, = 1} is not a subspace of F” (it violates all 3 conditions).
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4. Let [F[t], denote the space of polynomials whose degree is at most n € V.
Then F[t],, C F[t] is a subspace. However, the set of polynomials whose
degree is exactly n, for some positive n € N, is not a subspace. The following
are further subspaces of F[t],, where p”(t) is defined as usual (notice the
similarity to 3.).

(@) {p(t) € F[t],, : p(1) = 0} or even {p(t) € F[t],, : p(a) = 0 with a € F}
(b) {p(t) € F[t], : p”(t) + 2p’(t) = p(t) = O}

5. For C[R], which, as noted above, is a vector space, the following are sub-

spaces:

(a) {f € CIR]: f(m) + 7 (V2) = 0}
(b) {f € C[R] differentiable everywhere}
(c) {f € C[R] : fol fdx = 0}. The proof of this follows from linearity of

the integral (MATH 255). In truth, the bounds for the integral can be
arbitrary, though see this integral cannot be set arbitrarily.

If Wy, W, are subspaces of some common v.s. over the field I, then
Wi + W, = {w1+w2:wleW1,wzeW2} and W;NW,

are both subspaces.

LINEAR COMBINATIONS

Define a linear combination of vectors vy, ..., v,, € V, where V is a vector space over
F, to be Y I, a;v;, where a; € F. So long as one 4; is non-zero, one calls this a
non-trivial LC. Otherwise (i.e. all a; = 0), we have a trivial LC.

When we deal with a possibly infinite set of vectors, S C V, we will only take
finite linear combinations, for a subset {vy,...,v,} € S. Never will we compute
infinite sums in this course.

Define the span of S C V to be the set of all possible linear combinations of S,
{ayvi +...+a,v, : a; € F,v; € S}. By convention, we say that Span(@) = 0y.

& Examples &
Let S := {(1,0,-1),(0,1,-1),(1,1,-2)} € R3. Then Ogs = (0,0,0) = 0(1,0,-1) +

0(0,1,-1) + 0(1,1,-2) is a trivial linear combination. However, we can get to 0
non-trivially: (1,0,-1)+(0,1,-1) - (1,1,-2) = 0.

What about span(S)? This is the set {a(1,0,-1) + b(0,1,-1) + ¢(1,1,-2)} = {(a +
¢,b+c,—a—b-2c)}. Clearly this is a subset of {(a, b, ¢) : a+b+c = 0}, since, indeed,

PROP 1.2

Proof as exercise

DEF 1.4

DEF 1.5

E.G. 1.3



PROP 1.3

PROOE.

PROP 1.4

PROOE.

DEF 1.6

E.G. 1.4
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a+c+b+c—a-b-2c=0. The converse is also true: suppose (x, v, z) is such that
x+y+z=0. Then z = —x—y, and one writes (x,y,-x—v) = x(1,0,-1)+ (0, 1, -1).
It follows that span(S) = {(x,y,2) : x + vy + z = 0}.

Let V be a v.s. over a field F, and S be some subspace of it. Then Span(S) is
a subspace of V containing S, and furthermore is the smallest such subspace
containing S.

Adding and scalar multiplying a linear combination of vectors produces
a further linear combination, so span(S) is closed under these operations.
Furthermore, Oy € span(S) by taking a trivial combination of vectors —
span(S) is a subspace.

If U 2 S is a subspace, then U is closed under addition and scalar multiplica-
tion, so it contains all linear combinations of S, i.e. U C span(S) Ol

For S C V,v € V, we have that v € span(S) < span(S U {v}) = span(S).

(= ) If v € span(S), then v is some linear combination of vectorsin S, so v =
ayvy + ...+ a,v,. Let u € span(S U {v}). Then u = ajv] +... + a,,v,, + av, where
amay be 0, and v; € S. One rewrites u = ajv| +... + a, v, + a(a vy + ...+ a,v,)
from above. Thus, span(S U {v}) C span(S). Trivially, span(S) C span(S U {v}),

so span(S) = span(S U {v}).

( & ) Assume span(S) = span(S U {v}). Clearly, v € span(S U {v}), so v €
span(S) as well. O

For avs. over a field F, call S C V a spanning set of V if span(S) = V. One calls a
spanning set minimal if no proper subset of S is spanning, i.e. span(S \ v) # V for
allve V.

& Examples &

For S :={(1,0,-1),(0,1,-1),(1,1,-2)}, we have from Proposition 1.4 that span(S) =
span({(1,0,-1),(0,1,-1)}),as (1,1, -2) € span({(1,0,-1), (0, 1, -1)}).

Thus, it follows that S is not a minimal spanning set over itself.

For the v.s. F" over I, define the standard spanning set:

St, == 1{(1,0,0,...,0),(0,1,0,...,0), ..., (0,...,0,0,1)}

n—1 times

This is indeed spanning for F”, and is minimal.
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Linear (In)dependence

Let V beavs. and S C V a subspace. S is called linearly dependent if there
exists a non-trivial linear combination equal to Oy . Otherwise S is called linearly
independent.

& Examples & E.G. 1.5

1. The empty set, by vacuous implication, is linearly independent.
2. For v € V, v is linearly dependent <= v =0y

S:={(1,0,-1),(0,1,-1),(1,1,-2)} is linearly dependent

- w

S CF®={(1,0,-1),(0,1,-1),(0,0,,1)} is linearly dependent. We argue by
contradiction: let (0,0,0) = a(1,0,-1)+b(0,1,-1)+¢(0,0,1) = (a,b,c—a-b).
Then a = b = 0 by necessity, and it follows that c —a — b = ¢ = 0. Thus, only
a trivial linear combination equals the zero vector.

5. St, € F" is linearly independent

LetV be av.s. over F, S C V (possibly infinite). Then: PROP 1.5

(a) Sislinearly dependent < there exists a finite S C S which is linearly
dependent

(b) Sislinearly independent <= all finite S; C S are linearly independent

Note that (b) is simply the negation of (a), so only (a) requires a proof.

(= ) Suppose S is linearly dependent. Then a,v; + ... + a,v,, = 0Oy, where, PROOF.
WLOG, we assume that a; # Op. The set {vy,..,v,} C S is clearly linearly
dependent.

(& )If Sy C S is linearly dependent, then clearly S is too O

For S C V over IF, we have PROP 1.6
(a) Sislinearly dependent <= there exists v € S with v € span{S \ v}

(b) S islinearly independent < forall v e S, v ¢ span{S \ v}

Once again, only (a) requires proof.

(=) Let S be linearly dependent. Then a; v +... +a,v, = 0y, and WLOG we PROOF.
assume all a; are non-zero. Since F is a field, we may write v = —a;laﬂz -
. — a;lanvn. Thus, v, € span{S \ v;}, and we are done.


https://en.wikipedia.org/wiki/Vacuous_truth
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( &) Suppose v € S is such that v € span(S \ v). Then v = ayv; +... + a,v,,
where v; € S \ v. It follows that Oy = ayv; +... + a,,v,, — v. As =1 = 0, this is
non-trivial, and we are done. O

proOP 1.7 S C Vislinearly independent <= § is a minimal spanning set for span(S).

PROOF. Clearly, span(S) = span(S). However, v € S = v ¢ span(S \ v). We know
v € span(S), so span(S) # span(S \ v). Ol

DEF 1.7  For a vector space V over F, S C V is called maximally independent if S is linearly
independent AND there does not exist v € V'\ S s.t. SU{v}is linearly independent.
In other words, S is independent, and adding any new vectors will break this
independence.

propP 1.8  If S is maximally independent, then S is spanning for V.

PROOF. Let S be maximally independent. Then for any v € V' \ S, the set S U {v}
is linearly dependent, i.e. av + a vy + ... + a,v,, = Oy for all non-zero a;. In
particular, a # 0, or else we would yield a non-trivial linear combination for
only vectors in S, which violates our independence condition.

Thus, write v = —a~'a;v; —... —a 'a,v,, and conclude that v € span(S). Then
V C span(S). Clearly, span(S) € V, so we conclude that span(S) = V. O

BASES

(1.1 Characterization of a Basis

Let V be av.s. over Fand S C V. The following are then equivalent:
1. S is a minimal spanning set for V
2. S is linearly independent and spanning for V

3. S is maximally independent

4. Every v € V is equal to a unique combination of vectors in S

\_ J

(1) = (2) Let S € V be a minimal spanning set for V. Then, especially, S is
a minimal spanning set for span(S), and by the corollary above, S is linearly
independent.

PROOE.

(3) = (1) Let S € V be maximally independent. By proposition 1.7, S is
spanning for V. By the corollary, S is also minimally spanning for span(S).
Combining, we see that S is minimally spanning for V.
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(2) = (4) Let S C V be linearly independent and spanning for V. Then,
clearly, I € V € span(S) means that it can be written as a linear combination
of vectors in S. We need this combination to be unique: let a;v; +... +a,v, = |
and byvy +...+b,v, = I, where S = {v;}1<;<,, One uses the same vectors, noting
that some coefficients may be 0, as needed.

avy +...+a,v, =bvi+...+bv, = avy+...+a,v,—-byv;—...—b,v,, =0.
We can thus combine a; — b; = ¢;, and write ¢c;v; + ... + ¢,v,, = 0. Since S is
linearly independent, we require that all ¢; = 0, i.e. a; = b;Vi.

(4) = (2) This result is immediate, as V C span(S), span(S) € V —
span(S) = V. Since all vectors in v have a unique representation, consider
v = 0y. A trivial combination produces the zero vector, and by uniqueness
this must be the only such combination, and we conclude that S is linearly
independent. O

If any of the above statements hold, we call S a basis for V. DEF 1.8

With respect to (4), the unique combination is called a unique representation of v
in S. The associated coefficients are called the Fourier coefficients of v in S

& Examples & E.G. 1.6

1. Consider St,, the standard basis for F” (notice the terminology). This is, of
course, a basis

2. F[t],, the space of polynomials with degree at most n, has a basis {1, t, t2, ..., t""}.
3. InF?3,{1,0,-1),(0,1,-2),(0,0,1)} is a basis.

4. The standard basis of F[¢], the space of all polynomials, is {1, ¢, t2 o=t
n € N} . One checks linear independence of this space by considering all  Note: in this couse, 0 € N/
finite subsets (remember, we do not take infinite sums).

5. Define F[[t]] to be the set of all power series, i.e. {}_,cp a,t" : a,, € F}. In the
bullet above, we consider the space of polynomials, i.e. formal power series
with finitely many non-zero terms. Not so for F[[t]], in generality. We ask:
does this have a basis?

(1.2 Every vector space has a basis )

Since V may be infinite, we will have to rely on some non-rigorous notions
to prove this in any short form. Suppose V is a vector space over I, and let
Sp = @ be a trivial, independent subspace. If S; is maximally independent,
then we are done. Otherwise, there exists v{ € V such that S; := Sy U {v}

PROOEF.



DEF 1.9

DEF 1.10

PROOEF.
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is also independent. If S; is maximal, then we are done. Otherwise, choose
v, € V, define S, := S; U {v,}, and so on and so on. This last notion ("and so
on and so on") is problematic when V is not finite. To resolve this, we’ll need
to learn and understand Zorn’s Lemma O

Zorn’s Lemma

Let X be some ambient set and Z be a collection of subsets of X. In other words,
T C P(X), the powerset of X. Call a set S € T an inclusion-maximal element if 3
any strict superset S’ 2 S such that S’ € Z. Call a collection of sets C C P(X) a
chain if, for any two sets A, B € C, one has A C Bor B C A.

To demonstrate these definitions, let X := M and 7 := {, {0}, {1, 2},{1,2,3}} C P.

Both {0} and {1, 2, 3} are inclusion-maximal in Z: adding any element to either
of these sets will land you outside of Z. C; = {@, {1, 2},{1, 2, 3}} is a chain, but
C, =1{@,1{1, 2},{0}} is not a chain.

{0} {1,2}
N7
%

Lastly, define an upper bound of J C P(X) to be aset U C X such that U D | for
all sets ] € J. Then we have

1.3 Zorn’s Lemma

Let X be a set, Z C P(X) non-empty. If every chain C C 7 has an upper
bound in Z, then 7 has a maximal element.

The proof for this is statement beyond this course (see MATH 488).

Let’s revisit the statement that every vector space has a basis, now equipped with
Zorn’s lemma:

Let Z be the collection of linearly independent subspaces in V. This is non-
empty, since at least the empty set is linearly independent. If one can show
that Z has a maximal element, in the sense of Zorn’s lemma, then this element
is also maximally independent.

Consider a chain C C 7, and let S := UC be the union of all sets in C.
This is clearly an upper bound of C, so we want to show that it is linearly
independent. However, S may be infinite, so consider an arbitrary subset
{vi,..,v,} CS.
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Let S; € C be some set that contains v;, from the set described above. Since
C is a chain, for any i, j, we have S; C S; or §; C S;, so WLOG we can order
these sets as follows:

$4cS,c..CcS,

Thus, vy,...,v, € S,, and since S,, € C C T (recall the definition of Z), S,, is
linearly independent. Thus, {vy, ..., v,,} € S, is linearly independent — S is
linearly independent — S € 7 is an upper-bound of 7.

Zorn’s lemma is satisfied, so Z has a maximal element, and we are done. [

Steinitz Substitution Lemma

1.4 Cardinality of Bases

For a vector space V over F, any two bases have the same cardinality.

