MATHA456 - Algebra 3

Groups; ring theory; fields; modules.

Based on lectures from Fall 2024 by Prof. Henri Darmon.
Notes by Louis Meunier
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§1 GRoups

§1.1 Definitions

= Definition 1.1 (Group): A group is a set G endowed with a binary composition rule G x
G - G, (a,b) — a x b, satisfying

1. deeGstarxe=exa=aVaeG

2. YVaeG,3d eGstaxa' =a xa=e

3. Va,b,ceG,(axb)xc=ax (bxc).

If the operation on G also commutative for all elements in G, we say that G is abelian or
commutative, in which case we typically adopt additive notation (i.e.a + b, a~! = —q, etc).

® Example 1.1: An easy way to “generate” groups is consider some “object” X (be it a set, a
vector space, a geometric object, etc.) and consider the set of symmetries of X, denoted
Aut(X), i.e. the set of bijections of X that preserve some desired quality of X.

1. If X just a set with no additional structure, Aut(X) is just the group of permutations of X.
In particular, if X finite, then Aut(X) = Syx.

2. If X a vector space over some field F, Aut(X) = {T : X —» X | linear, invertible}. If
dim(X) = n < oo, X = F” as a vector space, hence Aut(X) = GL,,(F), the “general linear
group” consisting of invertible n x n matrices with entires in F.

3. If X a ring, we can always derive two groups from it; (R, +,0), which is always
commutative, using the addition in the ring, and (R*, x, 1), the units under multiplication
(need to consider the units such that inverses exist in the group).

4. If X a regular n-gon, Aut(X) can be considered the group of symmetries of the polygon
that leave it globally invariant. We typically denote this group by D,,,.

5. If X a vector space over R endowed with an inner product (-,-) : V xV — R, with
dimV < oo, we have Aut(V) =O(V) ={T: V>V |Tw-w) =v-wVo,we V}, the
“orthogonal group”.

< Definition 1.2 (Group Homomorphism): Given two groups Gy, G,, a group homomorphism
¢ : G; — G, is a function satisfying ¢(ab) = ¢(a)@(b) for alla, b € G;.

If ¢ is bijective, we call it an isomorphism and say G;, G, are isomorphic.

—Proposition 1.1:
* (P(1G1> =1g,
* 9a!) =@
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® Example 1.2: Let G = Z/nZ = {0, ...,n — 1} be the cyclic group of order n. Let ¢ € Aut(G);
it is completely determined by ¢(1), as ¢(k) = k - ¢(1) for any k. Moreover, it must be then
that ¢ (1) is a generate of G, hence ¢(1) € (Z/nZ)™ (ie the units of the group considered as a
ring), and thus

Aut(G) = ((Z/nZ)*, ).

§1.2 Actions of Groups

< Definition 1.3 (Group Action): An action of G on an object X is a function G x X —
X, (g,x) = g - such that

e l.x=x

* (8182) ¥ =81 (82°%)

* Mgy :x — g - xanautomorphism of X.

< Proposition 1.2: The map m : G - Aut(X), g = m, a group homomorphism.

om, . [ ]

m 82

ProoE. One need show m

8182 = 81

< Definition 1.4 (G-set): A G-set is a set X endowed with an action of G.

< Definition 1.5 (Transitive): We say a G-set X is transitive if V x,y € X, thereisa g € G such
thatg-x =y.

A transitive G-subset of X is called on orbit of G on X.

= Proposition 1.3: Every G-set is a disjoint union of orbits.

ProOF. Define a relation on X by x ~ y if there exists a g € G such that g - x = y. One
can prove this is an equivalence relation on X. Equivalence relations partition sets into
equivalence classes, which we denote in this case by X/G. The proof is done by

remarking that an equivalence class is precisely an orbit. |

Remark 1.1: As with most abstract objects, we are more interested in classifying them up to
isomorphism. The same follows for G-sets.
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< Definition 1.6: An isomorphism of G-sets is a map between G-sets that respects the group
actions. Specifically, if G a group and X;, X, are G-sets, with the action G on X; denoted

and G on X, denoted *, then an isomorphism is a bijection
f:X1 - Xy,
such that
fgxx) =g*f(x)
forallg € G, x € Xj.

< Definition 1.7 (Cosets): Let H C G be a subgroup of a group G. Then G carries a natural

structure as an H set; namely we can define
HxG—-g, (hg)—g-h
which can readily be seen to be a well-defined group action. We call, in this case, the set of
orbits of the action of H on G left cosets of H in G, denoted
G/H = {orbits of H acting on G}
={aH:a € Gy ={{ah:h € H}:a € G} C 2C.

Symmetric definitions give rise to the set of right cosets of H in G, denoted H \ G, of orbits of H
acting by left multiplication on G.

Remark 1.2: In general, G/H # H \ G. Further, note that at face value these are nothing more
than sets; in general they will not have any natural group structure. They do, however, have a

natural structure as G-sets, as a theorem to follow will elucidate.

—Theorem 1.1: Let H C G be a finite subgroup of a group G. Then every coset of H in G has
the same cardinality.

Proor. Define the map H + aH by h — ah. This is a bijection. [

Remark 1.3: In general, if one considers the general action of G on some set X, then the orbits
X/G need not all have the same size, though they do partition the set. It is in the special case
where X a group and G a subgroup of X that we can guarantee equal-sized partitions.
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—Theorem 1.2 (Lagrange's): Let G be a finite group and H a subgroup. Then
#G = #H - #(G/H).

In particular, #H | #G for any subgroup H.

Proor. We know that G/H is a partition of G, soeg G = H U H; U --- U H,,. By the

previous theorem, each of these partitions are the same size, hence
#G=#HUHU--UH,)
=#H + #H, + - + #H,,_; since H;'s disjoint
=n-#H since each H same cardinality

=#(G/H) - #H.

—Proposition 1.4: G/H has a natural left-action of G given by
GxG/H - G/H, (g,aH) ~ (ga)H.

Further, this action is always transitive.

< Proposition 1.5:If X is a transitive G-set, there exists a subgroup H C G such that X = G/H
as a G-set.

In short, then, it suffices to consider coset spaces G/H to characterize G-sets.

Proor. Fix x; € X, and define the stabilizer of x, by
H :=Stabg(xg) = {g € G: gxy = xp}-
One can verify H indeed a subgroup of G. Define now a function
f:G/H—- X, gHwm~ g-x,
which we aim to show is an isomorphism of G-sets.

First, note that this is well-defined, i.e. independent of choice of coset representative.
LetgH = ¢'H, thatis 3h € H s.t. ¢ = g'h. Then,

f(gH) = gxg = (§'h)xg = 8" (hxp) = g'x0 =f(§'H),
since & is in the stabilizer of x.

For surjectivity, we have that for any y € X, there exists some ¢ € G such that gx; =

y, by transitivity of the group action on X. Hence,
f(gH) =gxo =y

and so f surjective.
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For injectivity, we have that
81%0 = §2%0 = 85 '§1%0 = X
=g 'g1€H
= goh = g1 forsome h € H
= §H =g H,
as required.
Finally, we have that for any coset aH and g € G, that
f(g@H)) = f((ga)H) = (ga)xo,
and on the other hand
gf (aH) = g(axg) = (ga)xo.

Note that we were very casual with the notation in these final two lines; make sure it is
clear what each “multiplication” refers to, be it group action on X or actual group

multiplication. |

= Corollary 1.1: If X is a transitive G set with G finite, then #X | #G. More precisely,
X = G/Stabg (xg)
for any x; € X. In particular, the orbit-stabilizer formula holds:

#G = #X - #Stabg (xp).

The assignment X — H for subgroups H of G is not well-defined in general; given x;, x, € X, we
ask how Stab(xq), Stabs (x,) are related?

Since X transitive, then there must exist some ¢ € G such that x, = gx;. Let h € Stab(x5).
Then,

hxy = xp = (hg)xy = gxy = g~ hgxy = xy,

hence g~'hg € Stab (x;) for all g € G, h € Stab(x,). So, putting H; = Stab (x;), we have that
H, = gH;g7".
This induces natural bijections
{pointed transitive G — sets} < {subgroups of G}
(X,xg) ~» H = Stab(x)
(G/H,H) « H,
and
{transitive G — sets} < {subgroups of G}/ conjugation

H; =gH;g7!,some g € G.
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Given a G, then, we classify all transitive G-sets of a given size n, up to isomorphism, by
classifying conjugacy classes of subgroups of “index n” := [G: H] = % = #(G/H).

® Example 1.3:

0. G, {e} are always subgroups of any G, which give rise to the coset spaces X = {x},G
respectively. The first is “not faithful” (not injective into the group of permutations), and
the second gives rise to an injection G = Sg.

1. Let G = S,,. We can view X = {1, ..., n} as a transitive S,,-set. We should be able to view X as
G/H,where #(G/H) = #X =n = %(H) = %, i.e. we seek an H C G such that #H = %’ =

(n—1)

Moreover, we should have H as the stabilizer of some element x, € {1, ..., n}; so, fixing for
instance 1 € {1, ...,n}, we have H = Stab(1), i.e. the permutations of {1, ..., n} that leave 1 fixed.
But we can simply see this as the permutation group on n — 1 elements, i.e. S,,_;, and thus

X = S5,,/S,,_1. Remark moreover that this works out with the required size of the subgroup,
since #5,,_1 = (n — 1)L

2. Let X = regular tetrahedron and consider
G = Aut(X) := {rotations leaving X globally invariant}.

We can easily compute the size of G without necessarily knowing G by utilizing the orbit-
stabilizer theorem (and from there, somewhat easily deduce G). We can view the
tetrahedron as the set {1,2, 3,4}, labeling the vertices, and so we must have

#G = #X - # Stab(1),
where Stab(1) = Z/37Z. Hence #G = 12.

From here, there are several candidates for G; for instance, Z/127Z, D15, Ay, .... Since X can be
viewed as the set {1, 2, 3,4}, we can view X ~» G = 54, where - an injective homomorphism,
that is, embed G as a subgroup S4. We can show both Dy, and Z/12Z cannot be realized as
such (by considering the order of elements in each; there exists an element in D, of order 6,
which does not exist in Sy, and there exists an element in Z/12Z of order 12 which also
doesn’t exist in S;). We can embed A, C S, and moreover G = A,. If we were to extend G to
include planar reflections as well that preserve X, then our G is actually isomorphic to all of
Sy
4. Let X be the cube, G = {rotations of X}. There are several ways we can view X as a
transitive G sets; for instance F = faces, E = edges, V = vertices, where #F = 6,#E =
12,#V = 8. Let’s work with F, being the smallest. Letting x; € F, we have that Stab (x) =
Z /47 so the orbit-stabilizer theorem gives #G = 24.

This seems to perhaps imply that G = Sy, since #S, = 24. But this further implies that if this is

the case, we should be able to consider some group of size 4 “in the cube” on which G acts.

§1.3 Homomorphisms, Isomorphisms, Kernels
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—Proposition 1.6:If ¢ : G - H a homomorphism, ¢ injective iff ¢ has a trivial kernel, that is,

kerp ={a € G: ¢pa) =ey} = {e}.

— Definition 1.8 (Normal subgroup): A subgroup N C G is called normal if forallg € G,h €
N, then ghg™! € N.

= Proposition 1.7: The kernel of a group homomorphism ¢ : G — H is a normal subgroup of
G.

—Proposition 1.8: Let N C G be a normal subgroup. Then G/N = N \ G (thatis, gN = Ng)
and G/N a group under the rule (¢1N)($>N) = (3182)N.

—Theorem 1.3 (Fundamental Isomorphism Theorem): If ¢ : G - H a homomorphism with

N := ker ¢, then ¢ induces an injective homomorphism ¢ : G/N = H with ¢(aN) := ¢(a).
—Corollary 1.2:im(¢) = G/N, by ¢ into im(9).

® Example 1.4: We return to the cube example. Let G = Aut(X) = rotations and reflections
that leave X globally invariant. Clearly, G C G, so it must be that #G a multiple of 24.
Moreover, remark that relfections reverse orientation, while rotations preserve it; this implies
that the index of G in G is 2. Hence, the action of G on a set O = {orientations on]R3} with

#0 = 2 is transitive. We then have the induced map
7:G - Aut(0) = Z/2
with kernel given by all of G; G fixes orientations after all.

Remark now the existence of a particular element in G that “reflects through the origin”,
swapping each corner that is joined by a diagonal. This is not in G, but notice that it actually

commutes with every other element in G (one can view such an element by the matrix

(_1 -1 ) acting on R3). Call this element 7. Then, since T & G, T¢ # g forany ¢ € G.
Hence, v;é can write G = G U 7G; thatis, Gis a disjoint union of two copies of S,, and so
G=S,x7Z/2Z
f:S4xZ/2Z - G, (g,f) ~ Tg.

§1.4 Conjugation and Conjugacy
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< Definition 1.9: Two elements ¢;,¢, € G are conjugate if 3h € G such that g, = hg h™L.

Recall that we can naturally define G as a G-set in three ways; by left multiplication, by right

multiplication (with an extra inverse), and by conjugation. The first two are always transitive,
while the last is never (outside of trivial cases); note that if g = 1, then (hgh_l )n =1, that is,
conjugation preserves order, hence G will preserve the order of 1 of the identity element, and

conjugation will thus always have an orbit of size 1, {e}.

An orbit, in this case, is called a conjugacy class.

= Proposition 1.9: Conjugation on S,, preserves cycle shape.

PrOOF. Just to show an example, consider (13)(245) € S5 and let g € Ss, and put o :=
¢(13)(245)¢~ 1. Then, we can consider what g (k) is for each k;

o(g(1)) =g@3)
o(g3)) =g)
0(g(2)) =g4)

o(g4)) =g(5)

o(g(5)) =g(2),

hence, we simply have o = (g(1)g(3))(g(2)g(4)g(5)), which has the same cycle shape
as our original permutation. A similar logic holds for general cycles. n

< Definition 1.10: The cycle shape of o € S,, is the partition of n by ¢. For instance,

leol+1+...4+1
o= (12..n) & n.

® Example 1.5: We compute all the “types” of elements in S, by consider different types of
partitions of 4:

Partition Size of Class

1+1+14+1 1

2+1+1 (3)=6

3+1 4 -2 = 8 (4 points fixed, 2 possible orders)
4 3! = 6 (pick 1 first, then 3 choices, then 2)
2+2 3

1.4 Conjugation and Conjugacy



The converse of < Proposition 1.9 actually holds as well:

—Theorem 1.4: Two permutations in S,, are conjugate if and only if they induce the same
cycle shape.

Proor. We need to show the converse, that if two permutations have the same cycle

shape, then they are conjugate.

We show by example. Let g = (123)(45)(6),g" = (615)(24)(3) € S¢. We can leth €
S¢ such thatitsends 1+~ 6,2 — 1,3 — 5, etc; precisely

h = (163542).

Remark that / need not be unique! Indeed, we could rewrite ¢’ = (156)(42)(3) (which
is the same permutation of course), but would result in

h = (1)(25)(36)(4),

which is not the same as the / above. [

® Example 1.6: We return to , and recall that S, = Aut(cube). Can we identify
the conjugacy classes of S, with “classes” of symmetries in the cube?