We’ll require another lemma to prove this statement:

(1.5 Steinitz Substitution Lemma )

Let V be a vector space over F. Let Y C V be a finite, linearly independent
set and Z C V be a finite spanning set. Then the following hold:

(a) Y] <|Z]

g (b) 3 Z’ C Z such that Y U Z’ still spans V, where |Z’| = |Z| - |Y]| P

Now we’ll show Thm 1.4:

Let Y and Z be two finite bases for V. Then Y is linearly independent and Z
is spanning. Thus, |Y| < |Z| be Steinitz. However, Y is also spanning, and Z
is linearly independent, so |Z| < |Y| = |Y|=|Z|. O

For a vector space V over I, define the dimension of V, denoted by dim(V), to be
the cardinality of its (i.e. any) basis. We call V a finite dimensional vector space if
dim(V) is a natural number, otherwise its infinite dimensional.

Let V have dim(V) = n. Then the following hold by Steinitz:

(a) For every linearly independent set I C V, |I| < n. If |I| = n, then I is a basis.

(b) For every spanningset S C V, |S| > n. If |S| = n, then S is a basis.

(c) Every linearly independent set I can be completed to a basis for V,i.e. d a
basis B for V which contains [

PROOEF.

DEF 1.11

PROP 1.9

PROOEF.
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(a) Since a basis B is spanning, one has |I| < |B| = n
(b) Since a basis B is independent, |B| < |S|,i.e. |S| > n

(c) Let I be independent and B be a basis. Then 3 B’ C B with I U B’ spanning.
I U B’ is also independent: we know that |[I U B’| > n. However, |[ U B’| <
|I| + |B’| = |B] = n. Thus, |I U B’| = n. It follows that this set is minimally
spanning, since [[ U B’| = n — 1 is a contradiction of (b). = |I + B’| is a basis.

O

1.6 Monotonicity of Dimension

Let V be a finite dimensional vector space. Then for any subspace W C V,
dim(W) < dim(V) and dim(W) =dim(V) < W =V.

Let B be a basis for W. Since B is independent and W C V, |B| < dim(V) by
PROOE. proposition 1.8, so dim(W) < dim(V).

(= ) If |B| = dim(V), then B is a basis for V by 1.8, so span(B) = V, or
W = V. The ( &= ) direction is trivial. O
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LINEAR TRANSFORMATIONS

I1

Linear Transformations

AXIOMS AND INITIAL PROPERTIES

Let V, W be vector spaces over F. One calls a mapping T : V — W a linear
transformation if it preserves vector space structure, i.e.

1. T(Ul + 7/2) = T(Ul) + T(I/z) Vvl,Vz eV

2. T(av)=aT(v)VveV,aeF
Immediately, we have that T(0y) = Oy and T(-v) = =T (v).

& Examples &

. Consider T : F? — F? : T(ay, ay) = (a; + 2a5,a;). This is a linear trans-

formation. Checking the axioms: T(a; + by, a; + by) = (a1 + by + 2(ap +
b2), a; + bl) = (611 + 26[2 + b1 + 2172, a) + bl) = T(QI,QQ) + T(bl, bz) AISO,
T(aay, aay) = (aa; + 2aay, aay) = ala; + 2a,,a1) = aT(ay, aj).

. Let 0 be an angle, and T : R> — R? be the rotation of a vector by 6. This is

a linear transformation.

. T : R? — R?, the reflection transformation defined by T(a, a,) = T(ay, —a;)

The transpose M,,(F) — M, (F): A — AT

. D, the derivative of finite polynomials.

2.1 Linear transformations completely determined by values on a basis

Let B := vy, ..., v,, be a basis for a vector space V. Let W be a vector space
over a common field F, and wy, ..., w,, € W. Then there exists a unique linear
transformation T : V — W which sends T(v;) = w; Vi € [1, n].

Existence: Let v € V, B C V a basis for V, and consider some transformation

T(v). We write v = ayv; +...a,v,, v; € B, the unique representation of v in B.

Now, define T(v) = a;wy + ... + a,w,, for fixed w; € W. This will indeed send
T(v;) = w; as desired. To show that T is linear, one checks the axioms:

For u,ve V,letv =ayvy +.. +a,v,and u = byv; +... + b, v, be the unique
representations of u,v in B. Then u + v = (ay + by)vy + ... + (a, + b,)v,, so
T(u+v)=(ay+b))w+...+(a,+by)w, = aywy +...+a,w, +byw, +...+ b,w, =
T(u)+ T(v).

T(av) = aT(v) follows immediately from its definition.

DEF 2.1

E.G. 2.1

PROOEF.
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Uniqueness: Suppose T, T, are both such that T;(v;) = w; = T,(v;) for all
i. One shows that Ty(v) = T,(v) Vv € V. Let v = a;v; + ... + a,v, be the
unique representation of v in B. By linearity, T(v) = a; T(vq) + ... + a,T(v,) =
aywyq + ... + a,w, for both T; and T,. Since a; and w; are all fixed, we see that
Ti(v) = Th(v). O

2.2 Extension of Functions on Basis

Let V, W be vector spaces, possibly infinite, over F, and let  be a basis for V.
Every function T : p — W can be extended to a unique linear transformation

A

T:V > W.

This is essentially the infinite case of theorem 2.1:

PROOF. Existence: Let T : f — y be (any) function between the bases of V and W.

Forv e V,letv = ajv; +... + a,v, be its unique representation in f, where
v; € B. Define the function

T(v)=a,T(vy)+... +a,T(v,)

We’ll show that this is linear. Let x,y € V. Without loss of generality, we
can write x = ayvy + ... + a,v,, and y = byvy + ... + b, v, as their unique
representations, where a;, b; may be zero. We thus have

T(x+ )= (a1 + b)T(v1) + .. + (@ + b)) T(v,1)
= alT(vl) + bl T(Vl) + ...+ ay, T(vm) + me(vm)
= T(x) + T(y)
T(ax) = aa; T(vy) + ... + aa,, T(vy,)

= afa; T(vy) + ... + 4, T(v,)] = aT(x)

Uniqueness: Let T be as defined, and let T : V — W be another transforma-
tion which also sends p — y accordingto T : p — y. Fix v € V, and let
T is indeed an extension of ajvy + ... + a,v, be its unique representation in f.
T. See that T'(v;) = T(v;), A -~ ~ ~ B
since v; is its own Tw)=a1;T(v1)+...+a,T(v,) =a1T(vy)+... +a,T(v,) = T(ayvy +... + ayv,) = T(v)
representation in .

Ol

ISOMORPHISMS

DEF 2.2 Define an isomorphism T : V. — W, for two vector space V, W over F, to be a
linear transformation which admits a linear inverse.
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If there exists an isomorphism between V and W, one says that V and W are
isomorphic (to eachother). Write V = W.

T :V — Wis an isomorphism <= T is linear and bijective. PROP 2.1

This may seem trivial, and the ( = ) direction is. However, we need to show PROOF.
that, for T linear and bijective, its inverse is linear:

We know T~ ! exists, since T is bijective. Let wi, w, € W and a, a, € F:

Tfl(alwl ar lele) =T [ (T l(wl)) + aZT(T 1(w2))]
= T T(a; T~ (wy)) + T(a, T~ (w5))]
= T[T (a; T~ (wy) + a2 T (w))]
= 611 ( ) + a2 ( ) O
- A

2.3 Freeness of Vector Spaces

All bijections from  — y can be extended to a unique isomorphism between

\ V and W. This follows from Theorem 2.2. )

c : . . )
2.4 Isomorphism with Same Dimension

For n € N, a vector space V over F with dim(V) = # is isomorphic to
F". In particular, all n-dimensional vector spaces over F are isomorphic to
eachother. )

L

Fix a basis B := {vy,...,v,,} for V. Let V — F” be the unique transformation

which sends T(v;) = e;, where e¢; = {0, ...,0,1,0, ..., 0}, with 1 in the jth position. PROOF.

e . Recall that {e;}i <, is the
T is injective: let T(x) = T(y) for x,y € V, and write x = ayvy + ... + a,v,, standard basis, St,,, of F".

v = byvy +... + b,v,, the unique representations of x, y in B.

Then T(x) = T(y) = aje; +... +aye, = byey +... + bye,, since T sends
v; — e;. By uniqueness of representation in a basis, one has a; = b;.

T is surjective: let w € F". Then let w = aye; + ... + a,e, be its unique
representation in St,. Then T(a;vy +... + a,v,) = w.

Thus, V = ", and so all n-dim vector spaces are isomorphic to eachother.
O

For a linear transformation T : V — W, define its image, notated Im(T) or T(V), DEF23
to be the set {T(v) : v € V). Similarly, define its kernel, notated ker(T) or T~(0y),
tobe{ve V:T(v)=0y}



PROP 2.2

PROOE.

PROP 2.3

PROOF.

PROP 2.4

PROOE.

PROP 2.5

PROOEF.
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ker(T) and Im(T) are subspaces of V and W, respectively.

For ker(T) : Let vy, v, € ker(T)and ay, a, € F. Then T(a;vy+4a,v5) = a1 T(vq)+
a, T(vy) = 410w + a0y = Oy, so a; vy + arv, € ker(T).

For Im(T) : Let wy, wy € Im(T). Then w; = T(v;) for some v; € V, so ajwy +
arwy, = a; T(vy) + ayT(vy) = T(ayvy + avy), so aywy + ayw, € Im(T). O

Let T : V — W be a linear transformation. Let B C V be a basis for V. Then T(B)
spans Im(T). In particular, T is surjective <= T(B) spans W.

Let w € Im(T), so w = T(v) for some v € V. Write v = a;v; +... + a,v,, to be
the unique representation of vin B. Then w = T(v) = a; T(vq)+...+a,T(v,) €
span({T(vy), ..., T(v,)}), so T(B) spans Im(T)

If T is surjective, then Im(T) = W, and vice-versa. Ol

LetT : V — W be a linear transformation. Then the following are equivalent:

1. T is injective
2. ker(T) = {0y}
3. T(B)is independent for all bases BC V

4. T(B)is independent for some basis B C V

(1) & (2). = direction trivial. ( & ) Let ker(T) = {Oy}, and T(x) = T(p)
for some x,y € V. Then T(x) — T(y) = 0w = T(x —p), so x — y € ker(T). But
then Oy =x—-v,s0x = .

(2) = (3) Fix a basis B := {vy,...,v,} € V. To show that T(B) is linearly
independent, take a combination a;w; + ... + a,w,, where T(v;) = w;. These
w; are distinct, since T is injective by (2) = (1).

Suppose a;wq +...+a,w, = 0. Then T(ayv; +...+a,v,) = 0,s0a; vy +...+a,v, €
ker(T). Thus, by (2), a;vy +... + a,v,, = 0, but v; € B are linearly independent,
so a; = 0.

(3) = (4) trivial.

(4) = (2)Fix B € V and let T(B) be linearly independent. Suppose T(v) = 0,
and write v = a;vy +... + a,v, for v; € B. Then a; T(v{) +... + a, T(v,) = 0, but
T(B) is linearly independent, so a; = 0 O]

IfV and W are isomorphic, they have the same dimension.

14
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This follows directly from propositions 2.3 and 2.4: if V and W are isomor-
phic, then 3T : V. — W which is bijective. Let B be a basis for V. Then
T surjective = T(B) is spanning for W by 2.3. T injective — T(B)
independent by 2.4. Thus, T(B) is a basis for W. But T is a bijection, so
|T(B)| = |B|, and we conclude that dim(V) = dim(W). O

If T:V — W is an injective linear transformation, then dim(W) > dim(V). This
is something along the lines of a pigeonhole principle for vector spaces.

Since Im(T) € W, we know dim(Im(T)) < dim(W). Thus, we show that
dim(Im(T)) = dim(V). But since T is injective, it is an extension of T:V -
Im(T) which is surjective, and thus bijective. We conclude that V and Im(T)
are isomorphic to eachother, so they have the same dimension. O

For vector spaces V, W over I, define the rank of T, denoted rank(T), to be

dim(Im(T)). Similarly, define the nullity of T, denoted null(T), to be dim(ker(T)).

2.5 Rank-Nullity (or Dimension) Theorem

Let V be finite dimensional, and W any v.s. over a common field F. If
T : V — W is a linear transformation, then null(T) + rank(T) = dim(V)

This follows directly from the 1st isomorphism theorem for vector space (to
be seen), along with the fact that dim(V/ker(T)) = dim(V) — dim(ker(T)). A
more manual proof is as follows:

Let {vy, ..., vi} be a basis for ker(T). By Steinitz’ Lemma, this can be completed
to a basis for V, say {vy,..., vk, Uy, ..., U,_x}, where n = dim(V). If we show
dim(Im(T)) = n — k, then the theorem follows.

Recall that T(B) spans Im(T) for any basis B C V. Thus,
span({T(vy), ..., T(vk), T(u41), ..., T(tty—)}) = Im(T)

However, v; € ker(T), so T(v;) = 0, and we conclude that {T(uy), ..., T(u,_x)}
is spanning for Im(T).

PROP 2.6

PROOEF.

DEF 2.4

PROOF.
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This set (of n — k elements) is linearly independent as well:

ay T(uy)+ ...+ ay_; T(u,_i) = Op
= ayuq + ...+ a,_yu, i € ker(T)
= ajuy + ..+ a,_juy_x = byjvy +... + b,v, (uniquely)
= ajuy +..+a, U,y —bivy —...—b,v, =0y
— a; = 0Vi by linear independence of basis of V[

proP 2.7 LetV, W be n-dimensional vector spaces over F. For a linear transformation
T :V — W, the following are equivalent:

1. T is injective 2. T is surjective 3. rank(T) =n

T surjective & rank(T) = dim(Im(7T)) = dim(W) =n
PROOF. T injective = null(T) = 0, so rank(T) = dim(V) = n

rank(T) =n = null(T) = 0, so ker(T) = {0y}, so T injective O

2.6 First Isomorphism Theorem

Let V, W be vector spaces over F. Let T : V — W be a linear transformation.
Then V/ker(T) is isomorphic to Im(T) through the isomorphism v — T(v),
where v := v + ker(T) (as in quotient groups).

We know that T : V/ker(T) — Im(T) given by T(v) = T(v) is a well-defined

PROOF. group isomorphism. Thus, we need to check that T is linear. In particular,
we need to check scalar multiplication, since group homomorphisms obey
T(x+vy)=T(x)+ T(y).

T(av) = T(av) = T(av) = aT(v) = aT(¥) O

The Space Hom(V, W)

For vector spaces V, W over F, define Hom(V, W) to be the set of all linear
transformations from V — W.

per2.5 Hom(V, W) is a vector space over F, equipped with the following:

Addition Ty + T defines the function Ty + T} : V. — W, where (Ty + T})(v) = Ty(v) +
T (v), where Ty, T; € Hom(V, W).

Scalar Multiplication For T € Hom(V, W) and a € F, a x T defines the function (aT): V — W,
where (aT)(v) = aT(v).
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Zero Vector Opom(v,w) is the function which takes v — Oy

r2.7 Basis for Hom )

Let V, W be vector spaces over IF, which have bases f3, v, respectively, where
p is finite. The set T = {T, , : v € B, w € ¥} is a basis for Hom(V, W), where
T, is the unique transformation such that T, ,,(v) = w and T, ,,(v') = Oy
forall v’ € B\ {v}.

\_ J
Independence To consider a truly arbitrary subset of 7, we need to represent
all T, . and, for T, ,, any number of x = w;. Thus, we form the following PROOE.
combination:

* ap Ty, +eFar Dy w, + o tauly w+ -+ awmTy w, =0

where 0 is the transformation that sends v — Oy .
This must hold for all v; € g, so we can evaluate the combination at v = v.
Since T, ,(w) = wand T, (w) = 0 for i # j, w € , we have

ajpywy + ... +apwg = 0 = alp =...=4aig = 0

as w; € y are members of a basis. Similarly, evaluating x at any v; will
imply that a, ,, = 0, w € y. These are all our coefficients, so * is a trivial
combination, and 7 is linearly independent.

Spanning Consider a transformation T : V — W, which sends v; — w; for

w; € W.

T(v)=T(ayvy +... +a,v,) forconstantsa; € F

=aq T(vl) A oo AF anT(vn) =awy +..+a,wy

Tvl,wl(v) + .+ vawn(v) o

where T, ., sends v; > w; and v; — 0 for j = i. For this last step, see that

Tvi,w,v(v) = Tvi,wi(al V]t t 3y 0)
=a1 Ty, (V1) + o + 4Ty (vi) + oo + 84 Ty, 4. (V) = 5w,

Thus, it only remains to show that T, ,,. € span(t), but

Ty w,(v) = ajw; = a;[bjw] +... + bywy| w; €y, b;eF

bl bn
a; a—lTvllwi(v) TP 000 AP a—nvaw;(’l})
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where w; € y. The second line requires the following justification:
Tyt (v) = Ty, wr (@101 + oo + 4y vy) = agw)

Since w; € ¥, Ty, w: € T, 50 T, 4, € span(t). Thus, 4, ie. T(v), € span(z).
Clearly span(t) € Hom(V, W), so span(t) = Hom(V, W), and t is a basis.

O

propP 2.8 IfV, W are finite dimensional, then dim(Hom(V, W)) = dim(V) - dim(W).
PROOF. Let B = {vi,..., v}, ¥ = {wy,..., w,,}. Then {Tvi,w]_ ciel,n],je[l,m]}isa
basis for Hom(V, W) by the theorem above. This has # - m elements. O]

MATRICES

We wish to characterize a transformation T : F" — F" € Hom(F", F"*) in matrix
form. Given T, we know it’s uniquely determined by its values on the standard
basis for F”, St, = {ey, ..., e,}. Thus, T is uniquely determined by the ordered set

{T(el )r ooy T(en)} c F™

Each T(e;) is a vector in F™, so we can represent it as (ay;, ..., 4,,;), where a;; € F.
Thus, form the following matrix of column vectors:

DEr 2.6  We call this the matrix representation of T in the standard basis.

proP 2.9 T(v) = [T]- v, where v is represented as a column vector, (by, ..., b,), for b; € F.

PROOF. We have v = byeq +... + b,e,, in the standard basis. Then, T(v) = b; T(eq) +... +
b,T(e,), where T(e;) = {ay;, ..., ap;) € F". In column-vector form, this is:

blall P ooo A° bnaln b1
b b all e aln b
1421 * ... + Opdoy ) ) 2
T(v) = =| T I [T]v
Am1  *°  Amn b
n
blaml + ...+ bnamn
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O]

In this way, matrices can act as linear transformations, but we would like to
formalize this idea.

For a given m x n matrix A, define the function L, : F" — " by v — A - v, where
v € F". This is a linear transformation by the proposition above.

The function from Hom(F",F") — M,,,.,(F) defined by T — [T] is an isomor- PROP 2.10
phism. Furthermore, its inverse M,y ,,(F) — Hom(F",F™)is A — L.

Linearity: We need to first show [T} + T;] = [T1] + [T;] and [aT] = a[T] for PROOF.
a € F, T € Hom(F", F™). Consider the standard basis for F", St,, = {ey, ..., e,,}.
We have that

[Ti + 2] = |(Ty + To)(e1) (Ty+ To)(ex) -+ (Ty+ To)(ey)
| | |
| | |
= |Ti(er) + Ta(er) Ti(ez) + Ta(ez) T1(en) + Ta(eyn)
| | |
=|Ti(er) Ti(ex) --- Tilen)|t|Ta(er) Talex) -+ Taley)
= [T+ (T3]

a[T] = [aT] is shown similarly.

Inverse: If an inverse exists for T — [T], then it is bijective; as linearity has
been shown, this is sufficient to show isomorphism by Prop. 2.1.

Consider the composition T — [T] — Li7]. One sees Li7y(v) = [T]-v = T(v)
by definition, so this is precisely the identity on Hom(F", ).

Now we need to show A — L, — [L,] is the identity on M,,,(F). Consider



PROP 2.11

DEF 2.7

DEF 2.8
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the j8th column of [L4]. This is the result of L4(e;), which is A - ¢;. Thus:

[LA]: A.el A.ez A.en = A(l) A(z) A(n) = A

As a corollary, we get that dim(Hom(F", F")) = dim(M,,x,,(F))

Matrix Representations in Generality

Thus far we’ve considered matrix representations in F”, F™, but we can do so for
general vector spaces V, W.

Let V be finite dimensional over I, and g = {vy, ..., v,} be a basis for V. Recall the
set {ay, ..., a,} for which a;v; +... + a,v,, = v is the unique representation of V in f.
We call this set the coordinates of v in . Represented as a column vector, define

ai

a
[”V]ﬁ =1. e "

to be the coordinate vector of v in p.

Recall that, in the proof that all n-dimensional vector spaces V are isomorphic to
[F", we used the transformation T (v;) = ¢;. We denote this function by Iz : V — F".
For any v € V, we have

Iﬁ(v) = Iﬁ(alvl + ...+ anvn) = 611[(1/1) + ...+ ﬂnI('l}n) =aje +..+a,e, = [1/]/5
Thus, Iz : V — F" which sends v — [v]g is an isomorphism.
Suppose we are given T : V. — W, where V and W are both finite dimensional.
Let p = {vy,...,v,} and y = {wy, ..., w,,} be bases of V and W, respectively. We

know that T is determined by its values on . Thus, we can encode T in matrix-
form, where the iith column corresponds to [T (v;)], € F™, as follows:

[TTp = |[T@D], [T, - [Tl

We call this the matrix representation of T from p — .
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r2.8 Relation Between V, W, F", and ™ )

Let V, W be of dimension n and m with bases  and y, respectively. Let T :
V — W be a linear transformation. Then the following diagram commutes:
— T s w

feteem

L,

1
—>Iﬁ‘m

Ly

=]
3

Furthermore, the function Hom(V, W) —» M,,,,,(F) that maps T — [T ]Z; is
an isomorphism whose inverse is the map M,,.,(F) — Hom(V, W) which

maps A — L1 o Ly o Ig
\_ _J

To show the diagram commutes, we essentially prove I, o T = L[T]z o Ig.

We have I, o T(v) = [T(v)],, applying definitions. On the other hand,
L[T]g olg(v) = L[T]Z([V]/s) = [T]Z : [V]/s

Thus, we need to show that [T]; -[vlg = [T(v)],. To do so, write [v]z =
(ay,...,a,) € F", and recall that

[TTp = |[T@D], [T, - [T,

Then we can write

[T]Z [vlg = a1[T(v1)]y + ... + ay[T(vy)],

=[a;T(vy) + ... + a,T(vy)], by linearity of I,,
= [T(ayvy + ... + ayvy)],, by linearity of T
=[T()], and we are done [

Compositions and Matrix Multiplication

PROOEF.

By function, we don’t just
mean linear transformations



One can work out, explicitly,
what [Lg o L4] is, and see
that it agrees with our usual
notion for B- A

DEF 2.9
PROP 2.12

PROP 2.13

PROOEF.

PROP 2.14

Where T :=Lg and S :=Lp
as above, this is equivalent to
saying [LpoLg]=B-A,
which has been shown.

DEF 2.10

i.e. takes x — x

Sometimes called a
two-sided inverse

E.G. 2.2
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Recall the composition of functions T: V — W, S : W — X, writtenas So T(v) =
S(T(v)). Compositions are associative: for functions T — S — R, we have
(RoS)oT =(RoS)(T(v)) =R(S(T(v))) =R(SoT(v))=Ro(SoT(v)).

Consider the two linear maps L, : F" — F™, Ly : F” — F'. Then the composition
Lg o Ly is itself a linear transformation, and is equal to L¢ : F" — F! for some
matrix C € Mj,,(F). This unknown C is precisely [Lg o L,], by definition.

For two matrices A and B, define their product B- A tobe [Lg o L,].
Lgo Ly = Lg.4. The proof for this follows immediately from [Lgo L] = B - A.

Matrix multiplication is associative.

C(BA)=C-[LgoLa]l=[Lco(LpoLa)] =[(LcoLp)oLs]=(CB)A O

ForV, W, U finite-dimensional, with bases a, f, y, respectively, and transforma-
tions T: V — W, S : W — U, we have the similar statement [So T]} = [S]}; . [T]g

INVARIANTS AND NILPOTENT TRANSFORMATIONS

Preliminaries
For a function f : X - Y, wecallg: Y — X
1. aleft inverse if g o f = Ix, the identity on X
2. aright inverse if f o g = Iy, the identity on Y
3. an inverse if g is both a left and right inverse
Also consider the following facts, whose proofs are good exercise:
1. f has aleft inverse <= f is injective
2. f has aright inverse <= f is surjective

3. f hasaninverse < f is bijective

& Examples &

1. 6 : F[t],41 — F[t],, the derivative of polynomials, has a right inverse,
namely the anti-derivative.

2. Let f : F[[t]] — F[[t]] be the left shift map of coefficients, i.e. Y a,t' —
Y $° a,t""!. This has a right inverse, namely the right shift map of coeffi-
cients, Y & a,t" — Y & a,t""!. Recall that F[[#]] is the set of formal power
series.
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Let T : V — W be a transformation of vector spaces of the same (finite) dimension.
Then TFAE:

T has a right inverse T has a left inverse T has an inverse

This follows directly from Prop. 2.7, which states that transformations over n
dimensional spaces are surjective IFF injective O

Recall that an n x n dimensional matrix A is called invertible IFF there exists B
such that A- B = B- A = I, the identity matrix. One notates B = A~!.
1. L, isinvertible &= A is invertible, in which case L;ll =Ly
2. Aisinvertible < it has a left inverse < it has a right inverse.
L, is invertible < there exists T : F" — F" suchthat Lyo T =T oLy =
I]F" < dB e MH(F) with LA OLB = LB OLA = IF” < dBs.t. LAB = LBA =

Ign < dBs.t. AB = BA = [I], and [I] is the identity matrix (this last bit
has not been previously shown, but the verification is easy).

This shows (1), and (2) follows directly. O

T-Invariants

Let T : V — V be a linear transformation over a vector space V. Transformations
of this form are sometimes called linear operators. A subspace W C V is called T
invariant if T(W) C W.

& Examples &

1. For T : V — V, both ker(T) and Im(T) are T-invariant

2. Foranyne N,where T":=ToTo..oT,ker(T")is T-invariant.
|

n times

3. For T : R? — R3 defined by T(x,y,z) = (2x +v,3x — v,7z), both the xy-

PROP 2.15

PROOEF.

PROP 2.16

PROOEF.

DEF 2.11

E.G. 2.3

For (1), note that
T(Im(T)) € Im(T) by
definition, and
T(ker(T)) = Oy € ker(T)

plane and z-axis are T-invariant. As proof, observe T(x,y,0) = (2x +y,3x—,0) C

xy-plane, and also T(0, 0, z) = (0,0, 7z) C z-axis. In fact, R? always decom-
poses into a direct sum of 2 T—invariant subspaces, the xy-plane and z-axis.

For T : V — V, and any n, we have

1. V2Im(T)2Im(T?) 2.., and Im(T") is T-invariant.

PROP 2.17



PROOF.