Conjugation Class # Cube Symmetry

1 1 id

(12) 6 Rotations about edge
diagonals

(12)(34) 3 Rotations about the face
centers by 7

(123) 8 Rotations about principal
diagonals

(1234) 6 Rotations about the face

centers by =

1.4 Conjugation and Conjugacy



® Example 1.7: Let F be a field and consider the vector space V = F". Then
Aut(V) = GL,(F) = {invertible n x n matrices}.
Recall that linear transformations are described by matrices, after choosing a basis for V; i.e.

{linear transformations on V} «— M, (F) := {n x n matrices with entries in F}.

However, this identification depends on the choose of basis; picking a different basis induces a
different bijection. Suppose we have two bases 3, 8, then 8’ = Pp for some P € GL,,(F) (P
called a “change of basis matrix”). Then for T : V — V, and with M := [T] ﬁ,M’ = [T] B then
as discussed in linear algebra, M’ = PMP~1. Hence, understanding M,,(F) <& Hom(V — V)
can be thought of as understanding M, (F) as a G-set of G = GL,,(F) under conjugation; then
orbits < conjugacy classes.
Conjugacy Invariants
e The trace tr and determinant det are invariant under conjugation; tr(PMP~!) = tr(M) and
det(PMP~1) = det(M)
* spec (M) := set of eigenvalues is a conjugate invariant (with caveats on the field, etc)
¢ Characteristic polynomial, minimal polynomial

§1.5 The Sylow Theorems
Recall that if H C G a subgroup, then Lagrange’s gives us that #H | #G. We are interested in a

(partial) converse; given some integer n such that n | #G, is there a subgroup of cardinality n?

To see that this is not true in general, let G = S5. #G = 120; the divisors and the (if existing)
subgroups:

1- {1}
2 - {1,(12)}
3> 7Z/3%Z
4 > Z/|AZ,7.]27 x 7|27
5- Z/5Z
6 — ((12)(345)) = Z/67Z, S5
8 - Dg

10 - Dy

12 - A,

15 — None :(

There is a unique group of order 15, Z/15Z; but this would need an element of order 15, which
doesn’t exist in Ss.

1.5 The Sylow Theorems 11



< Theorem 1.5 (Sylow 1): Fix a prime number p. If #G = p' - m with p t m, then G has a
subgroup of cardinality p'.

We often call such a subgroup a Sylow-p subgroup of G.

® Example 1.8: We consider the Sylow subgroups of several permutation groups.
(S5) #S5 = 120 = 23 - 3 - 5, s0 by the Sylow theorem, S5 contains subgroups of cardinality 8,
3, and 5.
(S¢) We have #S, = 720 = 2% . 32 . 5, so by the Sylow theorem we have subgroups H of order
16,9, and 5.
#H = 9 is given by
H = ((123), (456)) := {(123)'(456) : 0 < i,j < 2} = Z/3Z x Z/31Z,

or similarly for any other two disjoint cycles of three elements.
#H = 161is given by H = Dg x S,.
(S;) We have #S, = 24 .32 . 5. 7. Subgroups of size 16,9, 5 can be simply realized as those

from S¢, and of size 7 as just the cyclic subgroup generated by an element of order 7.

(Sg) We have #Sg = 27 .32.5.7 so we have subgroups of size 128,9,5,7. The latter 3

subgroups are easy to find; the first is found by

H = ((15)(26)(48)(37), Dg x Dg),

where we can view the first copy of Dg acting on a square labeled 1, 2, 3, 4, the second acting

on a square labeled 5, 6,7, 8, and the distinguished permutation swapping all the vertices ??

—Theorem 1.6: Fix a group G and a prime p. TFAE:
1. There exists a G-set X of cardinality prime to p with no orbit of size 1.
2. There is a transitive G-set of cardinality > 1 and of cardinality prime to p.

3. G has a proper subgroup of index prime to p.

ProoOF. (1. = 2.) We can write X = X; U X, U ... U X; where X; the orbits of the action;
note that the action of G on each X; transitive. Since p { #X, then 3i for which p | #X,.

#X; > 1 necessarily, since X was assumed to have no orbit of size 1.

(2. = 3.) We have X = G/H for some subgroup H, where H = Stabs(x,) for some
xg € X. Moreover, #X = [G : H] hencep { [G: H].

(3 = 1.) Given H, take X = G/H. Then G necessarily acts transitively on X so X has
no orbit of size 1, and has cardinality #X = [G : H], so X also has cardinality prime to
p as [G : H] prime to p. |

1.5 The Sylow Theorems
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—Theorem 1.7: For any finite group G and any prime p | #G with #G = pt -m, m # 1, then

(G, p) satisfies the properties of the previous theorem.

Proor. It suffices to prove 1. holds. Let

X = {all subsets of G of size p'}.

X a G-set; for any A € X, gA also a set of size p’ hence gA € X. Moreover, G acts on X
without fixed points; that is, there is no element x in X such that gx = x for every g €
G. We have in addition

t

p! (rh)! pt—j

The max power of p dividing p'm — j will be the same as the maximum power of p
dividing j itself (since p | p'm), and by the same logic the same power that divides p’ —
j. That is, then, the max power of p that divides both numerator and denominator in
each term of this product for each j, hence they will cancel identically in each term.
Thus, p | #X as desired.

Proor. (Of =Theorem 1.5) Fix a prime p and let G be a group of minimal cardinality
for which the theorem fails for (G, p). By 3. of =Theorem 1.6, there exists a subgroup

t
H C Gsuch thatp t [G: H]. We have #G = p'm, and #H = p'm’; since p } % = ;—Z =
m
o

Then, by our hypothesis H contains a subgroup N of cardinality p’; N is also a
subgroup of G and thus a Sylow-p subgroup of G, contradicting our hypothesis of
minimality. |
ProOE. (A Second Proof of —Theorem 1.5) We may write

G=CuCu-ucy,
where C; = {gag™! : ¢ € G}. We must have (at least one) some C; where #C; =1, so
C]- = {a}; it must be that a commutes with every ¢ € G. Consider the center of G,
Z(G)={a:ag =gaV g e G}
Note that Z(G) is a subgroup of G;
G=ZGUCU-UCy,
where C; are the conjugacy classes of size > 1 (all the conjugacy classes of size 1 are
included in Z(G)). By the orbit-stabilizer theorem, the cardinality of each Cj divides

the cardinality of G (and as Z(G) a subgroup, so does the cardinality of Z(G)). We call
this decomposition a “class equation of G”.

With this setup, we assume again G is the smallest group for which the theorem
fails for p. We consider the following cases:

1.5 The Sylow Theorems



Case 1: p { #Z(G), then at least one C]- must be of cardinality prime to p (if all were
divisible by p, then we’d have

#G%O%(not0)+0+---+0,

which is impossible). Then, C; = G/H for some subgroup H of G, with #H = p'm’ <
#G, so by our assumption H has a Sylow p-subgroup, and thus so does G.

Case 2: p | #2(G). Z(G) an abelian subgroup, so there exists a subgroup Z C Z(G)
with #Z = p (why? For every abelian group with p | #2(G), Z(G) has an element of
that order, hence take the cyclic subgroup generated by that element; see following
lemma). Then, since Z is a normal subgroup, and we may consider G = G/Z, which is
then a group with cardinality

t
#G = %: %:pt_l-m<#G,

H=

so we may apply the induction hypothesis to G, i.e. G has a Sylow p-subgroup H of

cardinality p~!. We have a natural, surjective homomorphism

7:G > GDH.
Take
H= |] gz
gZ€eH

or equivalently, H = 77! (H) We have an induced surjective homomorphism
m:H-»H

with ker(7t) = Z,so H = H/Z, and thus #H = #H - #Z = pt, and thus H a Sylow p-
subgroup of G. [

—Lemma 1.1: Let p be prime. If G a finite abelian group and p | #G, then G has an element of
order p, i.e. there is a subgroup Z C G of cardinality p.

Proor. We can write #G = p - m. Remark that it suffices to find an element g of order ¢
t

such that p | t; indeed, then the element g7 has order p, which exists since then % an

integer.

Let g1,8>, ..., be a set of generators for G and put n; = ord ( gj>. Define now

@ (Z|MZ) x (Z|nyZ) % --- x (Z/n,Z) — G,

ai _dz

ay
(a1/a2/"'/at) =81 82 8t -

One can show that this is a homomorphism; moreover, it is surjective, since any

element in G can be written in terms of these generators. Hence, #G | #(Z/n,Z) x
(ZnyZ) x -+ x (Z/n;Z) = nyny---n,. Since p | #G, then it follows too that p | nyny---n,
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and thus there is some n; such that p | n; (“Gauss’s Lemma”). Hence, g; has order
divisible by p. n

<Theorem 1.8 (Sylow 2): If H;, H, are Sylow p-subgroups of G, then 3¢ € Gs.t. ¢H,¢™! =
H,.

Proor. Consider G/H; as an H,-set. We may write
G/Hl = X1 L Xz u--u XN/
where the Xj’s are disjoint orbits, then #Xj | #H,, so #Xj = p?, some a < t. Then, there
must be some orbit X]- of cardinality 1; since p | #Xj, but p } G/Hy, but each must be a
power of p hence the power a of some cardinality must be 0. Then, we may write X; =
{gH1}. This is fixed by every element in H,,i.e. Vh € H,, hgH; = gH; i.e.
(§7'hg)Hy = Hy,

i.e. ¢7l1hg € H, for all h € H,, and thus g~'H,¢ = H;. [

—Theorem 1.9 (Sylow 3): The number N, of distinct Sylow p-subgroups satisfies
1. Np | m,
2. N, > 1,

where #G = p'm.

ProOOF.

1. Let X = {all Sylow p-subgroups}. By Sylow 2, G acts transitively on X by
conjugation. Then, by the orbit-stabilizer theorem,

#G

#X = —,
#N

where N the normalizer of H = {g € G : gHg™! = H}. We know that H C N, hence
pt =#H|#N,so#X|g = m and so #X | m.

2. Let H be a Sylow p-subgroup and let X be the set of all Sylow p-subgroups as above,
viewed as a G-set by conjugation. Again, this is a transitive action. We can also view
X as an H-set. Then,

X=XjU-UX,
where
#X; | #H = pt,
Le. #X; =1,p, p?, ..., p'. We claim there is exactly one X; of size 1. Let X; = {H'} be
an orbit of size 1 (remarking that there exists at least one, namely just H itself.)

Then, we must have aH'a~! = H' for alla € H. Then, H is contained in the

normalizer of H', N,

1.5 The Sylow Theorems
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HcN={aeG:aH'a7 ' =H'}.
H' C N, but moreover, H" a normal subgroup of N. Then,
pt#(N/H').
We have the natural map
p:N—->N/H,
and we consider ¢(H); its cardinality must be 1, since it must simultaneously divide

p' and something prime to p. Thus, H C ker(¢) = H'. But #H = #H’, and thus H =

H'. Hence, there is a unique orbit of size 1, just H itself.

Thus, the cardinality of X will be, modulo p, 1. [ ]

1.5.1 Illustrations of the Sylow Theorems
1. G = Sy; #G = 23 - 3. The Sylow 8-subgroup is Dg,

{1, (1234), (13)(24), (1432), (12)(34), (14)(23), (13), (24) }.

N, must divide 3 and must equal 1 modulo 2, so N, = 1 or 3. In this case, N, = 3 indeed; Dg

is not normal in S4, which it would have to be if N, = 1. Inside S4, we also have the “Klein
group”
vV ={1,(12)(34), (13)(24), (14)(23)},

which is normal in S4. The resulting quotient
S4/V
is then a group of cardinality 6, isomorphic to S;. Consider the homomorphism
@ : 54— S3.

S3 has 3 elements of order 2, (ab), (ac), (bc) which generate subgroups of order 2. If A one of
these subgroups of order 2, then ¢~1(A) is a Sylow 2-subgroup.

—Theorem 1.10: Let p,q be primes withp < g, p { g — 1. If G is a group of cardinality p - g,
then G = Z/pqZ.

What if p | g — 1? Consider, for instance, p = 2,4 = 3, then S3 has cardinality p - g. More
generally, suppose p = 2 and g any odd prime. Then p | g — 1 always, and we may consider D,,.

For p # 2, consider the field F,=Z/qZ, and let
G={T,p:F; > F,T,p(x):=ax+b:a € F;,beF,}

be the group of affine-linear transformations on the field. We have that #G = (4 —1)q (9 — 1

choices for 4, g choices for b), and that G not abelian;

(Tlll,bl ° T{Zz,bz) (x) = al (a2x + b2) + bl = a1a2x + a2b2 + bl = alaz,a2b2+b1 (x) # (Tllz,bz ° Tlll,bl)(x)'
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There exists a subgroup H C F with #H = p, since Fj abelian and p | #F} = g — 1, so we may
consider the subgroup of G given by

qu:{Ta,b:IFq—»]Fq:aeH,beIFq}cG,

with #G,,, = p - q. Let us consider the Sylow subgroups of G, .

A Sylow p-subgroup can be given by P := {T, ; : a € H}, and a Sylow g-subgroup can be given
by {Tl,b :beF q}. Let N, N, the number of Sylow p-, g-subgroups. By Sylow 3, we know that

Ny

that N, = 1 so the Sylow g-subgroup we found is unique, and moreover normal.

> L and N, | q, hence it must be that N, = 1 or g. Similarly, N, = 1 and N, | p, so it must be

Remark that the map
T,p+— a, G- Fjand G,, - H

is a homomorphism.

To further investigate if N, = 1 or g, we can see how P behaves under conjugation; if it is
normal, then it is unique and so N, = 1, else if we can find any second conjugate subgroup then
it must be that N, = 4. Consider

(T110Tap0Ty 1)) =ax—-1)+1=ax—a+1=T, ,1(x) € Pifa=1,
hence P not normal and thus N,, = g.

§1.6 Burnside’s Counting Lemma

< Definition 1.11 (Fixed Point Set): Let G a finite group and X a finite G-set. Given g € G, we

denote
X8 :={x e X|gx =x}.
the fixed-point set of g, and
FPx(g) := #XS8.

® Example 1.9: If G = S4 acting on X = {1, 2, 3,4}, then for instance
FPy ((12)) = 2, FPy((12)(34)) = 0.

< Proposition 1.10: FPyx (hgh™') = FPx(g); we say FPx a class function on G, being constant

on conjugacy classes.

PrOOE. Define X8 — X8 by x — hx, noting hgh'hx = x for x € X8; this is a bijection.
|
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—Theorem 1.11 (Burnside):

1
e Z FPx(g) = #(X/G) = #G — orbits on X.
geG

Proor. Let X C G x X such that
L ={(gx):gx=x}.

We will count #X in two different ways, by noting that we can “project” X either to G
or X on the first or second coordinate, respectively. On the one hand (the “G view”),
we have

#Z = ) FPx(3),
geG

and on the other (the “X view”)

#L =) #Stabg(x) = ) > #Stabg(x).

xeX 0eX/Gxe0

The orbit-stabilizer theorem gives us that for any x € O, #Stabg (x) - #O = #G, hence
further

#G
#Y = Z 0= Z #G,
0eX/Gxe0 oeX/G

where the simplification in the final equality comes from the fact that we remove
dependence on x in the inner summation, and we are just summing a constant #0
times. Hence,

#2 = #(X/G) - #G,

and so bringing in our original computation (“G view”),

1
D FPx(g) = #(X/G) - #G = -= ) FPx(g) = #(X/G),
geG geG

completing the proof. |

—Corollary 1.3: If X is a transitive G-set with #X > 1, then 3¢ € G such that FPy(g) = 0.