PROP 2.18

E.G. 2.4

c.f. Prop. 2.11, 2.14

PROP 2.19

NOTATION

For f: X - Y, A C X, define
the restriction of f to A,
fa:A— Y, taking a — f(a)

PROOEF.
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2. {0y) Cker(T) C ker(T?) C ..., and ker(T") is T-invariant.

(1): Let x € Im(T"*!). Then x = T"!(y) = T"(T(y)) € Im(T") for some
), SO Im(T”) 2 Im(T"™!). Now let x € Im(T"). Then x = T"(y), so T(x) =
T(T™"(y)) = T"(T(y)), and we conclude T(x) € Im(T"), i.e. T(Im(T")) C
Im(T"), and Im(T") is T-invariant.

(2): Let x € ker(T"). Then T™!(x) = T(T"(x)) = T(0) = 0, so x € ker(T"!),

and ker(T") C ker(T"*!). We also see that T(x) € ker(T"), since T(T"(x)) =
T"(T(x)) = 0, from before. Thus, ker(T") is T-invariant. O

Nilpotent Transformations

Nilpotency has varying definitions in mathematics: for a ring R, r € R is called
nilpotent if 7 = 0 for some #n. In our study, a linear transformation T : V — V is
called nilpotent if T" = 0 for some n, and a matrix A € M,,(F) is nilpotent if A" = 0
for some n.

& Examples &

1. Let V be an n-dimensional vector space over F with a basis = {vy, ..., v,,},
and let T : V — V be the unique transformation that "shifts" basis members,
i.e. T(vy) =0y, T(vy) = vy, T(v3) = vy, etc. Then T" sends v; > v;_,, = 0
for i < n, which is all vectors on the basis, so T is nilpotent.

2. 6:F[t], — F[t],, the differentiation function on polynomials, is nilpotent,
since ™! = 0 (the n + 18th derivative of < n-degree polynomials is 0).

3. For A € M,(F), A is nilpotent <= L, : F" — F" is nilpotent. As proof,
recall that Ljs = LE‘A], e Lf‘A] =0 & Lay=0 < Ak = 0, since
LA = A.

4. Matrices which are strictly upper triangle (i.e. Os on i < j) are nilpotent.

If V is n-dimensional and T : V — V is nilpotent, then T" = 0.

2.9 Fitting’s Theorem

For an n-dimensional vector space V over Fand T : V — V, there exists a
decomposition V. = U @ W, where U, W C V are such that Ty : U — U is
nilpotent and Ty : W — W is an isomorphism.
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Recall that
V 2Im(T) 2 Im(T?) 2 ... and {0y} C ker(T) C ker(T?) C ...

= n>dim(Im(T)) > ... and 0 < dim(ker(T)) < ...

Since both dim ker(T¥) and dim Im(T¥) are bound by [0, 1], these inequalities
may be strict at most 7 times, so AN € A such that ¥ k > N, dim(Im(T*N)) =
dim(Im(TN)). Note that Im(T**N) C Im(TV), so this necessarily means that
Im(T*N) = Im(TN) (c.f. Thm. 1.6). Similarly, ker(T**N) = ker(TN).

Let U := ker(TN)and W := Im(T"). We know that these sets are T-invariant.

T|y is nilpotent: TN (ker(TN)) = 0 by definition. We also see that T|; maps
to U as claimed, since ker(T") is T-invariant.

T|w is an isomorphism: T(Im(TV)) = Im(TN*!) = Im(T"N) by assumption,
so T|y is surjective. Thus, T|y is also injective, by Prop. 2.7., and is an
isomorphism.

Lastly, we need to show that U@ W = V and U N W = {0}. For the latter,
suppose v € U N W. Then TN(v) = 0 as shown, and T is an isomorphism
over W, so v = {0}.

dim(U @ W) = dim(U) + dim(W) — dim(U N W) = dim(U) + dim(W) =
dim(ker(T")) + dim(Im(TY)) = dim(V), which means U @ W = V again
by Thm 1.6. O]

DUAL SPACES

For a vector space V over F, we call a linear transformation V — F a linear
functional. The space of linear functionals, i.e. Hom(V,F), is denoted V*, and is

called the dual space of V.

For finite dimensional V, we already know that dim(V*) = dim(Hom(V, F)) =

dim(V) - dim(F) = dim(V). In accordance with our construction of a basis for
Hom (pp. 19-20), we let g := {vy,...,v,} be a basis for V and y = {1} be the
standard basis for . Then g* := {fi, ..., f,;} is a basis for Hom(V,F) = V*, where
fi + V. — F are precisely T, ; in our previous notation, i.e. f;(v;) = 1 and f;(v;) = 0

when i # j. We call the set * the dual basis for .

B is a basis for V*, and every f € V" has the unique representation

F=Y fwf
i=1

DEF 2.12

DEF 2.13

PROP 2.20

PROOEF.



Remark: we will use the
Kronecker delta function in
the future. It is defined to be

1 ifi=j
%—{0 ifix]
Note that fi(vj) = 0;;

E.G. 2.5

DEF 2.14

PROOEF.

DEF 2.15
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The first part of this proposition is just a special case of Thm 2.8, as discussed
above. f thus does have a unique representation in §*,soif f =) ' | f(v;)f; =
f, then this is indeed unique. It is enough to show that these functions agree
on v; € B, as any v € V could be representation by linearity.

Y f@ifiv)) = fifiw) = flw)) O
i=1

& Examples &

Let V := F" be viewed as a vector space over F. Then V* has a basis * := {fi, ..., fu},
where fi(e;) = 6;;. Since f; are linear transformations, they can be represented
as Ly, where A; € M;,,(F). We can then deduce that A; = [0,...,0,1,0,..., 0], the
row vector with a 1 in the i8th position.

Just as we took a dual space of V, we can take a dual space of the dual space, and
denote it V**. Since dim(V) = dim(V") in finite dimensions, we know dim(V*) =
dim(V™), and conclude that dim(V) = dim(V*). From this statement arises an
abstract notion of isomorphism between V and V*.

It can be shown as exercise that the natural map from V — V* which takes
v; — f; is a vector space isomorphism. We'll try to form a similar natural map
between V and V™ to strengthen notations of their isomorphism.

Let V be an arbitrary vector space over F. For each x € V, define X € V* to be
a function from V* — [ that takes f — f(x). Another way of writing this is:
% = f(x), where f € V*.

2.10

The function x — % is an isomorphism from V — V**.

If x — £ is injective, it will follow immediately that, if dim(V) < oo, then
x — X is an isomorphism, as it must also be surjective (recall that dim(V) =
dim(V™)).

Let x € V, and let £ = Oy~. We have a unique representation a, vy +... +a,v, =
x in a basis f = {vy,...,v,} for V. Then % takes f — f(x) for f € V*, so
x(f;) = filx) = fi(ayvy + ... + a,v,) = a;. But £ = 0, so a; = 0. Now, since
%(f;) = a; in generality, all a; = 0, so x = 0. ]

Let V be a vector space and S C V some subset. Then we call the set

Sti={feV':fls=0}={feV*: f(u)=0Vu e S}
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the annihilator of S.

We observe the following facts about the annihilator of S C V:
1. St isa subspace of V*
2.5,CS5,CV = S} 255

3. S+ =(span(S))*

For (1), we have (af; + fo)(u) = afi(u) + f(u) = 0 for any u € S, so then
afi + f» € S*t. (2)’s proof is just an observation: if S; C S,, then we will find
more f € V* which map to 0 on S; than those which map to 0 on S, as the
latter is just a more restrictive condition. For (3), note that, if f € V" takes
all u € S to 0, then it must also take all linear combinations of u € S to 0, so
S+ C (span(S))*. The converse holds by (2). Ol

For S C V, we denote § := {£: x € S} C V* in the finite-dimensional case. From
Thm 2.10, we have V = V*. Some texts will refer to V** explicitly as V, but this
is a notational preference that we will not indulge.

2.11 Duality of Annihilators

If V is finite dimensional and U C V is a subspace, then (U+)+ = U.

2e (Ut < %(f)=f(x)=0VYf € Ut. Hence, if x € U, then £ € (U*)+,
and we conclude that U C (U+)*.

That was the easy direction. For the converse, if £ € (U+)+, then we know
f(x)=0Vf e Ut. We want to show that x € U. Suppose otherwise. Then we
define f € U~ such that f(x) = 1, by which a contradiction arises.

Let {uy,...u;} be a basis for U. Note that, since x ¢ U, the set {uy, ..., uy, x}
is still linearly independent. We can thus extend this to a basis for U, i.e.
{uy, ..., ug, x, v1,..., vy }. Define f € V* that takes all elements of this basis to
0 except x, which is mapped to 1. Observe, then, that f(u) = OVu € U, so
feUL. But f(x)=14

— xeU,andthus e U = U = (UL)* O

Fora finite dimensional vector space V and subspace U C V, we have

U={xeV:YfeU f(x)=0}

PROP 2.21

PROOF.

PROOF.

PROP 2.22

PROOF.



DEF 2.16

PROP 2.23

PROP 2.24

PROOE.
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We know the C direction holds trivially. Suppose x € V is such that f(x) =0
for any f € UL. Then % € (U+)+, and from above, £ € U, so x € U. O

Let V, W be vector spaces over Fand T : V — W be a linear transformation. The
dual or transpose of T is the map T' : W* — V* which takes ¢ — go T.

If dim(V) =nand U C V, then dim(U+) + dim(U) = dim(V) = n. As proof, we
let {vy, ..., v} be a basis for U, {vy, ..., Vi, Vk+1,---» V| De a basis for V, and notice
that {fi41,..., fu} is a basis for U-+.

The transpose has the following properties:
1. T': W* — V*is linear
2. ker(T?) = (Im(T))*

3. Im(T") = (ker(T))*. If V, W are finite dimensional, we also have dim(Im(T))
dim(Im(T?)).

4. If V, W are finite dimensional with bases f3, i, respectively, the

(7' = (T1)

For (1), T'(agy + g2) = (ag1 + g2) o T =a(gr o T)+ (20 T) = aT*(g1) + T*(gy).

For (2), g € ker(T!) < Ti(g) =0 < Tigv)=0Vv eV —
g(T(v)=0 < g(w)=0Yw eIm(T) < g€ (Im(T))*

For (3), fix f € Im(T?) and u € ker(T). Then note that that f(u) = T'(g)(u)
for some ¢ € W*. Then T'(g)(u) = g(T(u)) = g(0w) = 0, so f € (ker(T))*. We
conclude that Im(T") C (ker(T))*.

Now suppose that V, W are both finite dimensional. The obvious roadmap
to showing equality, since we’ve shown inclusion, is showing equal dimen-
sionality between ker(T") and (Im(T))*.

dim(Im(T")) = dim(W*) — dim(ker(T")) by rank-nullity. But the dimension
of W* is the same as that of W. Furthermore, we know dim(ker(T?")) =
dim((Im(T))*) by (2), so dim(Im(T?)) = dim(W) — dim((Im(T))*). Then

dim((Im(T))*) = dim(W) — dim(Im(T)), so we conclude that dim(Im(T")) =
dim(Im(T)).

On the other hand, dim((ker(T))t) = dim(V) — dim(ker(T)), which, by rank-
nullity, is dim(Im(T)). Thus, dim(Im(T*)) = dim((ker(T))*)

For (4), let B, y be finite bases for V and W, respectively, and recall that
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A= [T]Z is the matrix

where g = {vy,..,v,} and y = {wy, ..., w,}. Then A = [T(v)],, and hence
T(v) = Yo Agjwg. Similarly, we express B := [Tt]ﬁi as the matrix

[THg)p [TH&p -+ [THgm)lp:
where 7" = {81, ., gm} and B* = {fi, .., fu}. Then T*(g;) = L/, Bjif; =
=1 T'(gi)(vj) - fj, so Bj; = T*(g;)(v;). It remains to show that Bj; = A;;.

Bji = T'(gi)(v)) = &i(T(v}))

m

ZAkjwk

k=1

m
= ZAkjéik = Ajj
k=1

m

ZAkjgi(wk)

k=1

O]

LetV, W be vector spacesover Fand T : V — W be some linear transformation. prop 2.25
Then

1. T!isinjective &= T is surjective

2. T isinjective & T is surjective, provided that V, W finite dimensional.

For (1): we know that T! is injective IFF ker(T') = {0}, which happens <
(Im(T))* = {0} by part (2) of Prop 2.23. This implies that Im(T) = W, i.e. T
is surjective, by Duality (i.e. Prop 2.22). Conversely, if Im(T) = W, then the
function which takes all of W to 0 is precisely Oy-, i.e. (Im(T))* = 0. Then
part (2) from Prop 2.23 says ker(T") = 0, i.e. T' is injective.

PROOF.

Similarly for (2), if T is injective, then ker(T) = {0}, so (ker(T))* = V*. Then
part (3) of Prop 2.23 says that Im(T?) = V*. Thus T is surjective. Conversely,
if Im(T") = V*, then (ker(T))* = V*. The only element which is always taken
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DEF 2.20
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to 01is 0, so ker(T) = {0}, i.e. T is injective. O

Applications of Dual Spaces on Matrices

Recall that, for T : V — W, the rank of T is dim(Im(T)). Furthermore, if
B = {vi,..., v,} is a basis for V, then Im(T) = span({T(vy), ..., T(v,)}). In partic-
ular, dim(Im(T))) < n, where dim(V) = n (see Thm 2.5). Thus, we can express
dim(Im(T)) as the size of a maximally independent subset of {T(vy), ..., T(v,)}.