Proor. By Burnside’s,

1
=Y FPx(g) =1,
PN

but we have that FPx (1) = #X > 1 since 1 fixes everything, so there must be at leasta g
such that FPy (g) = 0. [ |
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® Example 1.10 (Application of Burnside's): Let G = S; = Aut(cube). We can realize several
different (transitive) G-sets; for instance X = {1,2,3,4}, F = {faces},E = {edges}, V =
{vertices}. We can compute the number of fixed points FPy(g) of different elements of G on

these G-sets. Recall that it suffices to check one element per conjugacy class of G.

Conj. Class # X F E V Geometric Desc.

id 1 4 6 12 8 id

Rotations about L

12 6 2 0 2 0 g
(12 “edge diagonals” it
/
Rotations about —
(12)(34) 3 0 2 0 O . )
“face diagonals”, 7t S
[
o
Rotations about L
(123) 8 1 0 0 2 Y . . . ., |
principal diagonals v
A
Rotations about ol
(1234) 6 0 2 0 O . i
“face diagonals”, /2 7
[
1
e Y FPux(g) : 1 1 1 1

The number of orbits, hence, in each case is 1, as we already knew since G acts transitively on

all of these sets.

Remark that for two G-sets Xy, X5, FPx . x,(g) = FPx (8) - FPx,(g), where the action of G
on X; x X, defined by g(x1,x,) = (gx1,8%>). Using this we can consider actions on “pairs” of

elements;

Con,j. Class FxF FxV VxV

id 36 48 64

(12) 0 0 0
(12)(34) 4 0 0
(123) 0 0 4
(1234) 4 0 0

o LFPy(g): 3 2 4

1.6 Burnside’s Counting Lemma
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< Definition 1.12 (Colorings of a G-set): Let C := {1, 2, ..., t} be a set of “colors”. A coloring of
X by C is a function X — C. The set of all such functions is denoted CX. Then, G acts on CX
naturally by

GxCX->CX, (gf)mgf:X—>C,  gf(x):=f(g7'x).

® Example 1.11: How many ways may we color the faces of a cube with ¢ colors? There are 6
faces with t choices per face, so t° faces. More interestingly, how many distinct ways are there,
up to an automorphism (symmetry) of the cube? G acts on F, and hence on the set of “t-
colorings”. Let F again be the set of faces and X := Cf. Then,

#X = 1.

We would like to calculate the number of orbits of G acting on X, namely #(X/G). We
compute the number of fixed points for each conjugacy class of G; in general, #(CF )g =
/) = g#orbitsof <g>onF (o, (gbc)(de) (f)(g) for each element a, say, we have  choices for

the coloring of a. Then b, c must be the same color. This repeats for each transposition. etc

Conj.Class # F Shape X
id 1 6 11 i

(12) 6 0 (ab)(cd)(ef)
(12)(34) 3 2 (ab)(cd) 7
(123) 8 0  (abc)(def) t?
(1234) 6 2 (abed) 3

By Burnside’s then,

1
#(CF/G) = o7 ) FPcr(g)
geG

1
= ﬂ(t6 + 613 + 3t4 + 812 + 61°)

1

= — (0 +3t* + 1213 + 812).
24

Remark that this polynomial does not have integer coefficients, but indeed must have integer

outputs for integer t’s. This is not obvious.

§1.7 The Exceptional Outer Automorphism of Sg

We consider the fixed points of S5 acting on various sets, in particular the quotient space
Sg/F,y, where Fy, the Frobenius group of affine linear transformations ¢ : x — ax + b,a € F5,b €
Fs. The possible orders of elements o € F,; C S5 are

1.7 The Exceptional Outer Automorphism of Sg
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1o 12,5 & (01234),4 « (1243),2 < (14)(23).

In particular, each (non-identity) permutation has at most one fixed point. One can verify that
elements of these types indeed exist in Fy.

Remark that to find the cycle shape when acting on Sg/F,, it suffices to check if the
permutation given is conjugate to an element in F,, since (12)gF,y = gF>g & g‘l (12)g € Fy. So,
in short, o € C for some conjugacy class C C S5 has no fixed points if it is not conjugate to an
element in F,,. This holds more generally.

Shape on ,
C #  {1,2,3,4,5} {1,2,3,4,5,6} Ss5/Fy Reasoning
55/Fa0
id 1 5 6 6 0 Identity
Order 2 with
12) 10 3 4 0 (ab) (cd) (¢f) reer S W o
fixed points
Square of
12)(34 15 1 2 2 b)(cd
(12)(34) (ab)(cd) (1234)
Order 3 with
(123) 20 2 3 0 (abe) (def) reer o Wi no
fixed points
(1234) 30 1 2 2 (abed) Order 4
(12345) 24 0 1 1 (abcde) Order 5
Order 6 with
(123)(45) 20 0 1 0 (abcdef) raer b withno

fixed points

Since F5, of index 6 in S5, we have then a natural injection
f . 55 - Aut(S5/F20) = 561

with image S5 := im(f) C Sg. The cycle shapes of elements in S5 are precisely those listed in the
2nd-right-most column above.

Now, we can realize S5 C S¢ naturally as the permutations that fix, say, 6. However, its clear
that while S5 = S5, they are not conjugate to each other; indeed, S5 contains cycle shapes that Ss
does not, and since conjugation preserves cycle shape, they certainly cannot be conjugate.

We have that S¢ acts transitively on S /S5, which is isomorphic as a G-set to the typical action
of Sg on 6 numbers. This induces a natural map Sg — Aut(S¢/Ss) = Sg. One can show that this
map is actually an automorphism of Sg, more specifically an inner automorphism, one that may
be realized as conjugation by an element of S¢. But we can also view S acting on S¢ /S5, which
will also be a transitive group action and also induce an automorphism S¢ — Aut(56 /SN5) = S¢.
To view how this automorphism acts on elements of S, we view how elements of distinct
conjugacy classes of S, affect S5. To do so, we need only consider that 1) automorphisms
preserve order and 2) automorphisms induce bijections when restricted to conjugacy classes,
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namely, given a conjugacy class C, it must entirely map to another conjugacy class of the same

size. We use the notation (order) (letter if more than one of that order) for conjugacy classes.

C # Se/Ss Se/Ss
1A 1 0 0

2A 15 (12) (ab)(cd)(ef)
2B 45  (12)(34) (ab) (cd)
2C 15 (12)(34)(56) (ab)

3A 40 (123) (abc) (def )
3B 40  (123)(456) (abc)

4A 90 (1234) (abcd)
4B 90  (1234)(56)  (abcd)(ef)
5A 144 (12345) (abcde)

6A 120 (123456) (abc) (de)
6B 120  (123)(45) (abedef )

In particular, the automorphism Sg — Aut(56 / 5V5) interchanges the conjugacy classes 2A and
2C, 3A and 3B, and 6A and 6C.

§2 RINGs AND FIELDS

Groups are to symmetries as rings are to numbers.

§2.1 Definitions

< Definition 2.1 (Ring): A ring is a set R endowed with two operations, +,x : Rx R - R

satisfying

* (addition) (R, +) is an abelian group, with neutral element Oz and (additive) inverses of a €
R denoted —g;

o (multiplication) (R, x) is a monoid i.e. it has a neutral element 1z and is associative;

o (distribution 1)ax (b+c) =axb+axcforalla,b,c €R;

o (distribution 2) (b+c)xa=bxa+cxaforalla,b,c €R.

Remark 2.1:

1. Conventions differ; some texts do not require 1, and call such objects with one a “ring with
unity”.

2. We will blanketly assume 1 # 0, else R is trivial.

3. O0is never invertible; 1 xa = (0+ 1) xa=0xa+1xa=0xa=0foranya € R, soin
particular there is no a such that 0 xa = 1.

4. Exercise: show (—a) x (=b) = a x b.

2.1 Definitions

22



® Example 2.1 (Examples of Rings):

1.
2.
3.

Z
Q (essentially Z appending inverses)
Completions of Q; taking {Cauchy Sequences}/{Null Sequences} = R under the standard
distance d(x,y) = |x — y|. Alternatively, let p be a prime and take the p-adic metric |x —
L —ordp(x—y)
Ylp=p
called the field of p-adic numbers.
C:=R[i]={a+0bi:abe R}
Polynomial rings; given a ring R, we may define R[x] := {ag + a;x + --- + a,,x" : a; € R}

on Q, and consider the completion with respect to | - lps denoted Qp,

where x a “formal” indeterminate variable.

The Hamilton quaternions, H = {a + bi + ¢j + dk : a,b,c,d € R}, where i* = j> = k? = —1 and
ij = —ji = k,jk = —kj = i, ik = —ki = —j.

For any commutative ring R, M,,(R) = n x n matrices with entries in R is a ring. In
particular, associativity of multiplication in M,, (R) follows from the identification of
matrices with R-linear functions R” — R and the fact that function composition is
associative.

Given a ring R, we can canonically associate two groups, (R, +,0) (“forgetting”
multiplication) and (R, x,1) (“forgetting” addition and restricting to elements with
inverses, i.e. units).

If G is any finite group and R a ring, we may consider R[G] = {Zg cc %8 g € R}, a group

ring. Addition is defined component-wise, and multiplication

(Zagg)(thh)= S gl -gh = Z( y ahlbhz)g.

geG heG g,heG g€G\ hy-h,=heG

§2.2 Homomorphisms

< Definition 2.2 (Homomorphism of Rings): A homomorphism from a ring R, to a ring R, is a

map ¢ : R; - R, satisfying;:

* p(a+b)=e¢)+ @) foralla, b € Ry (thatis, ¢ a group homomorphism of the additive

groups (R1/ +)/ (R2/ +))

* ¢(ab) = p(@)p(D)
* q)(lRl) = (P(1R2>

< Definition 2.3 (Kernel): The kernel of a ring homomorphism ¢ is the kernel as a

homomorphism of additive groups, namely

ker(p) = {a ER;:p@0) = ORz}.
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< Definition 2.4 (Ideal): A subset I C R is an ideal of R if

1. I an additive subgroup of (R, +), in particular O € I, I closed under addition and additive
inverses

2. I closed under multiplication by elements in R, i.e. foralla € R,b € I, ab € [ and ba € I (the

second condition only being necessary when R non-commutative.)

—Proposition 2.1: If ¢ is a ring homomorphism, then ker(¢) is an ideal of R.

Proor. The first requirement follows from the fact that ¢ an additive group
homomorphism. For the second, leta € Ry, b € ker(¢), then ¢(ab) = ¢(a)p(b) =
@(a) -0 =0soab € ker(g). [

—Proposition 2.2: If I an ideal of Ry, then there exists a ring R, and a ring homomorphism
@ : Ry = R, such that I = ker(¢).

PrOOF. Let R, = Ry/I = {a +1:a € Ry} be the quotient group of R, additively. We can
define multiplication by (a + I)(b + I) := ab + I. One may verify this indeed makes R,
a ring. Then take ¢ to be the quotient map

¢1R1—>R2, a—a+l.

Then, this is indeed a (surjective) ring homomorphism, with ker(¢) = I. [

—Theorem 2.1 (Isomorphism Theorem): Let R be a ring (group) and ¢ be a surjective
homomorphism of rings (groups) ¢ : R - S. Then, S is isomorphic to R/ ker(¢).

Proor. Define
¢ : R/ ker(p) — S, a+ ker(¢) — ¢(a).

One can verify this indeed an isomorphism. [

§2.3 Maximal and Prime Ideals
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= Definition 2.5 (Maximal): An ideal I C R is maximal if it is not properly contained in any
proper ideal of R, namely if I C I’ for any other ideal I’, then I’ = R.

< Definition 2.6 (Prime): Anideal I C Ris primeifab € I, thenaor binI.

® Example 2.2: LetR=Z and [ = (n) = nZ = {na:a € Z} for some n € N. We claim (n) is

prime iff n is prime. If n prime, then if ab € I, then n | ab. By Gauss’s Lemma, then n divides at

least one of a or b, and hence either a or b in I. Conversely, if n not prime, then we may write
n = ab where |a|,|b| < n. Then, a - b € I, but n divides neither and so a,b ¢ I.

—Theorem 2.2:If I C Z an ideal, then there exists n € Z such that I = (n).

Proor. Consider Z/I. As an abelian group, it is cyclic, generated by 1 + I. Let n =
#(Z/I) = ord(1 +1I).If n = oo, then Z — Z/I is injective and I = (0). Else, I = (n).

Alternatively, assume that I # (0). Let n = min{a € I : a > 0}. Leta € I, then we may
writea = g-n+r where 0 < r < n.a € I by assumption as is #, and thus so must be

gn € I. Hence,a —gn = r € I, and so r = 0, by assumption on the minimality of n. =
< Definition 2.7 (Principal Ideal): An ideal of a ring R which is of the form aR = (a) is called
principal. A ring in which every ideal is of this type is called a principal ideal ring.

® Example 2.3: Z is a principal ideal ring. Another example is R = F[x] where F a field.

—Theorem 2.3:If [ an ideal of F[x], then I is a principal ideal.

Prookr. Let f(x) € I non-zero and of minimal degree, which necessarily exists if I #
(0). Putd :=degf.If g(x) €1, then g(x) = f(x)q(x) + r(x) where deg r < d. Then, we
have that r € I, so by minimality of d it must be that r = 0. |

Remark 2.2: We conventionally take deg(0) = —oo for the sake of the formula deg(fg) =
degf + degg and taking —oc + k = 0 for any k.

® Example 2.4: Consider ¢ : Z — Z/nZ. LetI C Z/nZ and consider qo_l (I); this is an ideal of

Z and so is principal ie ¢~ (I) = (a) for somea € Z. Then, I = (a + nZ) C Z/nZ.

2.3 Maximal and Prime Ideals
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® Example 2.5: LetR = Z[x] = {a,x" + - + a;x + a9 : a; € Z}. Take I = {f(x) : f(0) even} C
Z[x]. We claim this an ideal. The subgroup property is clear. If f (x) € Z[x] and g(x) € I, then
f(0)g(0) = some integer - even integer = even. Elements of I include 2, x, ... any polynomial
with a; even. If I were principal, then there must exist some element in R dividing both 2 and
x; the only possibilities are 1 and —1. This would imply, then, that I = R, which is not possible
and so I not principal. We may say, however, that I is generated by 2 elements, [ = (2,x) =
27Z[x] + xZ[x].

® Example 2.6: Let R = F[x,y]. Consider (x,y) = Rx + Ry = {f : f(0,0) = 0} with typical
element xf (x,y) + yg(x,v); these will not have constant terms.

—Proposition 2.3: I is a prime ideal of R iff R/I has no zero divisors (namely an element x #
0 such that xy = 0 for some y # 0); such a ring is called an integral domain.

Proor. Givena+ I, b+1€R/I, (a+1)(b+1) =0=ab+1=0 = ab € I. By primality
of I, then at least one of a,b € I, so at leastoneof a + I,b + 1 = 0. [ ]

Remark 2.3: If R an integral domain, then it satisfies the “cancellation law”, namely Va #

0,ax = ay = x = y, since we may write a(x —y) = 0O hence it mustbex —y =0=x =y.

—Theorem 2.4:] is a maximal ideal & R/I is a field.