For an mxn matrix A € M,y (F), define rank(A), or the rank of A, by rank(Im(L,)).

Define also the column rank of A, denoted c-rank(A), to be the size of a maximally
independent subset of {A(l), - A(”)}, where AU) denotes the ji3th column of A.

Finally, we define the row rank, or r-rank(A), to be the size of a maximally inde-
pendent subset of {Ay), ..., Ay}, where A(;) denotes the ifSth row of A.

rank(A) = c-rank(A), and this follows from the definitions.

rank(A) = rank(A’) = r-rank(A).
We know that rank(A’) = c-rank(A’) = r-rank(A), and thus we only need to
show that rank(A) = rank(A?). But we’ve seen that dim(Im(T)) = dim(Im(T?))
from above, so rank(A) = rank(L,) = rank(qu). Then rank(A) = rank(A’) by

part (4) of the same proposition (one should ponder about what g, , %, y*
are). O

We then conclude that c-rank(A) = r-rank(A) = rank(A) for all A € M,,.,,(F).

SYSTEM OF LINEAR EQUATIONS

A system of linear equations over some field IF is as follows:

ap1xXy +appXxXy +...+apuXx, = bl

ay1X1 +axXy +...+dyyX, = b2

A1 X1 + A Xy + oo + AyypXy, = by

where a;;, b; € F and x; are variables. We can re-write this as follows: A-x = b,
where x = (x1,..., x,y and b = (by, ..., b,,,) € F™. Thus, x is a solution to Ax = b IFF
Lsa(x)=bIFF x € L;xl(b) (reads: x is in the preimage of L4(b)).

Hence, Ax = b has a solution IFF b € Im(L,) = span({A!), ..., A"}). In particular,
if b = 0, we always have a solution, namely x = 0. There may also be non-zero
solutions: call Ax = 0 the homogeneous system of equations for A. We observe
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that the homogeneous system has non-zero solutions exactly when ker(L,) is
non-trivial.

Note that, if y is a solution to a homogeneous system, and Ax = b, then A(x+y) =b  PrOP 2.28
by linearity. Thus, for A € M,,,,,(F) and b € Im(L,), the set of solutions to Ax = b

is precisely the coset v + ker(L,), where v is a particular solution to Ax = b, i.e.

A-v=0>.

Indeed, v + a, where a € ker(L,) and v is a solution to Ax = b, is also a PROOF.
solution to Ax = b. Conversely, if v and w are solutions to Ax = b, then
Alw-—v)=b-b=0,sow—v € ker(Ly). We then write w =v+(w-v)=v+a

for some a € ker(L,). O
Ifm < n,and A € M,,,.,(F), then there exists a non-zero solution to Ax = 0. PROP 2.29
null(Ly) = n—rank(Ly) = n —dim(Im(L,4)) >n—m > 0,so ker(Ly) = {0} O PROOF.
Forany A € M,,,,,(F), we have PROP 2.30

1. ker(A) is trivial &= Ax = b has at most 1 solution for each b € "™
2. If n = m, then A is invertible &= Ax = b has exactly one solution.
Part (a) follows from our statement about the coset representation of the

solution set (Prop 2.27), and part (b) follows from (a), with consideration of PROOF.
the fact that ker(A) = {0} &< L, injective &= L, surjective. Ol

Elementary Operations
Let A € M,,(F). An elementary row/column operation is any of the following: DEF 2.21
Type I Interchanging any 2 rows/columns
Type II Multiplying a row/column by some non-zero scalar in F
Type III Adding to a row/column a scalar multiple of some other row/column

We refer to these operations by their type. Observe that these operations are
invertible linear transformations, and therefore have a matrix representation. In
particular, one can invert an operation by performing one of the same type.

A square matrix E € M,(F) is called elementary if it obtained from I, after apply- DEF2.22
ing an elementary row or column operation.

& Examples & E.G. 2.6
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1 0 0 1 1 00
0 01 0 210
010 0 0 01

= w o o

0
1
0
d

are obtained from I3 via Type I, II, and III elementary row operations, respec-

tively.

Each elementary matrix E € M,(FF) obtained by I, via a row operation may be
obtained from I, via a column operation of the same type, and vice-versa.

Proof left as observational exercise. O

(2.12 Consistency of Elementary Operations )
For A, B € M,,,.,(FF), if B is obtained from A by applying an elementary row
operation, then B = EA, where E € M,,(F) is obtained from I,, via the same
operation. If B is instead obtained via a column operation, then B = AE,
E € M,(F), and E is obtained from I,,.

\_ J

Conversely,if E is an elementary matrix obtained via some row or column oper-
ation, then EA or AE is obtained from A by the same row or column operation,
respectively. Proofs of this and the theorem above are observational.

Elementary matrices are invertible.

This just follows from the fact that elementary operations are invertible by
one of the same type. O

IfA € M,,x,,, P € GL,,(IF), and Q € GL,(F), then rank(PA) = rank(A) = rank(AQ).
More generally, if T : V — W is linear with V, W finite dimensional,and S : W —
W,R:V — V are linear and invertible, then rank(S o T) = rank(T) = rank(T o R).

Recall that GL,(IF) is the space of invertible square matrices of size n. We only
need to prove the latter part of this statement, as the claim about matrices is
just a special case of the more general claim.

We have rank(T) = dim(Im(T)). Since S : W — W is an isomorphism,
Slim(r) is injective, and thus dim(ker(S|im(t))) = {0}, i.e. dim(Im(T)) =
dim(Im(Slim(t)))- But Slim(r) = S o T, so indeed rank(T) = rank(S o T).

For rank(T o R), observe that Im(T(R(v))) = Im(T), since R is bijective. [
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We immediately see that elementary row/column operations are rank-preserving,
as they are invertible, i.e. B= ERAEc: — rank(A) = rank(B), where Eg, E¢ are
elementary row/column operations, respectively.

r2.13 Reduction of Square Matrices )

Every square matrix A € M, (F) can be transformed into a matrix B of the
following form, using row or column operations. In particular, r = rank(A):

k nxn J

We’ll show this by induction on n. This clearly holds for n = 1 (just multiply
by a;ll). For n—-1 — n,if A = 0, then we have nothing to show. Otherwise,
assume A has a non-zero element, and swap at most two rows and two
columns to get this element in the a;; position (in practice, this is swapping
columns 1 and n’, and rows 1 and m’, where the non-zero element is a,,,,).
Thus, we assume that a;; = 1 by taking a scalar inverse.

We perform repeated type Il row operations that take A; — A(;) — Aq)a;; (i-e.
Gaussian elimination) to get all elements a;; = 0. Similarly, we perform the
column operation AU — AU) — A(l)alj to get all elements a;; = 0. We end up
with the following matrix after all aforementioned operations:

10 0 0
0

A
0
0

Now, by our induction hypothesis, we know there exists operations Eg, E¢
such that EgA’E is of the desired form. Note that these operations may still
be performed on the larger matrix above, and, since they effect only rows and
columns > 2, the zero entries 4;; and a;; will remain 0.

PROOF.
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r--" | |
VI 0
Thus, we have transformed A into foo otoofas desired O
| | | |
| O | | 0 |

Loosd Loosd

Foreach A € M, (F), there exists invertible matrices P, Q € GL,(F) such that
B = PAQ s of the form |- "~~|as above. Moreover, P and Q are products of

elementary matrices.

This follows immediately from the theorem above, observing that P are row
operations and Q are column operations. O

Every invertible matrix A € GL,,(F) is a product of invertible matrices.

There exist P, Q € GL,(FF) such that PAQ = |7 " 7| with r = n,ie. PAQ =

I,, since A is invertible. Then A = P~'Q!, but P and Q are themselves
products of elementary matrices, so A = [Ry - ... - Rg]7}[C; ... - C] 7L = Rlzl .
.t RIlCZ_1 e Cl_l, where R; and C; are row and column operations. O

Thetranspose of an invertible matrix is invertible, and (A?)~! = (A~1)’. This does
not follow from anything given above, but is useful nonetheless.

AATl =1 = A71A, s0 (A1)IAT = I! = AY(A™1)!, but I! = I,,, so in particular
(A1 = (A1) yields (AY)1Af = I, = AY(A")7!, as desired. O

From Prop 2.35, we noted that an invertible matrix A can be written as A =
E, - ...- Ei for elementary matrices E;, and thus A™! = EEI e El_l. Thus, treating

E:! as row operations, we have E,;l +...- E{YA = I,. We conclude that the same
operations which turn A into I,, also turn I,, into A™!.

Define now the augmented matrix (A|B) to be the matrix whose first columns are
that of A, and last columns that of B. Note that A and B must have the same
number of rows.

Observe now that B(A|I,,) = (BA|BI,,) = (BA|B). In particular E,:l e El_l(Alln) =
(E]:1 -El‘lAlE,:1 et El‘l) = (I,JA™1). Thus, there exist elementary row operations
which turn (A|I,) to (I,JA71).

Let A € M,,(F) be invertible. If row operations turn (A|I,,) into (I,,|B), then B = A~!.
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Solving Linear Systems with Row Operations

For matrices Ay, Ay € M,;x,(F) and by, b, € F™, then the systems A;x = by and
Aix = b, are called equivalent if their solution sets are equal. In particular, any
two systems with no solutions are equivalent.

Observe that, for G € GL,,(F), A € M,,»,(F), then the system GAx = Gb is
equivalent to the system Ax = b. As we know, multiplying on the left by an
elementary matrix corresponds to a row operation, so clearly EAx = Eb and
Ax = b are equivalent, meaning;:

The system encoded in E(A|b) is equivalent to that of (A|b), where A € M,,.,,,
b € F™, and E is an elementary row operation. This follows from the observations
above.

Let B € M, (F). We say that B is in row echelon form if:

(i) For each row B(;), the first non-zero entry (i.e. pivot) occurs at a column

j, where j is strictly larger than the column in which B~!) has its first
non-zero entry.

(i1) All rows with only zero entries are at the bottom of the matrix

If B is in row echelon form and all pivots (i.e. first non-zero entry of a given row)
are equal to 1, then we say that B is in reduced row echelon form, or RREF.

2.14 Existence of Gaussian Elimination

There exist elementary operations of types I and III which transform A €
M,,«,(F) into reduced echelon form. Moreover, the addition of type II
operations can yield RREF. This procedure is called Gaussian elimination.

The proof of this is tedious and observational, but consider the following example:

3 2 3 =2 1 21 -1 1 2 1 -1
I 111
A=l11 1 0of—-|1 1 1 of—=f0 -1 0 1
1 21 -1 3 2 3 =2 0 -4 0 1
1 2 1 -1 1 0 1 1 1 0 1 O 1 01 0

II 111 11
-0 -1 0 1({—>f0 -1 0 1|—|0 -1 0 O]—|0 1 0 O
0 0 0 -3 0 0 0 -3 0 0 0 -3 0 0 01

DEF 2.23

Just multiply by G™1 or G to
see this!

PROP 2.39

DEF 2.24
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r2.15 Characterization of Solution Set

For a system Ax = b, we form A’x = b’ via Gaussian elimination on (A|b).

1. Ax = b has a solution <= rank((A’|b’)) = rank(A’) = the # of non-
zero rows of A’.

2. If Ax = b has a solution, then its solution set is v + tyuq + ... + t,,_, U,_;,
where v is a particular solution, t; € F, and {uy, ..., u,_,} is a basis for
ker(L4), where r = rank(A) and 7 is the number of columns of A.

\_ J

We will only show (1), since (2) follows directly from previous theory (see
Prop 2.27). Recall that Ax = b has a solution <= A’x = b’ has a so-
lution < b’ € Im(L)) = span(col’sof A’), <= span(col’sof A’) =
span(col’s of (A’|b’)) (Prop 1.4), and this holds IFF rank(A’) = rank(A’[b’).

OJ

As a corollary, we see that Ax = b has a solution <= the RREF does not have a
pivot in the last column.

To show that the RREF of a particular matrix A is uniquely determined, we
observe the following 2 lemmas:

Let B € M,,,».,(F) be obtained from A € M,,,,(FF) via a row operation. Then for
any chosen constants a; € IF, we have

s AV + 4+ a,A" =0 & 4BV + .. +4a,B" =0
Let B be the RREF of A € M,,,.,,(F). Then:
1. The number of non-zero rows of B = rank(B) = rank(A) =: r

2. Foreachi=1,..,r, C_lenote ji to be the column of the pivot‘contained in
the i*" row. Then BUi) = ¢; € St,. In particular, {BU1), ..., BUr)} is linearly
independent.

3. Each column of B without a pivot is in the span of the previous columns.

As a corollary, we get that the RREF of A is unique.

DETERMINATE

Define the determinate, notated det(A), of a square matrix A € M,,(F), to be a
scalar in F that is 0 <= A is not invertible.

To define this, we note that A € M,,(F) is invertible &= L, is invertible <= L4
is bijective, which occurs &= ker(L,) = {0}, i.e. rank(L,) = rank(A) = n —
the columns of A are linearly independent.
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& Examples &
Let A€ M3(R),and let A = |- -y, — —|, where v; € R3. We see that, if {vy, vy, v3)

were linearly dependent, then dim(span(vy, v,, v3)) would be at most 2. This is
equivalent to saying that (at least) one of v; lies in the span of the other 2 v;’s.
Visually, we have that the parallelepiped composed of vy, v,, v3 has “volume 0.”
Well, we wanted the determinate to be 0 when A is not invertible, i.e. the rows
are linearly dependent. Thus, we may want to generalize the notion of volume to
define the determinate.

A function 6 : M,(FF) — F is called (row) n-linear (also called an n-linear form or
multilinear form) if it is linear in every row, i.e.

—_— V7T — V1 V1
— Vi1 —— Vi1 Vi-1

o CX+7y =cd X + 0 %
— Viy1 —— Vit1 Vit1
vﬂ vl’l vVl

where all rows 1,...,i — 1,7 + 1, ..., n remain constant. For example, one can show
that 0(A) := ayq - ... - a,, is n-linear, but tr(A), which sums diagonal elements, is
not n-linear.

For an n-linear form 6 : M,(F) — F, if a matrix A € M, (F) has a zero row, then
0(A) = 0. To show this, observe that 6(A) = 6(A) + 6(A) in this case.

Note that, in the parallelepiped example described above, if two sides are equal,
then the volume is 0. This motivates the following definition:

An n-linear form ¢ : M,(F) — F is called alternating if 6(A) = 0 for any matrix A
which contains two equal rows.

Let 6 : M,,(F) — F be an alternating n-linear form. If B is obtained from A by a
row operation of type I (i.e. swapping rows), then o(B) = —6(A).

E.G. 2.7

DEF 2.26

PROP 2.40

DEF 2.27

PROP 2.41

PROOF.



PROP 2.42

PROOF.

PROOE.
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For (1), it is enough to show that swapping the first two rows changes the
sign of 0(A). Suppose B is obtained by swapping rows 1 and 2 of A. Then
0(A + B) = 0, since then the first two rows will be equal. On the other hand,
O0(A + B) = 0(A) + o(B) by n-linearity, so in particular 6(A) = —o(B). O

2.16 Existence of the Determinate

There exists a unique alternating linear form o such that 6(I,,) = 1, and this
is called the determinate.

Before we prove this, we’ll need to study permutations for a minute. For 7 € S,,,
the symmetric group, we let #7 denote the number of pairs i, j € [1, n] such that
i < jbut 7(i) > 7t(k). Such pairs of i, j are called inversions. We say that 7 is even
or odd if #71 is even or odd, respectively. Furthermore, we can express the sign of
7 as sgn(m) := (—1)*7.

Observe now that sgn: S,, — ({1, 1}, x) is a group homomorphism, which is —1
on transpositions, i.e. © € S, which swap any two elements. In particular, we
have

1. sgn(mc™!) = sgn(m).

2. If 7t is a composition of k transpositions, 1y, ..., Ty, then sgn(m) = (—=1)k.
For a proof of (1), we observe that sgn(rc™!) = (sgn(m))~! = sgn(mn). For (2), we
have sgn(m) = sgn(7y - ... - T¢) = sgn(ty) - ... - sgn(7g) = (-1)k.
We first note that any alternating multilinear form 6 can be written as

O0(A) = Z A1) * o Apg(n)O(TCL ) Tl i= (€x(1)y -+ €xe(m))

Tes,
and get as a corollary to the properties of sgn described above:

For ¢ : M,,(F) — F alternating, A € M,,(F), we have

S(A)= ) @in(1) - Auuysg(rS (L)

eSS,

We just need to show o(ml,)

= sg
sgn(m), and we conclude 6(ml,) =

n(n)o(I,). But 6 = 71 - ... - T, sO (_1)k _
)k

( (In) = sgn(r )5(In)- 0

We now turn to the main proof of the theorem:
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Existence: We write det(A) 1=} ;g sgn(7m0)aip(1) - * Anm(n)

Normalized: det(l,) = }_ycs, S8N(T)aA17(1) * - * Anr(n) = (-1)%.1.....1.
n times

Multilinear: Note that any linear combination of a MLF is a MLF, so we just
need to show that 6(A) := ay(1) - * Guy(n) for some fixed 7 € S, is multilinear,
but we have shown this before.

Alternating: Suppose A has A(;) = A(;). We partition S, into the disjoint
union of even and odd permutations, denoting the set of even ones as A,,

and noting that S,, \ A, = (12) x A,, = (12). Thus 7’ : A,, — (12) that takes
1t — 1(12) is a bijection, and we write

det(A) = ngn(n)aln(l) “ et Aygi(n)

Sn
= ngn(ﬂ)ﬂln(l) et Ayg(n) T SENUTT) A1y(1) - A257(2) - * Bure'(m)
A 1
z -sgn(n) Aig(2) A27(1)
| IS ) E—
21(2) 427(2)

=0 O

We then get the following corollaries:

(1) det(A)=0 < Aisnon-invertible (3) det(A™!) = (det(A))™
(2)  det(AB) = det(A) det(B) (4)  det(A!) = det(A)

DIAGONALIZATION

We will now begin to study the decomposition of T : V — V into a direct sum
of simpler operators, where dim(V) < co. In this chapter, all vector spaces V
are finite dimensional, unless otherwise stated. The "simplest" linear operator
is scalar multiplication, so, ideally, we’d like to decompose V into a direct sum
Vi ®...® Vi of T-invariant subspaces, where Ty, : V; — V; is scalar multiplication.

For Vi, .., Vx € V, we say that { V7, ..., Vi} are linearly independent if V; N (V7 + ... +
Viii+ Vigr + ... + Vi) = {0} Vi. If this is linearly independent, we call V; +... + Vj

direct, and write V] @ ... ® V) instead.

Call T : V — V diagonalizable if it admits a diagonalization,ie. V=V, ®.. &V,

where V; C V are subspaces, and T|y, defines scalar multiplication by A; € FF.

& Examples &

A
If A is diagonal, i.e. A =

An

], then A is diagonalizable: take V; :=

PROP 2.43

DEF 2.28

DEF 2.29

E.G. 2.8



PROP 2.44

PROOF.

DEF 2.30

PROP 2.45

PROOE.
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span(e;). Then F" = V; @...® V,, and see that L(v) = A;v Yv € V.

Now let B be similar to the diagonal matrix A as above. Then B = QAQ™! for
some Q € GL,(F). But all invertible matrices are change of basis matrices, i.e.
[I]g, where a := St,, and g = {vy,..., v,} is some other basis for F". Letting
V; :=span(v;), we have F" = V; @ ..® V, and Lg(v) = ;v Vv e V.

Let dim(V) < co. A linear operator T : V — V is diagonalizable <= 3 a basis
B € V such that [T]g is diagonal.

(= )Let V=1V, &..& Vj be such that Ty, defined scalar multiplication
by A;. Let 8; C V; be a basis for V;. It is easy to verify that f := f; U... U B
is a basis for V. But for each v € 8, v € g; for some i, so T(v) = A;v, and
[T(v)]g =(0,...,0, A;,0,...,0). Thus, we can order 8 such that [T]y is diagonal,
and we are done.

(<) Let [T]p be diagonal with elements Ay,..., A, for g = {vy,..,v,} CV,a
basis for V. Then, taking V; := span(v;), [T (v)]g = Aje; = A[v]g = [Aiv]g Vv €
V;. Since v — [v]y is injective, we conclude that T(v) = A;v Yv € V;. Remark
also that @?:1 span(v;) = V for basis vectors v;. O

ForT:V — V, X eF, Ais called an eigenvalue if T if dv € V such that T(v) = Av,
where v # 0. In this event, v is called an eigenvector corresponding to A.

For a finite dimensional vector space V and a linear transformation T : V — V,
the following are equivalent:

1. T is diagonalizable,i.e. V = V; ®@...® V where T|y, is scalar multiplication
2. There exists a basis § C V such that [T]; is diagonal

3. There exists a basis § C V containing eigenvectors of T

M
2 = 3. Let g :={vy,.., v,} be a basis for V such that [T]g =
An
Then [T(v;)]g = Ajej, so T(v;) = Ajvj, and hence v; is an eigenvector.
3 = 2. Let B:={vy,..., v,} be a basis for V where T(v;) = A;v; for A; € F.
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Ay

Then [T(v])]ﬁ = [/\]v]]lg = /\]'8]', SO in particular [T]ﬁ = O

An

For A € M,(F), A is diagonalizable <= 3Q € GL,(F) such that Q"'AQ is
diagonal. The columns of Q are then eigenvectors which form a basis for F".

We know that A is diagonalizable < there is a basis B C F" such that [L4]s
is diagonal. But, letting a := St,,, we have that A = [L4], = [I]g [Lalp- [I]ﬁ =
[I]g “[Lalg - ([I]g)‘l, so[Lalg = ([I]g)‘lA[I]g, so denoting Q := [I]g, and we
get Q"1 AQ is diagonal.

Note that the columns of Q are exactly the vectors in , which are hence
eigenvectors, as previously shown. O]

For an eigenvalue A € F for a linear operator T : V — V, let
Eigr(A):={ve V:T(v)= Av}

be called the eigenspace of T corresponding to A. Observe that this is a sub-
space of V, and that all non-zero vectors in it are exactly the eigenvectors of T
corresponding to A.

It is true that, if T is diagonalizable, then V decomposes into a direct sum V =
P 1, V; of subspaces of eigenspaces. Does each V; have to be an eigenspace itself?
How many eigenvalues and eigenspaces might T have? Since diagonalizability is
conjugate-invariant (i.e. if A ~ B and A is diagonalizable, then so is B), it makes
sense to study other conjugation-invariant functions on matrices.

The trace and determinate functions M, (F) — I are conjugation-invariant.

This allows us to contextualize the trace and determinate for transformations.
Let V be n-dimensional and T : V — V be linear. Define tr(T), the trace of T,
to be tr([T]4) for some, or any, basis p C V. This is well-defined, as we can shift
between bases using the change of bases matrices, i.e. [T]z ~ [T], for bases a, p.
Similarly, the determinate of T is det([T]g) for any basis B, and this is well-defined
for the same reasons.

Observe now that T is invertible <= det(T) = 0, where T : V — V is a linear
operator over n-dimensional V.

T invertible < [T]g is invertible « det([T]g) # 0 < det(T) = 0.
0

PROP 2.46

PROOEF.

DEF 2.31

PROP 2.47

PROOEF.
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prOP 2.48 Let T : V — V be a linear operator on finite dimensional V. Then
1. v € Vis an eigenvector of T correspondingto A € F <= v € ker(AI - T).

2. M eFisaneigenvalue of T <= AI — T is non-invertible, i.e. det(T) = 0.

Tw)=Av & Tv)-Awv=0 < (T-Al)v=0 < v eker(T- Al

PROOF. Now, A is an eigenvalue <= ker(AI - T) # {0} <= AI — T is not injective.

Since AI — T is a linear operator, AI — T is not injective &= AI — T is not
surjective, i.e. non-invertible. O

As a corollary, we see that A € F is an eigenvalue of A € M,(F) < det(AI, —
A) = 0. Thus, to find the eigenvalues, we need to find the roots of the function
p(t) = det(tI, — A). This can be written as p4(t) := t" —tr(A)t" ! +... + (~1)" det(A)
(some messy form). We define pr(t) = det(¢t] — T) similarly.

Since we’ve shown that the eigenvalues of T are precisely the roots of pr(t),

which has degree n, there can be at most n eigenvalues of T for T : V — V and
dim(V) = n.

PROP 2.49  Let Ay,.., Ay be distinct eigenvalues for T : V — V. Then, if v; € Eig(A;),
{vq, ..., v} is linearly independent. In particular, k < n.

PROOF. We’ll show this by induction. This clearly holds for the base case, k = 1, since
vy # 0 is an eigenvalue. Let k — k + 1, i.e. {1y, ..., A¢} is linearly independent.
We then let a; = 0, and write

a1V + ...+ ARV + A1 Vi1 = 0
- T(a1v1 + ...+ AV + ak+1vk+1) =0
= a1 T(vy) + ... + axT(vg) + ag1 T(vgy1) = 0
= A vy + .. + Ak Vg + A1 541 Vk41 = 0
= (A1 = Agr1)a1v1 + oo + (A — Agg1)ag v = 0

By our ind. hyp., A; = Ax,q Vi, but we chose A; to be distinct, so 7, and a; = 0
O

prop 2.50 Fordistinct Ay,.., Ay and T : V — V, {Eig(A;),..., Eig(A,,)} are linearly indepen-
dent.

PROOF. Let v; € Eig(Ay) N (Eig(A;,) + ... + Eig(A)). Then vy = vy + ... + v for v; €
Eig(v;) i # 1. However, if v; are all nontrivial, then we’d violate Prop. 3.6,
and so v; = 0. O
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For an eigenvalue A for T : V — V, denote by mg(A) := dim(Eigr(A)), and call
this the geometric multiplicity.

For T : V — V with eigenvalues A, ..., Ay, we have PROP 2.51

. k . )
Zle mg(A;) = d1m(@9i:1 ElgT(/\i)) <n 0 PROOF

2.17 Diagonalizability Condition

T : V — V is diagonalizable if and only if }_ ;c;mg(A;) = n, where {A;};¢;
represents all eigenvalues of T.

(= ) Recall that T : V — V is diagonalizable <= 3 a basis of eigenvectors
for V. Let B := {vy,..., v} be such a basis. Then v; € Eig(A;) for some PROOF.

j,s0 B C UleEig(/\i). Furthermore, we know that g N Eig(A;) is linearly
independent, since f is. Thus, | N Eig(A;)| < dim(Eig(};)) = me(A;) = n=
Bl = £ {418 N Big(A))l < X1 mg(A)).

But we’ve seen in Prop 3.8 that n > Zle mg(A;), soin fact n = Zlemg(/\i)

(&) Supposen =} le mg(A;), and let B; be a basis for Eig(1;). By the linear
independence of eigenspaces (Prop 3.7),  := Uf.‘zlﬁi is linearly independent.
This has n elements, so it is a basis for V. In particular, f; are made up of
eigenvectors for T. O

For T : V — V and an eigenvalue A, define the algebraic multiplicity, denoted  DEF 2.32
(1), to be the largest k such that (t — A)¥|p(t), i.e. the multiplicity of A.