ProOF. (=) Leta +1 &€ R/I.Ifa+ I # 0O, then consider the ideal Ra + I D I. By
maximality of I, it must be that Ra + I = R. So, anything in R can be written as a
“multiple” of a plus an element of I, so in particular 1 € R may be written 1 = ba + i
for some i € I,b € R. Passing to the quotient, we find

1+4I1=0+D@+D)=>b+I=@+D~ ' Ry,

so we indeed have multiplicative inverses.

(e)Given] DI, letae ] —1.Then,a + I # 0 € R/I, so there exists a b such that ba +
I =1+ Isince R/I a field, and hence 1 € | so | = R and thus I maximal. [ ]

§2.4 Quotients
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® Example 2.7: Let R = Z,1 = (n), and consider
R/l =Z/nZ ={a+nZ:a+ Z}
=1{0,1,2,...,n — 1} (mod n).
Let R = F[x],I = (f(x)), and consider

R/I'=F[x]/(f(x)) = {p(x) + f (x)F[x]}
= {p(x) : degp < d —1whered := degf}.

Remark 2.4: InR/l,a+I=b+1—a—-bel lf] = (d) principal, thena+[ =b+1 = d|b -

a. For more general quotients (namely, more general ideals) this is a more difficult question.

® Example 2.8: LetR = Z[x],I = (2,x) = {f(x) : f(0) even}, then Z[x]/I has precisely two
elements, and indeed is isomorphic to Z/2Z. To see this, consider the map

¢:Z[x] - Z/2Z, f(x) » f(0) mod 2,
a surjective homomorphism, with

ker(¢) = {f(x) 1 f(0) O} ={f(x) : f(0) even} =1,

N

so by the isomorphism theorem, Z[x]/ ker(¢) = im(¢) = Z[x]/] = Z/2Z.

® Example 2.9: LetR = F[x,y] = {Zf.’\;:l ai,jxiyf ta;; € IF} and I = (x,y) ={f(x,y) :
£(0,0) = 0}. Then, R/I = F by the map f(x,y) + I — £(0,0).

® Example 2.10: LetR = F[xy, ..., x,] and I = (fy, ..., f;), for f;(xy, ..., x,) € R. Then, consider
R/I; this is hard. Let

V) = {(x1,...,x,) : fi(xq,...,x,) =0foralli =1,...,t}.
Then, we may identify R/I — functions on V' (I).

§2.5 Adjunction of Elements

—Theorem 2.5: Given a ring R and p(x) € R[x], there exists a ring S containing both R and a
root of p(x).

Proof. Let S = R[x]/(p(x)),R - Sbya—a+ (p(x)). Leta = x + (p(x)); then p(a) =
p(x) + (p(x)) =0+ (p(x)). [ ]
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—Theorem 2.6: Let F a field and f (x) € F[x] an irreducible, non-zero polynomial. Then,
there is a field K D F such that K contains a root of f (x)

Proor. Let K = F[x]/(f (x)).

1. This is a field, since (f (x)) maximal. To see this, suppose otherwise that (f (x)) C
I C F[x] for some ideal I of F[x]. Since F[x] principal, then I = (g(x)) for some g €
F[x]. Then, g(x)|f (x) by assumption, but by irreducibility g(x) = 1, which implies
I = F[x], or g(x) = A -f(x) for some non-zero A € F, which implies I = (f(x)). In

either case, we conclude (f (x)) indeed maximal.
2. Fo KbythemapA » A+ (f(x)).

3. We can view f(t) € F[t] C K[t] = (F[x]/(f(x)))[t]; indeed, f gains a root in K[t].
Leta = x + (f(x)) € K. f(t), again viewed as an element of K[¢], evaluated at this
x € K, gives

fl@) =fx+ () =f)+ (@) =(fx) =0k,

i.e. v indeed a root of f (x).

Remark 2.5: In some general R/I with f (x) € R[x],
fa+D) =f@ +1

for any coset a + I € R/I. To see this, we have (a+I)k =@+D@+D-@+1) =a + I, we

can expand this for more general polynomials in the same manner.

® Example 2.11: Let R = R and p(x) = x? + 1. Then,
C=R[x]/(x*+1) ={a+bx+ (x*+1):a,be R}.

We have that for x € C, x2 = —1mod x2 + 1.

® Example 2.12: Let F = Q and f(x) = x2 —2. \/E irrational so f irreducible over F[x]. Then

K = Q[x]/(x?2 - 2) = Q[\/E] = {a+b\/§:a,b e Q}.

1

We can verify this indeed a field; for some arbitrary element a + b\/z, a naive inverse,

‘/_ a+b\/§
which is indeed equal to 2=b¥2 \\ hich one can check indeed in Q [ \/5]

a2-2b2
§2.6 Finite Fields

< Proposition 2.4: If F a finite field, then #F = p’ where p a prime number.

2.6 Finite Fields 28



Proor. If R is any ring, then there is a unique homomorphism Z — R entirely
determined by the necessary 0 — Og,1 — 1. Then, the map ¢ : Z — F can never be
injective, since Z infinite and F not. Put I = ker(¢). Then we have an induced injection
¢ : Z/1 - F by the first isomorphism theorem for rings. We can view then Z/I as a
subring of F, and since F an integral domain so must be Z/I and thus I a prime ideal.

Prime ideals in Z are necessarily generated by some prime p, namely I = (p).

Then, F contains the subfield Z /pZ. We can view F as a vector space over Z/pZ,
necessarily finite dimensional. Let t = dim(F), the dimension as a vector space. Then,
we have F = (Z/ pZ)t as a vector space, and thus the cardinality of F is p’. |

Remark 2.6: One may ask the converse; given p, , is there a field of cardinality p'? If so, how

many?

If we can find f (x) € Z/pZ[x] irreducible of degree t, then we’d have F = Z/pZ[x]/(f (x))
a field of cardinality p'.

—Theorem 2.7: For all primes p and integers t > 1, there exists a unique field K with #K = pt.

§3 MoODULES AND VECTOR SPACES

Groups G are to G-sets as rings R are to R-modules.

§3.1 Modules

< Definition 3.1 (Module): An R-module is an abelian group M equipped with a map R x
M — M satistying, for A € R, mq, m,, m € M:

1. A(mqy + my) = Amq + Am,;

2. AM(—m) = —Am;

3. A-0p = 05

(that is, for all fixed A € R, left-multiplication by A M — M, m — Am is a group
homomorphism from M to itself) and for allA1,A, € R,m € M,

4. (M +A)m=Aym + Am;

5. (MAy)m = Ay (A,ym);

6. 1g -m =m.

(that is, multiplication R x M — M defines a ring homomorphism R — End(M))

Remark 3.1: For an abelian group M,
End(M) := {f : M - M | f a group homomorphism}

is a ring, with pointwise addition (f + g)(m) := f (m) + g(m) and multiplication given by
composition (f o g)(m) = f(g(m)).
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Remark 3.2: When R a field, we call M a vector space.

< Definition 3.2 (Spanning Set): Let M an R-module. A set ¥ C M is called a spanning set if
for all m € M, there exists my, ...,m; € £ and A4, ...,A; € R such that

m = Aymy + - + Aymy.

Remark 3.3: We do not assume X finite.

< Definition 3.3 (Linear Dependence): A set ¥ C M is linearly independent if for all
my,...my € Land Ay, ..., Ay,

Amy 4+ -+ Am,=0=2A =A, =--=A, =0.

< Definition 3.4 (Basis): A set ¥ C M is a basis if it is both a spanning set and linearly
independent.

Equivalently, X a basis if every element in M may be written in a unique way with elements
in ¥ and scalars in R.

—Theorem 3.1: If R = F a field and V a vector space over F, then V has a basis.

Proor. Let .L be the set of all linearly independent subsets of V. Inclusion gives a
partial ordering on .L (W; < W, for W; C W, € .L). With this order, (L, <) satisfies
the “maximal chain condition”; namely, if S C L totally ordered under <, then there
exists an element £ € .L such that £ D B for every B € S. Indeed, simply taking . =
Upeg B satisfies this condition, remarking that & € L indeed.

We appeal now to Zorn’s Lemma; since the maximal chain condition holds, there is
an element B in L which is maximal in the sense that if B C B, then B’ & .L. We claim
B a basis for V. By definition, it is linearly independent (being a member of .L) so it

remains to show B spans.

Suppose B is not spanning. Then, there exists some v € V such that v & Span(B).
Consider the set B U {v}; this set is linearly independent. To see this, suppose we take v
and vy, ...,v,, € B, and scalars Ay, Ay, ..., A, such that A\gv + --- + A,,0,, = 0.

If Ay = 0, then by linear independence of BA; = --- =A,, = 0.

Otherwise, if Ay # 0, then since F a field, we may invert Ay and write

v = —AgtAq + - + —Ag1A,0, = v € span (B),
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a contradiction. Hence, B indeed spanning, and thus a basis. n

® Example 3.1:
1. V is finitely generated if it admits a finite spaning set.
2. Suppose V = R over F = Q; this is called the “Hamel basis”.

Remark 3.4: Existence of bases is not true in general for modules over rings; notice in our

proof we used the existence of inverses.

Remark 3.5: If M C R, then M is an R-module if it is an ideal of R.

® Example 3.2:

1. Consider M = Z" as a Z-module; this has a basis, the standard {¢; : i = 1, ..., n} e; the vector
with all zero entries but the ith.

2. Consider M = Q as a Z-module. Notice that (a) Any two elements in M are linearly

@f3)-w(5) o

dependent; given 7 % € Q,
(b) Any finite set in Q does not span Q over Z. For instance, if we had

S:{a_l @}CQ,

by by

then, for instance,

bl +1 )

As such, Q has no basis over Z.

3. Consider M = Z/nZ as a Z-module, and consider {1}. It spans Z/nZ, but is not linearly
independent, since for instance, takingn € Z,n-1=n=0in Z/nZ.

4. If I is an ideal of R, I has a basis iff I is principal, I = (a), and a is not a zero divisor. If 2,b €
I, then ba — ab = 0 so a, b necessarily linearly dependent.
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< Definition 3.5 (R-module homomorphism): An R-module homomorphism is a map
fiMy - M,
between two R-modules M;, M5, such that

1. f a group homomorphism;
2. f(Am) = Af (m) for every A € R,m € M.

Define

ker(f) = {m € M; | f(m) = 0}.

= Proposition 3.1: ker(f) a subgroup of M, closed under scalar multiplication. In particular,
it is an R-submodule of M.

Proor. The subgroup property comes from the fact that f a group homomorphism.
ForA € R,m € ker(f), f(Am) = Af (m) = A0 = 0 = Am € ker(f). [ ]

We have in summary the following general properties concerning kernels of homomorphisms in
the different categories we’ve discussed so far:

kernels closure property

Non-Abelian Groups | Normal subgroup Conjugation by G
Rings Ideal Multiplication by R
R-modules R-submodules  Multiplication by R

Just as with groups and rings, we can similarly talk about quotienting modules by submodules.

§3.2 Quotients

< Definition 3.6: If N C M are R-modules, then M/N is an R-module with operation defined
A€ER,a+NeEeM/N = A(a+N) =Aa+ N.

—Theorem 3.2 (Isomorphism Theorem): If f : M; — M, an R-module homomorphism, then

it induces an injective homomorphism

f:M/ker(f) = M,,  a+ker(f) — f(a).

Proor. We just check injectivity.
fla+ker(f)) =0=f(a) =0=acker(f) = a+ker(f) =0 € M,/ ker(f),

i.e. f has trivial kernel and so is injective. |

§3.3 Free Modules
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< Definition 3.7 (Free Module): An R-module M is said to be free if it has a basis.

If M is free with a finite basis ey, ..., e,,, then as a module, M = R".

—Theorem 3.3:If M is a free R-module with a finite basis, then any two bases of M have the

same cardinality.

ProOOEF. Let I be a proper maximal ideal of R (which exists by a similar argument to the
existence of a basis of a vector space, i.e. via Zorn’s Lemma argument). Let F = R/I;

this is a field by maximality. Let
IM :=span{Am : A € I, m € M}.

IM is an R-submodule of M. Consider M /IM; this is an R-module as well, but is in fact
actually an F-vector space, since I acts as 0 on M/IM. That is, for A € R,

A+D(m+IM) = Am + IM.
If M has a basis of size n, M = R". Then,

M/IM = F"
as an F-vector space. Then, supposing M has bases {ey, ...,e,,}, {f1, ---.fn} are two bases
of M, then we have that
M = R" = R™
and so

M/IM = F" = F™

as F-vector spaces, but by the same theorem for specifically vector spaces, it must be
that n = m. m

< Definition 3.8 (Rank): If M is free, the cardinality of a basis is called the rank of M over R.

Remark 3.6: If M, N are free over R, then M /N need not be free.

For instance, taking M = Z,N = mZ, for some m, both are free (generated by 1, m resp.), but

M/N = Z/nZ is not free, as any element is linearly dependent.

However, if R = F a field and W C V are F-vector spaces, then V /W a vector space, and
moreover dim(V) = dim(W) + dim(V/W):

—Theorem 3.4: dim(V) = dim(W) + dim(V /W), where V' O W are vector spaces over a field
=
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PrOOE. Let m := dim(W),n := dim(V). Let {vy, ..., v,,,} a basis for W. We complete this
to a basis {vy, ..., v, V141, -, U, } fOr V (note that this is a procedure we cannot do, in
general, for modules). We claim that

(V1 +W,...,0, + W}
defines a basis for V/W.

* Spanning: givenv+ W € V/W,v = A0 + ... + 4,0, 500+ W = A, 1 (0,41 +
W)+ +A,(v, + W).

* Linear independence: suppose A, .1, ...,A,, € F are such that A, (v,,.1 + W) +
-+ A, (v, + W) = 0. We may rewrite as

(/\m+1vm+l + o+ )‘nvn) +W =0,
so there exist A4, ..., A, € F such that
Am+1vm+1 + -+ /\nvn = _Alvl T /\mvml

which gives a linear combination of our original basis vectors, hence is only possible
if Ay = -+ = A, =0, and independence follows.
Hence, indeed our basis is a basis for V/W and so dim(V/W) = n —m = dim(V) —

dim(W). [ |

3.3.1 Changing Bases

Given a basis B = (my, ...,m,,) of an R-module M, we have a natural isomorphism

M M
rR" %M, D s B = Agmy e+ A m,.
A A

Namely, such an isomorphism is dependent on B. Given another basis B’ = (mj, ..., m},), then
there exists some invertible matrix P € GL,,(R) such that

B’ = BP, (my,...,m;) = (my,...,m,)P
thinking of B, B" as vectors, where the jth column of P is the coordintes of m]’ relative to B.

3.3.2 Homomorphisms Between Free Modules

< Definition 3.9 (Free Module Homomorphism): A map
T: Ml - M2

between two free R-modules of rank 1, m respectively is a free module homomorphism if T a
group homomorphism and is R-linear, i.e.

T(Am) = AT (m)

forevery A € R, m € M.
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< Definition 3.10 (Matrix Representation of Module Homomorphism): If B; = (ey, ..., ¢,) and
B, = (f1,.--,fn) bases for My, M, resp.,and T : M; — M, a free module homomorphism, then

let
Mr B, B, € Mypn(R)

Mg,)]glle := j-th column of M g, p, = coordinates of T(ej) relative to B, =: [T(e]»>]32.

In other words, the following diagram commutes:

T
M, M,
?B, |? | B,
R" R™
Mrt 5,8,

1.e., MT,Bl,Bz = 4)351 ol o QOBl.