Let T: V — V. For each T-invariant W C V, let Tyy := T|yy : W — W. Then pr,,  PrOP 2.52
divides p7(t).

Foreach eigenvalue A of T : V — V, mg(A) < m,(A). PROP 2.53

Let W := Eig(A). This is T-invariant, since Ty is just scalar multiplication by PROOF.
A. Thus, by the previous proposition, pr(t) = pr, (t)q(t) for some q(t) € F[¢].
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We fix a basis a = {vy, ..., v;} for W, and observe that

A
[Twla = (/\61 /\elJ =
| | |
t—A
Thus, pr,,(t) = det(tl; — [Tyw],) = det = (t— A)\. Hence,
t—A
pr(t) = (t = A)'q(t), so my(A) > I = dim(W) = mg(A). O

For a polynomial p(t) € F[t], we say that p splits over Fif p(t) = a(t —r)-...-(t—1,)
for a,r; € F. For an eigenvalues Ay, ..., Ay of T, we see that the characteristic
polynomial pr(t) splits < Zi-‘:lma()\k) = n. Thus:

2.18 Main Criterion

T : V — V is diagonalizable if and only if pr(t) splits and m,(A) = mg(A)
for each eigenvalue A of T.

T Cyclic Spaces

DEF2.33 Let V be a vector space, T : V — V linear, v € V. The T-cyclic subspace generated
by v is defined to be span({v, T(v),...}) = span({T"(v) : n € N'}). Observe that
T-cyclic subspaces are T-invariant.

DEF2.34 Let Vbes.t. dim(V)=k, T:V — V,ve V. Let W be the T-cyclic subspaces
generated by v. Then

(a) {v,..., Tk 1} is a basis for W
(b) TK(w) = agv + ... + a1 T¥"1(v) a; € F, so we conclude

pr, (t) = th— a5 = —ayt—ag

(219 Caley-Hamilton Theorem
Let dim(V) < 00, T : V — V linear. Then

PT(T) = Tn —ay_q Tn_l — . — a()I = @V

L i.e. pr(T) is the zero operator on V. y

prOP 2.54 ForA € M, (F), pa(A) = 0y
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IIT Orthogonality

INNER PRODUCTS

For a vector space V over F, an inner product is a binary function V.xV — F
which sends (1, v) — (u, v). Accordingly, we define an inner product space V to
be a vector space over [F equipped with the (;, -) operation. Typically, and for the
remainder of these notes, [F will be understood to be R or C.

Let u,v,w € V, @ € F. Inner products satisfy the following axioms:
(i) (u+v,w) =(u,w)+(v,w)
(ii) (au,v) = a{u,v)
(iii) (u, v) = (v, u), where = is the complex conjugate
(iv) (u,u) > 0,and (s, u) =0 < u =0

Let (-, -) be an inner product on V. The norm associated with (-, -) is defined to be

l|lv|l = V{v, v) for each v € V. We call v € V a unit vector if ||v|| = 1. For v # 0, we
call ||v||"' v the normalization of v.

Let V be an inner product space, u,v, w € V, « € F. Then:
(@) (u,v+w) =(u,v)+(u,w)
(b) (u,av) =au,v)
(©) llav|l = lalllvl|

(d) (v,0)=(0,v) =0

(a) and (b) follow from axiom (iii), and one shows (c) by writing [lav|]* = |a|?||v||%.

& Examples &

(a) For V := F”", the standard (-, -) is the dot product, which, for ¥,y € F", is
defined to be - ¥’ = }_ ', x;7;. One shows that (¥, ¥/) := X¥- ' indeed defines

an inner product. Its associated norm is thus ||x]| = /3", |x;|?, which is the

Euclidean norm!

(b) For F =R and V = F", we have ¥ ¥ = ||x||||y|| cos(), where « is the angle
from ¥X'to 7.

(c) If (-,-) is an inner product, then (-, -), = r (-, -) is also a valid inner product.

(d) For V = C[0,1] and f,g € V, we define (f, g) = jol f(t)g(t)dt. This is an
inner product.

DEF 3.1

Unless otherwise specified,
all sets V are understood to
be inner product spaces.

DEF 3.2

PROP 3.1

E.G. 3.1
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(e) For A € M, ,(F), let A = (aij). A* = A' is called the conjugate-transpose of
A. Now, for V. = M, (F), A,Be V, (A, B) := tr(B*A) is an inner product.

Projections and Cauchy-Schwarz

DEr3.3 Let V be an inner product space. Call u,v € V orthogonal, and write u 1 v, if
(u,v) = 0. For example, in R3 under the dot product, (1,0,-1) L (1,0, 1).

(5h Pythagoras R
Let VbeanIPS and u,v € V be s.t. u 1 v. Then
2 2 2
lulll” + lvl1© = [lu + |
and ||ul], ||v]| < [|u + ©||.
| and [Jull, o] < flu + )
lu+ )7 = (u + v, u+v) = (u, vy + (v, u) +(u, u) + (v, v) = |[ul|® +||v]|? O
R R N

PROOE. 0 0

DEF 3.4 For u,v € V with [[u|| = 1, define the projection of v onto u to be proj,(v) = (v, u) u.

prOP 3.2  For u € V with ||u|| =1, v — proj,(v) L u Yv € V. In particular, v = proj, (v) + w,
where w := v — proj,(v) and w L u.

PROOF. ) . 0
(v —proj,(v), u) = (v, u)y—{proj, (v), u) = (v, uy—(v, u) (u, u) = (v, v, U).
L]
For u € V with ||u|| = 1, ||proj,(v)| < ||[v|]| Vv € V.
PROOF. proj,(v) L w, where w = v—proj, (v), and hence ||proj,, (v)|| < |[proj,(v)+wl|| =
|lv|| by Pythagoras, as desired. OJ

3.2 Cauchy-Schwarz

[ <lixllipll xpeV

If ||y|| = 0, then we are done, so suppose otherwise, and divide both sides. We
proor.  then need to show |(x,IIyll™'p)| < llxll, but | x, u)] = | (x, u) ull = lIproj, (x)ll <
l|x||, where u := ||y||~!y is a unit vector. O
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3.3 Triangle Inequality

e+l <lixll + Il xpeV

(T.Tao) lx+yl?> = (x + 3, x + ) = (x, x)+{x, ) +{¥, x)+{v, ) < [Ix]>+]|p|I*+
21 (e, )| < NIxl + 1wl + 2lIxllvll = (1xll+]1v]1)?, so especially [|lx+ vl < [[x]| +|[9]l- PROOF.
O

& Examples & E.G. 3.2

For V =" under the dot product, Cauchy-Schwarz says that

nyl _JZIWJZIJJ 2

i=1
For f,g € C[0,1] := V, we similarly find

1 1
S\/L |f<t>|2\/fO g()P

Define d(u, v) := ||lu — v|| = ||v — u|| to be the distance metricon V,i.e. d: VxV —  PrOP 3.3
[0, co) is s.t.

(i) d(u,v)>0,and d(u,v) =0 < u=v
(ii) d(u,v) =d(v,u)
(iii) d(u, w) < d(u,v)+d(v, w)

Axioms (i) and (ii) are trivial to verify. For (iii), note that d(u, w) = ||u — w|| =

lu—v+v—-w| <|lu-v|+|lv-—w||=d(u w)+dv, w)(ie., we use the triangle PROOE.
inequality to prove the triangle inequality!). O
(Parallelogram Law)For u, v € V, we have PROP 3.4

(@) 2lull® + 201> = llu + vl* +[lv - ull?

(b) Re((w, v)) = 5 (Il + vl - lv - ull?)
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Orthonormality

per3.5 Call S C V orthogonal if v € S are pairwise orthogonal to eachother. If ||v|| =
1 Vv € S and S is orthogonal, we say that S is orthonormal.

PrROP 3.5  Orthonormal sets are linearly independent.

PROOF. Let S be orthonormal, and a;vy + ... + a,v, = 0 for v; € S, as usual. Then
(ayvqy + ... + a,v,, v;) = (0, x;) = 0. But, by linearity of the first coordinate of
inner products, we write

n
2
Zﬂj (vj,vi) = a; (vi, vi) = ajlvil> = 0

=1

by the orthogonality of S. Since ||v;]|> = 1, this means a; = 0. O

DEF 3.6 A basis for V is called an orthonormal basis if it is orthonormal.

E.G. 3.3 & Examples &

For V = F", St is orthonormal w.r.t. the dot product. Indeed, (ei, e]-> = 0jj, and
lle;|l = 1. For V = T4, see that a := {(1,0,1,0),(1,0,-1,0),(0,1,0,1),(0,1,0,—1)} is
an orthogonal basis. We normalize each vector (i.e. multiply by %) to create an
orthonormal basis.

prOP 3.6 Let :={uy,..., u,} be an orthonormal basis for V. Then
(a) For every v € V, the coordinates of v € f are (v, u;), i.e.
v =V, uy) Uy +... +{v, uy) Uy = proj, (vy) + ... + proj, (vy,)
These coordinates are called Fourier coefficients

(b) For T: V — V, we have [T]g = (<T(ui), uj>)ij’ i.e.

(T(uy),uy) -+ (T(uy),uy)
[T]p =
<T(”1)f un) <T(un): un)

For (a), let v = ayuy + ... + a,u, be the representation of v € . Then observe
proor.  that (v, u;) =3 7 a; <uj: “i> =1 j-14j%ij = a;.
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For (b), notice that the j! column of [T]p is
[T(uj)lp = (<T(uj), u1>,...,<T(uj), un>) O

For S C V,v € V, we say that v is orthogonal to S if v 1 s Vs € S. Remark that
v1V & v=0.

Let @ := {uy,..., uy} be orthonormal. For each v € V, the vector proj,(v) :=

i=1Pr0j, (v) = 24 (v, u;) u; has the property that v — proj, (v) L a. In particu-
lar, v - proj,(v) L proj,(v). Thus, we can decompose v into proj,(v) + orth,(v),
where orth,(v) := v — proj,(v), and proj,(v) L orth,(v).

Let uj € a. Then

(v - proj,(v), u >

Il
/\
\/
o

=
&
Q
\/

(3.4 Gram-Schmidt Process )

There exists and algorithm that takes in an input g := {vy, ..., vt} of linearly
independent vectors, and outputs an orthonormal set a := {uy, ..., uy} such
that span() = span(a). It’s I!" step is as follows:

{u1, ..., uj1} is orthonormal. Then let v} := v; - projy, ., (v1), and u; :=
v
v/ll*

L = {uy, ..., u;} is orthonormal.

v,

By the lemma above, we know that v, := v; - pI‘O]{u e 1}(1/1) L {ug, ey up_q )
We normalize v; as above to conclude that [ju|| = 1 and up L {ug, ., uj_q}.
Thus, {1y, ..., 4;} is orthonormal, as desired. O

Asa corollary, we see that a basis {vy, ..., v,,} is turned into an orthonormal basis
{uy,..., u,}. Thus, every finite-dimensional vector spaces has an orthonormal basis.

DEF 3.7

LEMMA

PROOF.

PROOEF.

PROP 3.7

PROOF.



DEF 3.8

Previously, we denoted by
S-1 the annihilator of S, i.e.
SL C V* Itis tempting to
call our new definition an
abuse of notation. However,
this is standard, as (later
we'll see) {v € V:v 1L S}and
{f € V*: fls = 0} are analogs
in many respects.

PROOEF.

PROP 3.8
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{uy,...,u,} is orthonormal and thus linearly independent. Since it has n
elements, i.e. |{vy, ..., v,,}, it is a basis. Ol

For an inner product space V, S C V, the orthogonal compliment of S is the
subspace St :={veV:v L S}={veV:v 1LsV¥seS}

It is easy to check that S+ is a subspace of V (even if S isn’t): (v + aw,s) =
v,s)+a{w,s)=0 = v+awe St

(3.5 Orthogonal Decomposition of V R

Let V be an inner product space, and let W C V be finite-dimensional.

(a) For v € V, there exists a unique decomposition v = w + w,, where
we W, w, € Wt. We call w the orthogonal projection of v onto W, and
write w = projy (v).

(b) V =W @ W+. In particular, if dim(V) < oo, then dim(V) = dim(W) +
dim(W+).

J

For (a), let a := {wy,..., wy} be an orthonormal basis for W, and let w =
proj,(v). Then w, := v — w is orthogonal to a, and hence orthogonal to
span(a) = W. Existence //

Suppose w + w, =v =w’ + w/. Since v — w and v — w’ € W+, so does their
1 1

difference — v-w-v+w = w —w € Wi, as W' is a subspace. But

w-weWaswelLsow-w=0 = w' =w.Sincev=w'+w| =w+w,,

we conclude w| = w, as well. Uniqueness //

For (b), we already know V = W + W’ by (a). It remains to show that
W N W’ ={0}, but clearly if w e W, w € W', then w = 0. Ol

As an immediate corollary, we see that if a, § are two orthonormal basis for
finite-dimensional W C V, then proj,(v) = projs(v) Yv € V, since projy(v) is
unique.

3.6 projy, (v) minimizes distance to W

For finite-dimensional W C V and some v € V, proj,(v) is the unique,
closest vector tov € W.

(a) projy(v): V. — Vis alinear operator.
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(b) A linear operator T : V — V is a projection onto Im(T) < ker(T) =
Im(T)*.