= Proposition 3.2: Suppose M; = M, =: M, and B; = B, =: B, i.e. T a homomorphism from
M to itself. Consider Mt g := Mt g g € M,,(R). Given another basis B’, then Mt g, Mt p: are
conjugate, namely there exists some P € GL,,(R) such that

MT,B = PMT’BrP_l.

Xn

) )-of2)- ()

i.e. pp = @p o P. We have too Mt g = gonggoB,MT,B, = @31 T@g, so in particular

X1
Proor. Let P be such that B’ = BP. Then for ( : ) € R",

MT,BI = ?E':[T?B’ = P_1(¢§1 o T o ¢B>P = P_lMT,BP,

so indeed,

Mr g = PMy g P71,

3.3.3 Matrices Up To Conjugation
Given M,M' € M,,(R), we’d like to be able to tell when two matrices are conjugate. In

particular, we’d like to study M,,(R) (which is a free R-module of rank n?), modulo conjugation.
Namely, we can view GL,,(R) acting naturally on M, (R) by conjugation, and we’d like to study

the orbits of this action, namely the set

3.3.3 Matrices Up To Conjugation



M,,(R)/GL,,(R).
Suppose for now R = F a field. Given M € M,,(F), consider an “evaluation” homomorphism
evyr : Flx] -» M, (F),  f(x) » f(M),
f(x)=a,x" + - +ayx+ag— a,M" + - +a;M + apl,, = f(M).

= Proposition 3.3: ev,, is a homomorphism from F[x] to M,, (F).

ev), is not injective; notice that F[x], M,, (F) are both vector spaces over F, but dimp (F[x]) = o

(we actually have an explicit basis B = {1, x, x2, ...}) and dimp (M, (F)) = n? (with basis {Ei,j :

1<i,j< n}). Hence, ker(ev,,) is an infinite-dimensional ideal of F[x]. F[x] a principal ideal

domain, so it must be that
ker(evpr) = (pm (),

for some py;(x) € F[x]; let us require that p);(x) monic, namely the coefficient of its highest

power is 1. We can always do this, and in particular makes the generator p,; unique.

< Definition 3.11 (Minimal Polynomial): pa,(x) is called the minimal polynomial of M.

= Proposition 3.4: py,(M) = 0. In particular, if f (M) = 0 for some other f € F[x], then py,|f.

Prook. This follows from the fact that p,, is a generator for the kernel of ev,,. [ |

< Proposition 3.5: Let T : F — F" be a linear map, B a basis for F* and M = [T]; € M,,(F).
Then, for any A € GL,,(F), then

PamAa-1 = Pm,

namely, the minimal polynomial of a linear transformation is independent of the choice of
basis used to represent it as a matrix; namely pr, the minimal polynomial of T, is well-defined.

Proor. If f € F[x], then notice that since

(AMA-)* = AMFA-T,

and in addition, since conjugation by A linear (namely A(M; + M)A~ = AM;A™! +
AM,A™1), the map M — AMA~1isan automorphism of M,, (F). So, in particular we
have that

f(AMA_l) = Af(M)A~L,

so the following commutes,
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Flx] M, (F)
EVama-
P+~ APA~!
M, (F)
i.e. ker(evy) = ker(ev 4y 4-1), and thus have the same generators. [ |

< Definition 3.12 (Minimal Polynomial of a Transform): The minimal polynomial p of T is the
unique monic polynomial over F satisfying

1. p(T) =0; and

2. if f(T) =0thenp|f.

More abstractly, we may consider, basis-free, the evaluation homomorphism
evr : F[x] - Endg(V), fx) - f(T),

where Endp (V) the ring of endomorpisms of V as a F-vector space. We can then equivalently

define the minimal polynomial as that which generates ker(evr).

Note that
deg pr = smallest non-zero linear combination of I, T, T2, T3, ...
Hence, in particular since
dimp Endp (V) = n?,
then certainly
deg pr < n?,

since if it were any more, then some power of T would be linearly dependent on another.
However, we can bound this further; indeed, we clam that the map evy is never surjective (if
n>1).

To see this, note that by the isomorphism theorem,
im(evy) = F[x]/(pr(x)).

But notice that F[x]/(pr(x)) is a commutative ring, while Endg (V') is not. Hence, it certainly
can’t be that im(evy) equals the whole Endy (V). What is it?

—Theorem 3.5: deg(pr(x)) <n
PrOOEF. (A first proof) Recall that fr(x) := det(xI — T), the characteristic polynomial of
T, has degree n. By the Cayley-Hamilton theorem, f7-(T) = 0, and thus pr | fr and so

deg pr < n. |
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® Example 3.3: Let T € GL3(F,) of order 7. What is the minimal polynomial of T?
We know T7 —1 =0, so
prif() =@+ +x2+1) (x> +x+1).
These resulting polynomials on the RHS are irreducible, hence we know p to be some
combination of these.
Claim: degpr <3

e pr(1) # 0. If it were, then T has 1 as an eigenvalue, i.e. 3v such that Tv = v. Hence, T €

StabGLs(IFz) (v), but #StabGLs(]Fz) (v) = g =24, and 7 } 24 so this is impossible. It follows

that x + 1 not a factor of pr.

e Forany v # 0,0, T(v), T2 (v) are linearly independent, hence are a basis for V. Suppose
otherwise, that there exists ay,a,,a, € F, such thatago + a,T (v) + a,T?(v) = 0. Then,
letting f (x) = ayx?% + ayx + ay, we equivalently claim that f (T) (v) = 0.

But we know that ged(f, pr) = 1 since f irreducible. By the lemma below, f (T) invertible, but
this contradicts the fact that there is some v such that f (T) (v) = 0, i.e. f(T) has nontrivial
kernel. We conclude that indeed {v, T (v), Tz(v)} linearly independent.

In short, then, we have that every vector v is a cyclic vector for T, namely {v, To, Tzv} isa
basis for V. In particular, there is some f (x) = x3 + a,x? + a;x + ag € F,[x] such that
f(T)(v) = 0i.e.ago+ayT () +ayT? () + T3(v) = 0. We claim f(T) = 0. Indeed, we have that

0=Tof(T)(v) =f(T)(Tv) = 0= To € ker(f(T)),

and similarly T2 i= ker(f(T)), hence ker(f(T)) = V, namely, f(T)(w) = 0 for everyw € V.

Hence,
f(T) =0,
so we conclude indeed that pr indeed of degree at most 3.
So, pr is one of x3 + x2 + 1 or x® + x + 1; it could be either, for general T.

Indeed, there are 2 conjugacy classes in GL3(F,) of order 7, with the minimal polynomial
of those in one conjugacy class x> + x> + 1, the other x> + x + 1.

—Lemma 3.1:If gcd(f, p7) = 1, then f is invertible.

ProoF. Appealing to the euclidean algorithm, there exist a,b € F[x] such that 1 =
af + bpy. Evaluating on T, we find

[ =a(Df(T) + b(DyprtTy = I = a(D)f (T) = a(T) = (f(T)) .
[ |

PrOOE. (A second proof of —Theorem 3.5) If V has a cyclic vector v for T, then we are

done, since then
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{v,To,.., T" v}
a basis for V, and so there is some f (x) € F[x] of degree n such that
F(T)(©) = 0= f(T)(Tro) = T*F(T) (v) = T¥(0) =0,

ie. f(T) =0,and thus pr | f and degpr < degf = n.
Otherwise, we proceed by induction on dim V. We prove the statement
P, :if T € End(V) withdim End(V) = n,thendegpr < n.
Suppose The case for P,,_; and let V be of dimension n. Letv € V — {0}, and let
W = span{v, Tv, T?v, ...}.

If v was cyclic, we are in the previous case and we are done, hence assume W C V.
Remark W a T-stable subspace; T maps vectors in W to vectorsin W. Let Ty : W - W

denote the restriction of T to W. This induces a linear transformation
T:VIW->V/W, ov+WeTo+W,

which is well defined, since if v; + W = v, + W, then v,, v, differ by something in W,
ie.v; —vy € Wso T (v —vy) € W as well since W stable under T. It follows that
T(v1) —T(vy) € W.

We know that degpr, < dim W and likewise degp < dim(V /W) by the induction
hypothesis. We claim pr, p7 vanishes on T, namely pr | pr, p7-

Note that p+(T) maps V to W, and pr,, (T) maps W to zero. Hence,
pry, (1) o p7(T) =0,
and so indeed pr,, p7 vanishes on T and so a multiple of pr.

So, it follows that deg pr < degpr, + degpy; by the induction hypothesis,
degpr,, < dimW and degpr < dim V/W and thus degpr < dimW + dim V/W =

dim V, as we aimed to show. [ ]

—Lemma3.2: If T : V — V alinear transformation and W a T-stable subspace, then T

induces

T:V/W->V/W, v+ W - T(v) + W.

Remark 3.7: It is not always true that W has a T-stable complement.

For instance let V = F2 and T((é)) = (é),T((g)) = SD, ie. T = ((1) D Then, W = F((l)) is

stable,and W' = F (;‘) is complementary. But notice T(;‘ = (AJlrl) ¢ W', for any A, hence W’
not T-stable.

3.3.4 Zeros of the Minimal Polynomial
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— Definition 3.13 (Eigenvalue): A is an eigenvalue of T if there is a non-zero vector v € V with

the property Tv = Av.

—Theorem 3.6:If pr (1) = 0 for some A € F, then A an eigenvalue of T.

PrOOF. pr(A) = 0 hence pr(x) = (x — A)q(x) for some polynomial g4 of one degree
smaller than p7. Then,

0 = pr(T) = (T = AI) o q(T).
Note that q(T) # 0, by assumption of minimality of pr. Hence, we have in particular

that im(q(T)) contained in ker(T — Al). Let v € im(q(T)) non-zero. Then, (T — Al)v =
0= Tv = Av. [ |

The converse holds as well:

—Theorem 3.7: If A is an eigenvalue of T, then pr(A) = 0.

ProoEF. Let v be such that Tv = Av. Let g(x) be any polynomial in F[x]. Then,
g(T)(v) = g(A)v, namely, g(A) an eigenvalue of g(T) with vector v. Specify g to be pr.
Then,

0 =pr(T) () =prA)o.
but v # 0 hence pr(A) = 0 as desired. [ ]

§3.4 The Primary Decomposition Theorem

—Theorem 3.8 (Primary Decomposition): Let T : V — V a linear transformation on a vector
space V over a field F. Suppose pr(x) = p1(x)p,(x) with gcd(pq,po) = 1. Then, there exists
unique subspaces V1, V, C V such that

.v=VieV,

2. Vj is stable under T, and the minimal minimal polynomial of T]- = TIVj is pi(x).

® Example 3.4: If T idempotenti.e. T?> = T, then pr(x) = x> —x = x(x — 1), p; (x) = x,
po(x) = x — 1. Then, V| = ker(T), V, =im(T); on Vq, T acts as 0, on V,, T acts as the identity.

= Proposition 3.6 (Chinese Remainder Theorem):

Flx]/(pr(x)) = Flx]/(p1(x)) x F[x]/(p2(x)).

Proor. Consider ¢ : F[x] — F[x]/(p1(x)) x F[x]/(po(x)) given by f (x) = (f(x) +
(p1(x)),f(x) + (p(x))). This has kernel
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ker(¢) = {f : p1lf, p2lf } = {f : papa2lf} = {f 1 prlf} = (pr(0)),
since py, p relatively prime. Hence, we have an induced injection
@ : FIx1/(prey) = FIx1/(p1(0)) x Fx]/ (p2(x)).
Moreover, as a vector space
dim F[x]/(pr(x)) = deg(pr(x)),  dim(F[x]/(p1(x)) x F[x]/(p2(x))) = deg(p1(x)) + deg(pa(x)),

and since deg(pr) = deg(p;) + deg(p1), the dimensions of both sides agree. Hence,

the map ¢ also surjective and thus the isomorphism we sought. n

Remark 3.8: Given Ry, R, rings, Ry x R, a ring. If M, M, are modules over Ry, R,, then My x
M, is an (R; x Ry)-module by the action (Ay,A,) (1, my) = (Aymq, Aymy).

—Theorem 3.9:If M is any module over R; x Ry, then there are Rj-modules Mj, j=1,2,such
that M = M; x M,.

Proor. Consider i; : Ry = Ry xRy,a — (a,0). This is not a ring homomorphism (1 +
1), but does include R; C R, as an ideal in Ry x R,. Define M; = (1,0)M, M, =
(0,1)M. We claim M = M x M,.

Givenme M, m = (1,1)m = (1,0)m + (0, 1)m. Putting my := (1,0)m, m, := (0,1)m
gives m = my + my with my, m, € My, M, resp, hence M x M, spans M.

We now wish to show M; N M, = {0}. Let m € M N M,. Then, m = (1,0)m =
(0,1)m,. Multiplying both sides by (1,0) gives that m = (1,0)m, = 0, and the claim
follows. [ |

Proor. (Of =Theorem 3.5) If pr(x) = p1(x)p,(x) as given, notice V is a module over
Flx]/(pr(x)) = F[x]/(p1(x)) x F[x]/(p2(x)). By the previous theorem, then, V = V; &
V,, where V7 a F[x]/(p;(x))-module, V, a F[x]/(p(x))-module.On V,, p,;(T) =0. =

<Theorem 3.10 (PDT 2): If p(x) = py (x)1--p,(x)° where py, ..., p; irreducible, then
V=V,®-aV,
where
prlv, = p;(x)7

foreachj=1,...,t.
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—Theorem 3.11 (PDT 3): Suppose F is algebraically closed, so

pr(x) = (x = A1) (x = A,

then
V=Vie-eV,
where
PT|V]- = (x - /\]-)ej.
Ife; = - =¢; =1, then Tly, = multiplication by A;, so in particular V; the eigenspace for A;
and T diagonalizable.

—Corollary 3.1: If pr(x) = (x —Aq)--(x —A;) where A4, ..., A; distinct, then T is
diagonalizable.

Remark 3.9: More concretely, we may construct
Vi = ker(p;).
Notice V; T-stable. Since gcd(p1,p,) = 1, we can find a,b € F[x] such that
1 =ap; + bp,.
Evaluating on T, we find
I = a(T)py (T) + b(T)py(T)
and evaluating further on some arbitrary v € V, we find

v =a(T)p1(T) (@) + b(T)po(T) (v),
ev, S

ie. V1 UV, = V indeed. Moreover, suppose v € V; N V,. Then, a(T)p1(T) (v) = 0 and
b(T)po(T)(v) =0, hence v = 0 itself. We conclude V; NV, = {0} as desired.

= Corollary 3.2: If F algebraically closed, then V is a direct sum of generalized eigenspaces,

V=V,0--0V,

where V]» = ker((T —/\]-)ej> for some A]- e F,e]» > 1.
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< Definition 3.14 (Generalized Eigenspace): GivenT : V — V, A € F, the eigenspace of T
attached to A is

Vii={v e V:Tv=Av} =ker(T — A).
The generalized eigenspace attached to A is

Vi ={veV:(T-M)"w)=0somem>1} = U ker((T —)™).

m>1

< Theorem 3.12 (Jordan Canonical Form): There is a basis for V,, for which the matrix of T

is of the form

Jin 0 0 0

0 by 0 0

0 0 ~ 0 [

0 0 0 Jpua

where

A1000O

OA100
]1,)L= 00 --10{,

000A1

000O0A

a dy x dy matrix with diagonals A and upper-diagonal 1’s, and dy + dy + ... + d,,, = dim(V ).

§3.5 Modules over Principal Ideal Domains

< Definition 3.15 (Finitely Generated): A module M over a ring R is finitely generated if it has a

finite spanning set.

—Theorem 3.13: Let M be a finitely generated module over a PID R. Then, there exists
elements a4a,|---|a; and an integer m > 0 such that

M=R/(a) ® R/(a2) & - & R/(a;) & R™.

ay,...,a; are called the elementary divisors of M, and m is called the rank of M over R.

Remark 3.10: M free =t = 0.
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Remark 3.11: If G is a finitely-generated abelian group, then
G=Z/n @ ®Z/n, & Z".

G finite & m = 0.

Remark 3.12: If V a generalized eigenspace for T with eigenvalue A, then
V=Fxl/(x=AM)") @& &F[x]/((x—=A)") & F[x]",

where actually m = 0 (since V finite dimensional) and n; < n, < - < ny.

—Theorem 3.14: If M a finitely generated R-module, then it is a quotient of a free R-module.

ProOOF. Let my,...,m; be a system of R-module generators for M. Then consider
qD:Rt —)M, (All"'/At) H)\lml ++/\tmt
Since my, ..., m; generate M, this is a surjective module homomorphism. This gives

M = Rt/ (ker(¢)).

R/I for some ideal I C R. In particular, R is cyclic if it can be generated by a single element,

namely 1 + I.

—Proposition 3.7: If N an R-submodule of a free R-module of rank 7, then N is also free, of

rank < n.

Proor. We prove by induction on n. If n = 1 and N C R an R-submodule, then in
particular N is an ideal. Since R a PID, there is some a € R such that N = (a).If a is
zero, then N is the zero module so free. Else, consider the map R - N, A — Aa. Itis
clearly surjective, and its kernel is trivial because a is not a zero divisor.

Suppose the case for n and take N C R"*!. Consider the R-module homomorphism

P R*™1 5 R, (A4, v A1) P Aypq. @(N) is an ideal of R so ¢(N) = (a) for somea €
R.Letm, , € N be such that ¢(m,, 1) = a. Consider N N ker(¢). The kernel is given
by all elements of the form (A4, ...,A,,0) for A; € R, which is isomorphic to R".

Ifa =0, then N C ker(¢) = R", so we may directly apply the inductive hypothesis and
find that N is free of rank <n <n + 1.

Else if a # 0, then by the induction hypothesis, we know that N N ker(¢) is free of rank
< n, being a submodule of R". On the other hand, we claim N = (N N ker(¢)) @ R.

Consider the map
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n:(Nnker(p)) ®R - N, (ng,A) » ng +Am,, 1.

Given n € N, note that ¢(n) € (a) hence there is some A € R such that ¢(n) = Aa.
Then, taking ng := n — Am,,; € ker(¢), and so

77(7’10,)\) =Ny +Amn+1 =n,

so 11 surjective. For injectivity, suppose ¢(ny,A) =0 = ny + Am,, .1 = 0. Applying ¢ to
both sides, we find ¢(ng) + Ap(m,, 1) = 0.1y € ker(¢), so we find Aa = 0, buta # 0
hence A = 0. It follows that ny = 0, and thus (19,A) = (0,0).

So, we find that N = Ny @ R, where Ny C R". Applying the inductive hypothesis to
N,, we find N, free of rank m < n, ie Ny = R, and thus N = R"*! of rank m + 1 <

n + 1, completing the proof. n

We now have a fairly simple representation of our module as R"/R™. To ultimately obtain the
proof we seek, we wish to simplify the structure of R even further. We approach this by

considering the image of our module under invertible matrices.

Letey, ..., e, be a basis of R". Let v4, ..., v,, a basis for N, where

and let v; =0 forj =m+1,...,n, and so consider the matrix with columns v;, A = (ai]-)

M,,(R). Then, our finitely generated R-module (2 = R"”/AR". We have the following:

1<i,j<n

1. If Q € GL,(R), then R"/AQ~1R" = R"/AR", since Q~! induces an isomorphism on R", hence

Q—an = R".
2. If P € GL,,(R), then R"/PAR"™ = R"/AR", by considering the map R"/AR" — PR"/PAR" =
R"/PAR"™,v — Pu.

In short, we have an action GL,,(R) x GL,,(R) acting on X = M, (R) by (P,Q)(A) = PAQL.

We claim, then, that for any A € M,,(R), the orbit of A contains a diagonal matrix with entries

dqldy|---|d,,, where the d;’s may be 0.

We wish to study GL,,(R) \ M,,(R)/GL,,(R), that is, the orbits of M,,(R) under this action. This

is difficult, so we instead consider the restricted orbits SL,,(R) \ M,,(R)/SL,,(R).

—Theorem 3.15: Let M = R" and let N C M a (free) R-submodule. Then, there exists a basis
for M myq, ..., m,, such that N is spanned by d my,d,ms,, ..., d,m, with dq|d,|---|d,,.

Remark 3.13:If v = Aymqy + - + A,m,, € M, thenv € N & dq|Aq,d5|A,, ..., d,IA,,. Hence,
d, 0 0

M/N = R”/( 0~ 0 )R” = (R/d{R) x (R/dyR) x - x (R/d,R).
0 0d,
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Remark 3.14: If dy, ..., d; are non-zero, then d,mj, ..., d;m; are linearly independent; however,

in general, there may be some d;’s equal to zero.

Proor. We prove by inductiononn.Ifn =1, M = Rand N C R. Let m; = 1. N an
ideal of R, so N = (dy) = d{R for some d; € R, then N spanned by d;m;.

Suppose the claim for . Let M = R"*!. Given ¢ € Hom(M, R), [(¢) = im(¢ly) =
{p(n) :n € N} C R. This is an R-submodule of R, hence an ideal, so we may write

I(p) = (dfP>' Let

L :={I(¢) : ¢ € Hom(M, R)}.
2. is partially ordered by inclusion (or equivalently divisibility of generators), and so
satisfies the maximal chain property. Let (d;) = I(¢;) be a maximal element of %, i.e.

d, minimal for divisibility. Let n; € N be such that ¢ (n1) = d;. We claim that n; is
divisible dq, i.e. there is an m; € M such that n; = d;m;.

Let 77y, ..., 1,41 be the natural projections M — R, 17;(A4, ..., Apy1) = Aj. So, if ny =
(X1, -+ X11), we need to show that dylx; = 77;(n;) foreachj=1,..,n+ 1. Letd =
1j(ny). Let dy = ged(dy, d), which we can write dy = rd; + sd for some r,s € R. We

have, unpacking definitions,
do = re1(ny) + sn;(nq)
= (W’l + 577]')(”1)-

The map r¢; + s17; € Hom(M, R), hence (dj) € X. We have too that dy|d;, and by
maximality of dq, d11dy hence it must be (dy) = (d1). In addition, dy|d and thus d,d.
This holds for all d = 7;(n1)’s, hence it follows that d |n;.

Let my then be such that d;m, = ny. Recall ¢, (n1) = d;. Then,
¢1(dymy) = ¢1(ny) = dy
= dipy(my) =dy = ¢1(my) =1.
We claim, then, M = Rm, & ker(¢;). Consider the map
M — Rmy @ ker(p1),  mw (@1(m)ymy,m— @q(mymy),
noticing that

1 (m — p1(m)ymy) = @1 (m) — @1(@p1(M)my) = @1(m) — 1 (m)(p1(my)) = 0.
-1

Let M, := ker(¢; ), noting then M, = R". We can write then N = Rn; & (ker(¢,) N N);
given n € N, we have, recalling ¢, (N) = (d),

@1 (n) @1 (n)

n= ny,n ny |
dy d;

since ¢ (n)e(dy)
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Let N, := (ker(¢1) N N). N, a submodule of M, = R". By the induction hypothesis,
there is a basis m,, ...,m, 1 for M, and d,, ...,d,, ;1 € R with d,|d3]|---|d,,, 1 such that

Ny = doMy, ..., Ny q = d, 1M, 1 spans N,. Then, my, ..., m, ., a basis for all of M, and
dymy,...,d,.1m, 1 spans N, so it remains to show that d;|d,.

Consider 7; be the jth coordinate homomorphism relative to our basis my, ..., 1,1,

Le.if m = Aymy + - + Ay My, 17;(m) = A;. Then, remark since ny = myd;
n(ny) =dy,  12(ng) =0
and since n, € M,,
m(ng) =0,  np(np) =ds.
Letdy = gcd(dq,d,) = rdy + sd, for some r,s € R. Let y = ry; + sy, € Hom(M, R).
Then,
n(ny +ny) = do.

Hence (dy) € %, since nq + n, € N. By maximiality of d;, d|d,, but also dyld, hence

dqld,, as we needed to show. [

—Corollary 3.3: M/N =R"/(d1R & --- ®d,R) = (R/d1R) & --- & (R/d,R).

® Example 3.5: Let A be a finitely generated abelian group; A then just a fg Z-module. Then,
A=Z/d & & Z/d; & Z™. In particular, if A is finite, then m = 0. Then, d;---d; = #A, and
d;a = 0 for any a € A, and indeed the smallest such integer with this property (called the
exponent of A).

Note that A is not characterized by its exponent and cardinality; if two groups have the

same exponent and cardinality, they need not be isomorphic. For instance, consider
Z|3x Z[3xZ][9, Z]9%xZ/9,

which are not isomorphic but have the same cardinality, 81, and exponent, 9.
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® Example 3.6: Let R = F[x] for some field F, and
M = F[x]/(d,(x)) & - & F[x]/(d;(x)) & F[x]",
where r = 0 & dimyp(M) < oo as a vector space. In particular,
dimp (M) = degd; + --- + degd,.
In particular, we have a correspondence
fg F[x] module,r =0 «— (V,T),dimg(V) < ccand T:V - V
M=V, f(x) -v:=f(T)(v) ew (V,T)
V ae V,T(0) :=x-0.

The maximal divisor d;(x) is the minimal polynomial of T.

< Proposition 3.8:dq (x)---d;(x) the characteristic polynomial of T

Proor. We let p the minimal polynomial, f; the characteristic polynomial. Recall that
prifr, degfr = dimV,and if V = V| @ V, as a F[x]-module (namely, V¢, V,
respectively stable under the action of F[x]), then fr = frly, - frlv,.

Ift =1,V =F[x]/(p(x)), with pr(x) = p(x). Since pr|fr and degfr = dimp V =
degpr so pr = fr.

For general t, V = F[x]/(p1(x)) & --- & F[x]/(p;(x)) =2V @ --- & V;, then fr(x) is

just frly, -frly,, and since frly, = p; as per the t = 1 case, the proof follows. [ |

We summarize our interpretations of the structures that arise from the theorem:

Z F[x]
fg modules fg abelian groups fg F[x]-modules
r=20 finite abelian groups  finite dimensional (V, T)
dy exponent minimal polynomial
dy---d; cardinality characteristic polynomial

= Proposition 3.9: Given two matrices M, M, € M,,(F), M, is conjugate to M, if and only if
the associated F[x]-modules have the same elementary divisors.

Proor. With M{,M, : V — V, V can be viewed as an F[x]-module in two different
ways. We denote these modules V;, where f (x)v = f (M;) (v) for i = 1,2. Suppose that
V1, V; have the same elementary divisors, dy, ..., d;. This implies

Vi=Flx]/(dy) & @ Flx]/(d;) = V>,

3.5 Modules over Principal Ideal Domains



as F[x]-modules. Hence, there exists some isomorphism, j : V; — V, of F[x]-modules,

so in particular
jxv) = x-j(v)
for all v € V4, but recalling that the action of F[x] is, we have
j(Myv) = Maj(v),
hence,
jo My =Myoj
and so My, M, indeed conjugate.

More concretely, j restricts to an isomorphism of F-vector spaces, which as we know
can simply be realized as multiplication by an invertible matrix, hence JM; = M,J
where | the matrix realization of such an isomorphism.

For the converse, suppose M, = PM; P~ for some P € GL,,(F). Denote by V;, V,
the F[x]-modules induced by the multiplication by M;, M, respectively. We need to
show V1, V, are isomorphic as F[x]-modules. Consider the map

p: V-V, A — PA.
We claim this a F[x]-module homomorphism. Indeed, for v € V;,f (x) € F[x],
¢(f(x)-0) = ¢(f(M1)v)
= Pf(My)v
=f(PMy)v
= f(MaP)v
f(M;)Po
= f(Mz)g(v)
=f(x) - ¢(0).

3.5 Modules over Principal Ideal Domains 49



® Example 3.7: Let G = GL3(F,). Recall #G = 168. Conjugacy classes in G are, by the
previous theorem, in bijection with possible sequences of elementary divisors (dy, ..., d;), such
that dq|d,|---|d; and deg(d dy---d;) = deg(dy) + -+ + deg(d;) = 3. In particular, since the
elements of G are invertible, x cannot be a root of any of the divisors.

t=1:d, (x) a polynomial of degree three with coefficients in F,. Since T must be invertible,
x t dq, so we have

dix) = +2x2 +2x + 1

where ? € {0,1}. We go through all possibilities:

dq(x) C
@ [x¥*+1=@x+1)(x>+x+1)|3A
(b) x3+x+1 7A
(c) 7 s ] 7B
(d) B rx2+x+1 4A

¢ By the PDT, T with minimal polynomial (a) splits V = V; @ V, where T acts on V as the
identity. Let T, = Tly,. Then, since x? + x + 1 the minimal polynomial of T, it must be that
T3 = 1. Hence, T is an element of order 3.

* For (b), (c), we've seen that these polynomials are irreducible over F,. In particular, if T has
such a minimal polynomial, then T of order 7.

e For (d), ® +x® +x+1=(x+1)(x2+1) = (x+1)°>. Then, T = T> + T+ 1s0 T* = T° +
T2+ T=T2+T+T%2+T+1=1,hence T of order 4.

t = 2: consider (d;, d,). It must be that d; (x) = x+ 1, and so d, (x) = (x + 1)2 is the only

possibility. Then, F3 = F,[x]/(x + 1) @ Fo[x]/((x + 1)*) = F, & F5[¢]/(¢2). Then, T ©

(1,1+e),T? & (1,1+2e+¢€%) = (1,1),s0o T of order 2. We have

| (d0,dw) | C
@ (x+1,@+1?) |24

t = 3:it must be (dq,d,,d3) = (x + 1,x + 1,x + 1). Such a transformation must be the identity.

| (@), dy0,d50) | €
O c+Lx+Lx+1) [1A

< Theorem 3.16:If t = 1, then Z5(A) = (F[x]/(d{(x)))™.

Proor. We know V = F[x]/(d;(x)) as an F[x]-module. Then, Z5(A) = Autpp, (V) =
Autp (F[x]/(d1(x))) = (Fx1/(dq))™.
We have that M € Z5(A) & MA = AM o MAv = AMv for every v € V. Thinking

of these as F[x]-modules, this is equivalent to taking M (xv) = xMuv, or equivalently M

an automorphism of V' as an F[x]-module, i.e. respects F[x] scalar multiplication. =
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® Example 3.8: We compute the size of the conjugacy classes of GL;(F,) found above.
3A: By the previous theorem,
ZcBA) = (Fo[x1/(x3 +1))" = (Fp x Folx]/(x2 + x + 1)) = F5 x F¥ = 1 x Z/3Z.
7A: Similarly,
Zs(7A) = (Fy[x]/(x® +x + 1))
= (Fg)* = Z/77Z.
7B:
Zs(7B) = (Folx1/(x® +x2 +1))" = (Fg)* = Z/7Z.