(c) For an inner product space Vand W C V, (W)t = W.

We’ll only show part (c). By definition, we know W C (W)L, Now let
v € (WL)t. Then v = w + w, for some w e W, w, € W+ by Thm 4.5. Then

W12 = v, v) = (v, w + w,) = (v, ) + D)
= (0, w) = (w, +w, w) = (T w, w) = (w, w) = |l

By Pythagoras, ||[v||> = [[w||> + |w ||?>, so |lw ][> =0 = w, =0,s0v = w, and
especially v e W. O

Let V be an inner product space. For w € V, we define the linear functional
fw € V*s.t. fu,(v) = (v, w). One verifies that this is linear.

3.7 Riesz Representation Theorem

Let V be finite-dimensional. Then for each f € V* 3 a unique w € V s.t.
f=fuie f(v)=(v,w) Yve V.

Existence: fix f € V*, and let g := {vy, ..., v,} be an orthonormal basis for V.
For each v € V, we know that

v ={v,v1) V] + ... +{(v,v,) v,

Hence, f(v) = (v, v1) f(v1) + ... + (v, ) f(v,,) = (v,mvl tot mv)

Independence: Suppose f,, = f,, = f. Then f, _w, = fu, — fu, = 0, so
fwl,w2:<v,wl—WQ>:@:>wl—U}z:O:w1:w2. 0

3.8 Adjoint Existence

Let dim(V) < c0. For T : V — V, 3 a unique linear operator T*: V — V,
called the adjoint, such that (T (v), w) = (v, T"(w)) Yv,w € V.

For w € V, define f,, € V* as f,(v) = (T(v), w). This is indeed a linear
functional on V. By Riesz representation, 3 a unique w € V s.t. f,, = fz,
ie. f,(v) =(T(v), w) = (v,w) Yv € V. Set T*(w) = w. Then T* meets our
condition, and it remains to show that T* is linear.

For wy, w, € V,a € F, T*(aw; +w;) is the unique vector s.t. (T (v), awy + w;) =

PROOF.

PROOEF.

PROOEF.
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PROOE.

PROP 3.10

PROP 3.11

PROP 3.12

PROOEF.

PROP 3.13

PROOEF.
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(v, T"(awq + wy)). It is enough to show that aT*(w;)+ T*(w,) also satisfies our
condition. But (T(v), aw; + wy) = a(T(v), w1) + {T(v), wy) = a(v, T*(wy)) +
(v, T (wy)) = (v, aT"(wy) + T*(w)). u

LetT : V — V be a linear operator on a finite-dimensional V. Let  be an
orthonormal basis for V. Then

[T = [TT;

where A* = A' (conjugate-transpose, sometimes called the adjoint of A). Further-
more, for A € M,(F), L', = La-.

Recall that, for [T*]g, where g = {vy,...,v,}, the (ij)!" entry is (T*(v]-), vi> =
<T*(vj), vi> = <vi, T*(vj)> = <T(vi), vj>, which is the conjugate of the (ji)!"
entry of [T]g. Hence, [T*]g = [T]}; = [T]}, as desired.

For the last statement, let  be the standard orthonormal basis. Then [L}, ]; is

B € M, (F) with Lg = L’,. By (a), B = [LA]73 = A" Ol
Weobserve the following properties of the adjoint:

(a) The function which sends T — T is conjugate-linear.

(@ (+T)=T+T;
(b) (aT)* = aT*

(b) (Ti o) =Ty o T;
(c) Iy =1y
(d) If T is invertible, then so is T*, and (T*)~! = (T~1)".

LetT : V — V be a linear operator and dim(V) < co. Then Im(T*) = ker(T)* and
ker(T*) = Im(T)*.

ForT : V — V,dim(V) < oo, we have null(T) = null(T*) and rank(T) = rank(T").
rank(T*) = dim(Im(T*)) = dim(ker(T)*) = n — dim(ker(T)) = rank(T)
null(T*) = dim(ker(T*)) = dim(Im(T)+) = n — dim(Im(T)) = null(T) O

LetT : V — V be a linear operator for dim(V) < co. For A € F, A is an eigenvalue
of T & Ais an eigenvalue of T".
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Ais an eigenvalueof T < null(T-AI)>0 < nul(T"-AI)>0 < A
is an eigenvalue of T*. O

3.9 Schur’s Lemma

Let T : V — V be a linear operator, dim(V') < co. Then, if p7(t) splits, 3 an
orthonormal basis f for V such that [T]g is upper triangular.

Since pr(t) splits, T and T* have eigenvalues. We will show the above by
induction on dim(V) =: n. Let n = 1. Then clearly [T]g is upper triangular.

n — n+ 1: Let A be an eigenvalue of T* and its corresponding eigenvector
be v, i.e. T*(v,) = Av,. Let W := span(v,). Then W+ is T-invariant: indeed,
if v L W, thenw L v, ie. (v,v,) = 0. Then (T(v),v,) = (v, T*(v,)) =
(v, Av,)) = A (v,v,) = 0,50 T(v) L v,,.

dim(W+t) = n—dim(W) =n -1, and Ty, : W- — W+, so by induction, 3 an
orthonormal basis a := {vy, ..., v,,_1} of Wt s.t. [Tyy1], is upper triangular.

Let B := {vy, ..., v,}. This is an orthonormal basis for V, since V.= W & W+.
Notice also that

|
[TWL(VI)]a [TWL(vn—l)]a [TWL(VH)]IX

0 0

[Tlp =

is upper triangular, since the first n — 1 columns are upper triangular by
assumption. 0l

A linear operator T : V — V, where dim(V) < oo, is called normal if T and T*

commute,i.e. To T = T*o T. T is called self-adjoint if T = T".

& Examples &

1. Orthogonal projections are self-adjoint. Let W C V, and p be the projection
onto W. Fix u,v € V. Then u = p(u) + u, and v = p(v) + v, . Then observe

that (p(u), v) = (p(u), p(v) + v, ) = (p(u), p(v)) + {(plyv7) = (p(u), p(v)).

Similarly, we find that (u, p(v)) = (p(u), p(v)), and so {p(u), v) = (u, p(v)),
i.e. p = p*, as desired.

2. If p: V — V is an orthogonal projection, and A € C \ R, then (Ap)* = Ap =
Ap, so Ap is not self-adjoint. However, Ap is still normal: (Ap) o (Ap)" =

(Ap) o (Ap) = A%p? = (p) o (Ap) = (Ap)*(Ap).

PROOEF.

DEF 3.9

E.G. 3.4
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3. Let V.= Wy &..Wy, where W; L W; Vi = j. Then VAy,.., Ay € F, T :=
A1projy, + ... + Axprojy, is normal.

proP3.14 Let T :V — V be normal, and dim(V) < co. Then
(@) [ITvll = IT*v[| Yo
(b) p(T) for any polynomial p is normal

(c) Yv € V, visaneigenvector of T correspondingto A <= v is an eigenvector
of T* corresponding to A

(d) For eigenvalues A; = A,, Eig(Ay) L Eig(A,)

DEF3.10 A basis of V consisting of eigenvectors of T is called an eigenbasis of T.

3.10 Diagonalizability of Normal Operators on C

Let T : V — V be a linear operator over a finite-dimensional inner product
space V, where F := C. Then T is normal <= 3 an orthonormal eigenbasis
of T.

(= )Suppose ToT* = T*oT. Then T and T* have eigenvalues (since

PROOF. pr splits over C), and they are the same. As in Schur’s Lemma, let v, be
an eigenvalue of T/T*. By putting W := span(v,), we have that W+ is T-
invariant, so one writes Tyy. : Wt — W<, Furthermore, one can show
that Ty is normal if T is normal. Then our induction hypothesis has that
B :={vi,..., v,_1} is an orthonormal eigenbasis for W+ = B’ :={vy, ..., v,} is
an orthonormal eigenbasis for V, since V.= W & W+,

( & ) Let B be an orthonormal eigenbasis for T. Then [T]g is diagonal
(each v; would map to e; A;). Then [T*]g = [T]I*B is also diagonal. Thus, since
diagonal matrices commute, [T o T*|g = [T]g[T"]g = [T*|g[T]p = [T o T]p,
and, as Iﬁ is a linear isomorphism, this mean T*o T = T o T*, as desired [

prOP 3.15  Theeigenvalues of self-adjoint operators are always real.

PROOF. Let T be self-adjoint, and A be an eigenvalue. Then T(v) = Av. Since T is
normal, T*(v) = Av. But T* =T,so A = A,i.e. A € R. OJ

proP 3.16  Characteristicpolynomials of real, symmetric matrices split over R.

PROOEF.
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Let A € M,(R) and A = A’. Thus, A = A*, since conjugations are irrelevant in
R.Let Ly : C" — C" by Ls(v) = Av, as usual. Then L) = Ly = Ly, s0 L, is
self-adjoint. Thus, pr, splits over C. But the roots of pr, are all real, so p;,
splits over R! Then we just observe that p;, = pjz,] = pa- O

As an immediate corollary, we see that, for self-adjoint T : V. — V over R, pr

splits over R. As proof, we let  be an orthonormal basis. Then A := [T]p is real.

Furthermore, A’ = A* = [T]; = [T"]g = [Tlp, s0 A = A'. From the proposition
above, pa = p[r), = pr splits over R.

3.11 Diagonalizability of Self-Adjoint Operators on R

Let T : V — V be a linear operator, where F = R. Then T is self-adjoint
< d an orthonormal eigenbasis for T.

(= )LetT:V — V be self-adjoint. Then pr splits over R by the above.
Then, by Schur’s Lemma, 3 an orthonormal basis § for V such that [T]g is
upper triangular. Thus, [T]; is lower triangular. But [T]E = [Ty =[T"]p =
[T]p, so [T]g is actually diagonal, i.e. B is made up of eigenvectors.

( < ) Suppose 1 an orthonormal eigenbasis  for T. Then [T"]4 is real and
diagonal, and hence [T*]g = [T]% =[T]g,s0o T = T*, as desired. O

The following theorem is the finale, in effect, of this course:

g 3.12 Spectral Theorem R

Let V be finite-dimensional inner product space,and T : V — V be a linear
operator. If F = C, let T be normal. If F = R, let T be self-adjoint. Then T
admits a unique (up to reorderings) spectral decomposition, i.e.

T = /\1p1 A oo AF /\kpk

where p; are orthogonal projections such that Iy = p; +... + py, and p; o p; =
0ijpj- In other words, V = P i=1Im(p;), with Im(p;) L Im(p;) Vi = j.
o

J

PROOF OF SPECTRAL THEOREM

Let V be finite-dimensional, and p;, ..., px be orthogonal projections on V. TFAE:

1. pjop;j=0Vi=jand Iy = py +..+pg

2. Im(p;) L Im(p;) and P'_, Im(p;)

PROOF.

LEMMA 1

PROOEF.
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Fori # j,pjopj=0 < p;opj(v) =1{0} Yv < p;(Im(p;)) = {0} —
Im(p;) C ker(p;) = Im(p;)* < Im(p;) L Im(p;) //

(= )Ily=p1+..+pp = v=pv+..+pv Vv = V=" Im(p;),
since Im(p;) L Im(p;) = Im(p;) NIm(p;) = {O}.

(<) Take v € @ * Im(p;). Then v = w; + ... + wy, where w; € Im(p;), so
pl( v) = pi (wq) + ~~+P1(wk) Z bl]w] w;, hence v :Pl(vl)+"~+Pk(Vk),
ie. Iy =py +... + px. 0l

Spectral Decomposition via Eigenvalues:

LetT:V — V,dim(V) < o, py,...,pxr : V — V be orthogonal projections, and
Ay, ..., Ak € F. Then TFAE:

1. T = Ay1py + ... + Agpy is a spectral decomposition.

2. {Ay,..., A} are all distinct eigenvalues of T AND Im(p;) = Eigr(A;) AND
Eigr(A;) L Eigr(A;) Vi = j AND V = 5 Eigr (1))

(1 = 2) Denote W; = Im(p;) and remark that W; C Eigr(};). Indeed, if
w; € W;, then T(w;) = A;p;(w;) = Ajw;, as p;(wj) = 0 Vi = j. We can also
write V = EB” Im(p;), so } dim(W;) = dim(V) = n. Since W; C Eig(A;),
this means Zdlm(Elg(A )) > n,ie. = n, as well. We conclude that W; =
Eig(A;). Furthermore, since }_ mg4(A;) = n, we conclude that these are all the
eigenvalues of T.

2 = 1) Suppose p;op; = 0 Vi # jand V = @leEigT(/\,-). Since
P k 1Im(p;) as well, we have Iy = p; +... + p by Lemma 1.
Since v = wy + ... + wy Yv, where w; € Eig(A;), we have p;(v) = w; Vi = j,

since Eig(/\ ) L E1g(/\ ). Then T(v) = T(wq) +... + T(wg) = Mqywy +... + LLwy =
Ap1(v) + .. + Akpr(v ) ie. T=Ap1+..+ /\kpk Ol

We have thus proven uniqueness of the spectral decomposition, since Ay, ..., A¢
must all be the unique eigenvalues of T, and Im(p;) = Eig(A;).

As for existence, we have shown, for normal T, Eig(A;) L Eig(};) Vi # j. And,
if(F=C)or (F=R /\ T = T7%), then T admits and orthonormal eigenbasis,
ie. V = EB 1Eigr(1;). Then the conditions for Lemma 2 kick in, and hence
T=MApi+..+ /\kPk

Remark: The set {Aq,..., Ay} of T : V — V is called the spectrum of T.
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