4A:

Z@A) = (Fao[x1/((x+ 1)) = (Fylel/(€3))™.
The ring Fy[e]/(€3) = {a + be + ce? : a,b,c € F,}. An element is invertible if and only ifa = 1,
50 (Folel/(€3))” = {1+ be + ce? : b,c € F,}, with

(1+be+ cez)_1 =1+ (be +ce?) + (be + csz)z.

So, we have that #25(4A) = 4, namely only the powers of the element itself.

In particular, this gives #3A = 56, #7A = 24,#7B = 24, #4A = 42 (by taking #G divided by
#7.).

For g € 2A, we have

Z5(8) = Endpp(FIx]/(x + 1) © FIx]/((x + 1)?))

More generally, consider a commutative ring R and M = M; & M, where M;, M, are R-
modules. Then, for f € Endg (M, ® M,), we write f (mq,my) = (f;(mq, my),f>(my,my)) where
fi(mqy,my) € M;, and f; € Hom(M; & M,, M;). Note that f; (mq,my) = f;((mq,0) + (0,m,)) =
f1(mq,0) + f1(0, my) namely, f; completely determined by its effect on elements of the form
(mq,0), (0,m,). Similar holds for f,. Define

fir i My > My, fiu(my) = f1(my,0),
fio i My > My, fio(mp) = £1(0,my),
for: My > My, for1(my) = fo(my,0),
foo i My = My, foo(my) = f2(0,m;).
Then, theres a clear association with matrices with entries (fn fu), namely,
21 J22
_ fu fiz) L
Endg(M; & M,) = : f;j € Homg (M;, M;),i,j = 1,2¢.
fo1 f2
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® Example 3.9: We now specialize to our case above, letting M; = F[x]/(x + 1) = F, with the
actionf(x)-1=f(1)1. With e = x + 1, we can view M; = F[e]/(¢) = F by therulef(e) - 1 =
f(0)1. Then, M, = F[x]/((x + 1)) = F[e]/(¢2). We have

Endp (M) = Flel/(e) = F.
Endp(.)(Mz) = Endge) (FLel/(e%)) = IF[*‘3]/(52)-
Hom(M,, M) = Homg,(F[e]/(e?),F) =
Hom(M;, M,) = Homg.(F, F[e]/(€?)) = (eF[e])/(€?).

So,

Endp)(F @ Flel/ (%)) = {(fn ?2) :fi1 € F fio € F,fo € (eF[e])/(€2),fo1 € IF[s]/(ez)},
21 J12

so in particular, #End . (F @ F[e]/(e?)) = #F - #F - #(eF[e])/(e?) - #F[e]/(e*) =2-2-2 -

4=32

fll f12

We consider now Autg.;(M) = Endp.;(M)*. Given a matrix f = ( o f ), we claim that f
21 J22

iff f11fo0 — fiof21 € F. fiofo1 = 0 so we actually want f1,f,, € F* i.e. fi1f», = 1 mod € namely
fi1 = 1,f;p = 1+ de. This gives that #Autp,;(M) =1-2-2.2=8.

(dy, ) C  #Zs(g) #C
Ll 3A 3 56

B +x+1 7A 7 24

B +x2+1 7B 7 24
B+’ +x+1 4A 4 42
(x+1L@x+D?) 24 8 21
x+Lx+1,x+1) 1A 168 1

V=Fx]/(x+1) ®Flx]/((x+1)*) = F @ Fe]/(¢).

Two generators, as F[x] (¢) module, (1,0), (0,1).If f € Endp(;(V), f(e1) = ae; + e, for
soma € F, B € Fle]/(e?).

But ee; = 0500 = f(eeq) = ef (e1) = eaeq + €fe, = €Pe,. So, it must be that ¢ = 0i.e. e €
(e2)soB=¢e-bsomeb € F.So,f(e;) = ae, + bee, for somea,b € F.

f(ep) =cey +dey forc € F, 6 € Fle].

We can identify then
Endp (V) = {(;8 g) ca,b,ceF,0=d +dye € ]F[s]/(sz)}.
Consider the quotient module V := V/(¢)V = F & F.
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® Example 3.10:

If f € Endp.;(V), it restricts toj? VoV, represented by (g dcl ), where now all the entries

are in the field. Hence,]? invertible = a = d; = 1. Hence, End(V)™ C {(ble 1+;2€) :c,b,dy €
IF'}. One can show all such elements are invertible, and thus End(V)™ is precisely this set,

which turns out to be a group of order 8 isomorphic to Dg.

Remark 3.15: If [ is any field, Endp,(F[x]/(f1) ® F[x]1/(f2)) =: Endpq(M; & M;) =
a a
{( 11 12) : aij ~ HomIF[x] <M],MZ>}

dx A4

f
ged (f1.f2)

0 ifng(fl/fZ) =1
Hom((FIx)/ (1), FIx1/(£)) = {2F 1/ (1) i€ Alfs
Fix1/(fz) iffalfs-

<Theorem 3.17: Homgp,(F[x]/(f1), F[x]1/(f,)) = - F[x]/(f»). In particular,

§3.6 Jordan Canonical Form
Let T : V — V over an algberaically closed field F. Then, the minimal polynomial pr(x) =

(x = Ay )d1 e (x — /\r)dr factors into linear polynomials.

Since (x — A4 )dl, vy (X — /\r)d" are pairwise relatively prime, the primary decomposition

theorem tells us we may write
V = V/\1 @D V/\r’
where

T] = T|V/\]» . VAj s V/\j

d.
is V,\],-stable, and pr,(x) = (x - /\]-> . Vy, is called the generalized eigenspace associated to A;.

Let A be some eigenvalue and V), the corresponding generalized eigenspace. This is a F[x]-
module by the rule x - v = T (v). By the structure theorem, we have that

Vi=Fx]/(dy(x)) & - & Fx]/(d;(x)).
We have that d,(x) = (x — /\)dA, and the remaining divisors d; (x) = (x — M, dy(x) =

(x —A)2,...,dy(x) = (x —A)* wheree; <e, < - <e,e,=dy,ande; +e, + - +¢, =dim V.

< Definition 3.17: A T-stable subspace of V, isomorphic to F[x]/((x — 1)) is called a cyclic
subspace or a Jordan subspace.

Given a Jordan subspace W = F[x]/((x —A)), we call the basis

Bi= (v1,...,0,) = ((x =), (x =), ., (x = A),1)
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the Jordan basis for W. In this basis,
(T=M)(vy) = (x=AD)x—-A)T=0
(T =M (vp) = (x =) =0,

(T-MA)(v,) =(x—A) =0,_1.

So in this basis,

01 -0
00 -0
[T—Alp = R W
00 00O
and so
Al
Al
[T]ﬁ:[T—A]B+/\I: R .
-1
A

—Theorem 3.18: If V) is the generalized eigenspace for T attached to A, then there is a basis
for V, such that

]/\,81
Mry, = Jrea ) ,
]/\,et
where
Al
Al
]/\,ez = RO

! o1

A

ae;jxe; matrix and e; < e, < - <oy

3.6 Jordan Canonical Form



§4 MIDTERM REVIEW

§4.1 As has no normal subgroups

= Proposition 4.1: As, the group of even permutations on 5 letters, contains no normal

subgroups.

Normal subgroups are always unions of conjugacy classes, so we begin by analyzing these.
Remark that for any x € As, the conjugacy class C4 (x) of x € As is a subset of Cg(x) of x € S5.
However, we cannot simply assume they are the same, since while two elements may be

conjugate in S5, the element needed to conjugate between them may not be in As.

Let x € As. Then, by the orbit-stabilizer theorem,

#As

#CA) = 2ab A

since As acts on C4 (x) transitively by conjugation. Similarly,

#Ss

#Cs(X) = W

Note that Stabg(x) D Stab 4 (x) a subgroup, hence #Stabg(x) = k - Stab 4 (x) for some k € N.

Moreover, since #55 = 2 - #A5, we may combine the expressions above and find
2
#Cs(X) = E#CA(X) = k= 1,2

So, in particular, #C 4 (x) is either equal to or half of #Cg(x). Since we know C,4 (x) C Cg(x), then

if the two are of the same size they are therefore equal.
We can now specialize to particular elements in As.

* (ab)(cd): there are 15 such elements in A5, hence #Cg((ab)) = 15. This isn’t divisble by 2,
hence it must be that C5((ab)) = C4((ab)). (We can also see this by noting that (ab) stabilizes
(ab) (cd) but isn’t contained in As, so the formula above gives the same result).

* (abc): there are 20 3-cycles in A5, so we need to do a little more work here. Notice that by our

work above

Cs(x) = Co(x) < #Stabg(x) = 2 - #Stab 4 (x) < Stab, (x) C Stabg(x),

so to show the conjugacy classes are equal, it suffices to show that the stabilizers aren’t equal.
Remark that, for instance, (12) € Stabg((345)), but (12) & A5 so certainly (12) &

Stab 4 ((345)). It follows that the two subgroups are not equal, and thus C 4 ((345)) =
Cs((345)) = Cg((abc)).

* (abcde): there are 24 such elements in As; but remark that 24 } #A5 = 60, hence it can’t be that
As acts transitively on the set of 5-cycles. It follows then by our work above that there must be
precisely two distinct conjugacy classes, each of size 12, of 5-cycles in A5, which we can
represent, for instance, by C,4 ((12345)), C4 ((12354)).
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We can see this more explicitly another way. Put ¢ := (12345) and consider again Stabg(0).
Clearly, ¢! € Stabg(c) fort =0, ...,4, so Stabg(c) > 5; remark that each of these elements in
As as well. Suppose g € Stabg(0). Then, for every k € {1, ...,5},

oc=g"og e (k) =g og(k)
o gk+1) = g(k) +1,
since o just “shifts” elements (mod 5). In particular, such g’s are uniquely determined by their
effect on a single element, since then we can apply this recursive relation to find its affects on
the others. So, we have 5 choices for, say, g(1), and so in particular #Stabg(¢) < 5, and thus

equals 5. Hence, since every element in the stabilizer also in A5, we conclude that Stab 4 (0) =
Stabg (), and thus #C4 (0) = %#CS(U').

In summary, we have the following table:

Conj. Class #

0 1
(12)(34) 15

(123) 20
(12345) 12
(12354) 12

60

We can now use the fact that normal subgroups are always unions of conjugacy classes and that
the order of a subgroup always divides the order of the group to conclude that A5 has no
normal subgroups. Indeed, the possible orders of subgroups of A5 would be the divisors of 60,

namely,
1,2,3,4,5,6,10,12,15,20, 30,
none of which cannot be achieved by adding cardinalities of conjugacy classes.

§4.2 Sylow 2-subgroups of S, _4,S,,

< Proposition 4.2: Let n odd. Then, S,_; and S,, have the same Sylow 2-subgroup, and the

number of Sylow 2-subgroups in S,, is precisely n times thatin S,,_.

We have the natural inclusion S,,_; C §,, by fixing an element, hence any Sylow 2-subgroups of
S,_1 are necessarily contained in S,,. Moreover, we have that
#S, n!
= = 1’1’
#Sn—l (7’[ — 1)'

by assumption odd, hence the powers of two in n!, (n — 1)! are the same, and so the Sylow 2-
subgroups of the two must be the same as well.

To show the second claim, let

X,, == {Sylow 2-subgroups of S,,}, X,,_; := {Sylow 2-subgroups of S,,_1}.
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Fix some P € X,,_1, noting that P € X,, as well. Then, we have that

#S, #S, .

#X, = e, #X, g = e,
"~ #Stabg (P)’ "1 7 #Stabg _(P)

Since X,,, X,,_ are transitive S,,, S,,_; sets respectively. Clearly, Stabg _ (P) C Stabg (P), so
#Stabsn (P)=k- #S’cabsni1 (P) for some k € N. This implies then that

n-#S n
n—1 — _#Y

#X,, =
"~ k-#Stabs _(P) Kk "V

so in particular, #X,, < n - #X,,_;. I claim that k = 1, namely that Stabsn (P) = S’cabsn_1 (P).
Clearly, we have Stabsn (P) D Stabsn_1 (P). Suppose there existed some ¢ € Stabsn (P) —
‘Stabsn_1 (P); namely, then, o € S,, — 5,,_; i.e. ¢ doesn't fix n. Let p € P, then remark that

clpon) =n o pon) = oc(n) o p fixes o(n)
p p p

o (n) # n by assumption, so this means that p fixes some non-n element. I claim this is

impossible. I claim that P acts upon {1, ..., n — 1} without fixed points. Suppose towards a

contradiction that there exists some x € {1, ...,n — 1} (wlog, x = n — 1) such that px = x for every

n(n—1) =

2tn (:1_1) so #P | #S,,_, so this is impossible. Hence, p acts upon {1, ...,n — 1} without fixed

p € P. Then, this implies we can embed P C S,,_,. However, #P = 2! and #S,,_, =

points, and thus such a ¢ cannot exist. We conclude Stab s,(P) = Stab s, (P) indeed. The proof

follows.

§4.3 Midterm Questions

—Proposition 4.3: Describe two non-abelian groups of cardinality 8 and show that they are

not isomorphic.

Proor. Consider Dg (symmetry group of the square) and H (the quaternions). Argue

on the order of elements.

—Proposition 4.4: Write down the class equation for the symmetric group S, on 4 elements

and use this to give a complete list of the normal subgroups of Sy.

ProOF.

S4 = {1} U {transpositions} LI {3-cycles} U {2, 2-cycles} U {4-cycles}

#5—142433'
4—+2+-3++.

A subgroup is normal if it a union of conjugacy classes, so it suffices to check the

possible unions of conjugacy classes. Should give {1}, S4, A4, Ky.

4.3 Midterm Questions
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= Proposition 4.5: Give a formula for the number of distinct ways of coloring the 8 corners
(i.e. vertices) of a cube with ¢ distinct colors. (Note that the class equation computed in

Question 2 can and should be used to assist you with this question.)

PROOF. [ ]

—Proposition 4.6: Let p be a prime number. State the Sylow theorem for p. Starting with the
fact (which was proven in class, and which you may assume for this question) that every finite
group of cardinality not a power of p can be made to act transitively on a set whose
cardinality is neither 1 nor divisible by p, show that eery finite group contains a Sylow p-

subgroup.

= Proposition 4.7: Show that S5 can be made to act transitively on a set X of size 6, and

describe how the elements of order 3 and 6 in S5 act on X. (Le. describe their cycle shapes.)

§5 FINAL REVIEW

< Proposition 5.1: Let T be a linear transformation over a field F having (x — A)? as minimal
polynomial, for some A € F, and let g(x) be a polynomial in F[x]. Show that
§(T) =gMI +g"A)(T — Al

where I is the identity transformation. Can you generalize this formula to the case where the

minimal polynomial is (x — /\)k?

Proor. Let g € F[x], then by Taylor expanding around A and assuming deg g =1,

” (n)
g x=M)2 4t 8 )
2 n!

gx) =g + g M) (x—A) + (x—A)"

Ifpr(x) = (x— Mk, plugging T into g cancels all terms for which the degree is greater

than or equal to k, so

_ / g" ) 2 g*=b ) k-1
gT)=gA)+g Mx—=A) + > (Xx—A)"+ -+ m(x—/\)
- k=1 o0 (x — Ay
= . T.
i=0
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—Proposition 5.2: Show that an element of Z[i] is irreducible if and only if it is either of the
form i"p where p a prime of the form 4k + 3 or of the form a + bi where a? + b? is either 2 or a

prime of the form 4k + 1.

PROOF. (=) Suppose i"p = xy where p a prime of the form 4k + 3. Then N (i"p) = p? =
N(x)N(y). Suppose N(x) = N(y) = p.

Suppose a + bi = xy where a? + b? a prime of the form 4k + 1. Then, N (a + bi) =
p = N(x)N(y) so it must be that one of x,y a unit and a + bi prime.

(=) Let z € Z[i] irreducible. If N(z) = p for some prime p, |

—Proposition 5.3: Factor the element —31 + 51i into prime elements of Z[i].
Proor. (=1 —i)(—=3 + 2i)(—4 + 11i). [ |

—Proposition 5.4: Let R = Z[«a] be the ring generated over Z by a complex number «
satisfying the polynomial x? + x + 6 = 0. Show that the ideal I = (2, «) is not principal, and
the same is true for I2, but that I is not a principal ideal. What is a generator for this ideal?

_1i\/__

> 23. We can take either

positive or negative root so just take the positive. We can then define the norm of any

PROOF. Since a satisfies x2 + x + 6 = 0, it follows that & =

elementr = a + ba € Rby

N(a+ ba) = (a+ba)(a+ ba) = a® + ab(a + &) + b?aq.

Notice that
a+a=-1,
and
an =6
SO

N(a + ba) = a® — ab + 6b>.
Ifa > b, then a? > ab so
N(r) = a? — ab + 6b*> > 6b>
and ifa < b, b> > ab so
N(r) = a® + 5b% + b2 — ab > a? + 5b2.

STAC I = (r). Then it must be that |2 so in particular N (r)|N (2) by multiplicativity.
But N(2) = 4, and so by the bounds found above it must be that b = 0. But thenr = a
and N (r) = a2, and the only way for 4|2 is that a = 1 or 2 (plus or minus).

5 Final Review
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One can verify that r = +2 cannot divide a since N(r) = 4 and N («) = 6, so the only
case to consider is r = +1. If this were the case, I would be the whole ring. But notice

R/I = (Z[x]/(x® +x+6))/(2,x) = Zp[x]/ (x) = Zy # @,

hence I a proper ideal. We conclude I not a principal ideal.

We have I? = (4,24, —a« — 6). One can similarly verify that if » = a + ba a generator,
then N (r) must divide N (4) = 16, N(2a) = 24 and N(—a — 6) = 42. The only
possibilities are +1 and +2. One can verify similarly to the previous case that neither

of these are possible, and that I? a proper ideal so not principal.

We have finally I3 = (8,40, —12 — 20,6 — 5a). We claimr =2+« a generator. Notice
first that2 + &« = 8 — (6 — 5a) — 4a so (2 + &) C I3. We need to show that every element
in I* a multiple of 2 + &, or equivalently that 2 + « divides each of the generators. We

can find

=—-1-2a,

2+«

by multiplying each numerator, denominator by 2 + @ and simplifying. |

< Proposition 5.5: The regular icosahedron is a regular solid in three-dimensional space
whose faces are isosceles triangles. The group of rotations which preserve this figure is
isomorphic to the alternating group As on five elements, and it acts transitively on the edges,
vertices, and faces of the icosahedron. Each vertex is contained in five faces, and every face is
preserved by a rotation of order 3. From this information, compute the number of faces, edges
and vertices in the regular icosahedron. (A competent latinist might guess at the answer, but

please indicate a mathematical reasoning!)

Prook. Let E, V, F denote the set of edges, vertices, faces and G = As. Then there are
subgroups Hg, Hy, and Hf such that E ~ G/Hp, etc. where Hy = Stab(e) of some
typical e € E. Since f € F fixed by some (abc) € G, it must be that ((abc)) C Hf so in
particular 3#Hp. #H[#G = 60 as well so it must be that #Hf one of 3, 6,12, 15,30, 60 so
#F one of 20,10, 5,4,2, 1. #F obviously can’t be 1,2, 4 or 5 else this would contradict that
each vertex is contained in precisely 5 faces. If #F = 20, we have by Euler’s formula

V—-E+F=2=E-V =18.

In addition, E and V must each other be divisors of 60. The only choices to make this

hold are E = 20,30 and respectively V = 2,12. Two vertices is again impossible. 12
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vertices and 30 edges is possible. We check the other case, when #F = 10. This would
imply that E — V = 8 so E = 20,12, 10 and respectively V = 12,4, 2. The 2, 4 vertices

cases are impossible so the last caseis V = 12, E = 20. |

—Proposition 5.6: Let T : V — V be a linear transformation on a finite-dimensional vector
space V over a field F. Show that the set of linear transformations that commute with T, i.e.,
satisfy ST = TS, is a subring of the ring End; (V). Give a necessary and sufficient condition on

T for this ring to be commutative.

ProoF. Let X = {S € Endp(V) : ST = TS}. It is a subring. Notice that multiplication by
a constant (diagonal matrix with all entries a constant) commutes with T always so we
can realize F C X as a subring, so in particular we can view X as a F-vector space. I
claim T X-invariant. Indeed, if S € X, the element TS commutes with T since (TS)T =
T(ST). Hence, we can consider the restriction Ty. This gives that X also a F[x]-module
by therule f(x) - S = f(Tx)S for f € F[x],S € X.

By structure theorem for modules over PIDs (in this case the module being X over
the PID F[x]),

X = F[x]/(p1) ® - @ F[x1/(p,)-
Now, X is commutative if and only if there is a single divisor, namely iff
X = F[x]/(p).

In particular, p is the minimal polynomial of T; then plpr being the minimal

polynomial of T.

Notice that all polynomials in T commute with T, hence F[x]/(p1) C X. [ |

—Proposition 5.7: Let G = GL;(F,) be the group of order 168 consisting of the invertible 3 x
3 matrices with coefficients in the field with 2 elements. Describe all the conjugacy classes in

G and their sizes, and write down the class equation for G.

= Proposition 5.8: Describe a Sylow 3-subgroup of GL; (Fp) where F), is the field with p
elements and p is a prime of the form 1 + 3k with k not divisible by 3.

PRrOOF.
#GLy(F,) = (1° = 1) (P° = p) (P* = 17)
= 343(1 + 3k)*(1 + 3k + 3k2) (2 + 9k + 9k2) =: 3*m

where 3 } m.

Note that #(Fp) = p — 1 = 3k hence by Sylow there is a subgroup, call it H C
(Fp) X, of cardinality 3 since 3 / k.
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Consider

5= {( ; ) ;a,b,ceH}u{(c a b) ;a,b,ceH}U{(b C ) :a,b,ceH}.

Multiplication of matrices of these types result in the same type. Because all of the
coefficients are in a (multiplicative) subgroup of F,, the entries of products of matrices
in S will stay in H and thus S closed under multiplication. It clearly contains the

identity and thus is a subgroup.

< Proposition 5.9: Let R be a principal ideal domain. Show that there is no infinite strictly

increasing sequence of ideals I; C I, C --- ordered by inclusion.

PrOOF. LetI = J;_; I,,. One can verify that I an ideal of R so there exists some
generator a,i.e. I = (a). But then,a € I, forsomen > 1 and so (a) C I,,. Butalso I, C

I = (a), hence it must be that I,, = (4), and so any I; for i > n cannot be proper supsets
of I,. [ |

—Proposition 5.10: An R-submodule N of an R-module M is said to be a direct summand in
M if there is a submodule N’ of M with M = N @ N'. Let R be a PID. Show that an R-
submodule N of a finitely generated free R-module M is a direct summand in M if and only if

the quotient M/N is free over R.

Proor. (=) Since N a submodule of a free module, it itself is free, let {my, ..., m,} its
basis, same with N’, let {m,, 1, ..., m, } its basis. Then, I claim that M/N has {m; | +
N,...,m, + N} as basis. This proves M/N free.

(=) M/N free, let {m; + N, ...,m; + N} a basis. Let § = {my,...,m;} and N' = span B.
Iclaim that M = N @ N'.

If m e N,thenm + N € M/N so exist scalars ay, ..., a; such that m + N = aymq +
-« +a;m; + N so in particular m = a;mq + --- + a;m; + n for some n € N, in particular
m & N "UN,soM C N’' U N, hence we have equality as the converse inclusion comes

for free.

Suppose m € N’ N\ N. Then, m = aymy + --- + a;m, for some a;’s such that m € N.
Passing to the quotient, it must be thatm + N = Ni.e.a;(m; + N) + --- + a,(m; + N).
But m; + N a basis for M /N, so in particular there is a unique way to write the zero
vector 0 + N, and it must be that a; = --- = a; = 0 and so m itself must be the zero 0
vector. It follows that N "N = {0} and thus M = N & N'. [ |

§5.1 PSL(2,5) = As
Consider GL(2,5) := GL,(F5), and its subgroup SL(2,5) = ker(d), where

5:GL(2,5) - (Fs5)"
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the kernel of the surjective group homomorphism given by the determinant. Let
PSL2,5) =8L2,5)/ < (71 ) >

We claim that PSL(2,5) ~ As.
5.1.1 The Sylow-5 Subgroups of PSL(2,5)

5.1.2 The Class Equation of SL(2,5)
We use M to denote a typical element of each “type”.
e Order 1: Done, 1A
* Order 2: Then, pps(x) [x2 —1 = (x — 1) (x + 1).
» x — 1 impossible since then M = I.
» (x —1)(x + 1) impossible since then M has distinct eigenvalues 4,1 and so in some
appropriate basis M = (4 1) which does not have determinant 1

» Must be that py,(x) = x + 1 so in particular M = ( ~ 1). Being a scalar matrix, it
commutes with everything, so we find our single conjugacy class of elements of order 2, 2A,
has size 1.

o Order 3: ppy(x) = x> —1 = (x —1)(x? + x + 1) so it must be that py;(x) = x> + x + 1, which is

irreducibile, and thus
ZoM) = (Fsx]/ (x> +x +1))" = F55,

so #Z5(M) = 24. Then, Zg(M) = ker(dy1), so #Z5(M)|24 and 6|#Z5(M) (since (M), (—M) in

Zg(M)) so #Zg(M) = 6,12,24. It can’t be 24, since this would imply every element that

commutes with M has determinant 1, but take for instance (2 2). So, a conjugacy class of

elements of order 3 has either 10 or 20 elements.

Remark that every element of order 3 must have determinant 1, since M® = 1 = det(M3) =

de’r(M)3 = 1, and the only cube in F5 is 1, hence det M = 1.

* Order 6: From each conjugacy class of order 3, we get another for elements of order 6 by
multiplying by —I. This gives 6A.
o Order 4: ppr(x)xt —1 = (x — 1) (x + 1) (x — 2) (x — 3).

» All of the 1-degree possibilities impossible since then M a scalar matrix, and the only scalar
matrices in this group are in 1A, 2A.

» It must be that degpy; = 2 then, and so in particular in any of the combinations above M
has two distinct eigenvalues, call them A, A,. In particular, then, we can find a basis such
that M = <A1 /\2), so detM = A1\, = 1. The only possibilities for A, A, in the choices
{1, -1, 3,2} with these properties are 3,2, so pp;(x) = (x — 3)(x — 2). Then, the number of
such elements is in bijection with the set of ordered pairs of distinct eigenspaces, of which
there are 30, so #4A = 30.

o Order 5: pp(X)|x> —1 = (x — 1)°, 50 pps(x) = (x — 1) since M # I. Then, the centralizer,
denoted Z5 (M), of M in GL(2,5) is given by

X

Zg(M) = (Fs[x]/(x - 1)?)
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This ring is not a field, indeed any scalar multiple of x — 1 is a zero divisor, hence its number

of invertible elements is 5% — 5 = 20 (5% elements, 5 scalar choices for zero divisors). Consider

. — X
det: Zg(M) — F3.

Notice that Zg(M) = ker(det,,). We know the following, then:

>

>

#Zs(M)H#HZs (M) = 20.

(M), —I- (M) C Zg(M) = #Z5(M) > 10 (i.e., powers of M and negative 1 times powers of M
always commuted with M and remain in SL(2, 5) so we may lower bound the size).

So, we know #Z¢(M) = 10 or 20, and thus any conjugacy class of elements of order 5 must

have either 12 or 6 elements (120 20 resp). Notice that M = ( (1) 1) of order 5, so there exist at

least 5 elements of order 5 andloso in particular at least one such conjugacy class; moreover
there exists, then at least 6 elements of order 5. To conclude precisely how many, let us
consider the Sylow-5 subgroups of SL(2,5). # SL(2,5) = 233.5,s0 N 5 | 24 and so is either 1
or 6. Hence, N5 = 6; if it were 1, then there would only be 4 elements of order 5, which
we’ve shown isn’t true. Hence, there are precisely 6 * 4 = 24 elements of order 5 in SL(2,5)
(each Sylow-5 subgroup is isomorphic to Z/5Z so each contribute 4 distinct elements of
order 5).

Now, if #Z5(M) = 20 = #Z5(M), this implies that every element that commutes with M in
GL(2,5) has determinant 1. This isn’t true, for instance (2 2), hence it must be that
#Z5(M) < 20 and thus #Z5(M) = 10. It follows then that every conjugacy class of elements
of order 5 must have precisely 12 elements, and as there are 24 such elements, we find two
conjugacy classes, 5A, 5B.

* Order 10: Notice that —M, for any M of order 5, is of order 10. So, rinsing and repeating the

logic of the previous case, we find two conjugacy classes of elements of order 10, 10A, 10B.

Con;. | #

1A 1

2A 1

3A |20
4A |30
5A 12
5B 12
6A |20
10A |12
10B |12
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§5.2 Final Questions

= Proposition 5.11: Describe a Sylow 2-subgroup of Sg. Show that S¢ can be made to act
transtively on a set of 45 elements. Show that any such set is isomorphic (as a G-set).

= Proposition 5.12: Suppose G;, G, are finite groups with normal subgroups H;, H,
respectively. Suppose further that H; and H, are isomorphic, and G, /H; and G,/H, are
isomorphic. Are G; and G, necessarily isomorphic? Prove or give a counterexample.

= Proposition 5.13: State Burnside’s Lemma. Use it to compute the number of ways to color a
regular 7-gon with k colors, up to rotations.

—Proposition 5.14: Let G be a group of cardinality 77. Show that G abelian.

< Proposition 5.15: Let G := GL3(F,). Compute the cardinality of G, and use the structure
theorem for finitely generated modules over a PID to compute the conjugacy classes and their
sizes of G.

—Proposition 5.16: Let R be a ring which contains a field F as a subring. Let I be an ideal
such that R/I is finite dimensional as a vector space over F. Prove that I is a prime ideal if and

only if ] is a maximal ideal.

—Proposition 5.17: Let T : V — V a linear transformation on a finite dimensional vector
space V over a field F. Describe how the minimal and characteristic polynomials of T can be
described in terms of the elementary divisors of V viewed as a F[x]-module by multiplication
by polynomials in T. Conclude the Cayley-Hamilton Theorem, that f (T) = 0 where f is the
characteristic polynomial of T.
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