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A Course on Ordinary Differential Equations

Based on lectures from Winter, 2024 by Prof. Antony Humphries
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1 INTRODUCTION

1.1 Definitions

< Definition 1.1: Diffferential equation

A diffferential equation (DE) is an equation with derivatives. Ordinary DE’s (ODE) will be covered in this
course; other types (PDE’s, SDE’s, DDE’s, FDE’s, etc.) exist as well but won't be discussed. ODE’s only
have one independent variable (typically, y = f(x) or y = f(t)).

® Example 1.1: A Trivial Example

W px. Integrating both sides:

dx
d
/%dx:/&cdx — y(x) =3x*+C.

® Example 1.2: Another One

< Definition 1.2;: Order

The order of a differential equation is defined as the order of the highest derivative in the equation.

1.2 Initival Values

Remark 1.1. Note the existence of arbitrary constants in the previous examples, indicating infinite solutions. We often
desire unique solutions by fixing these coefficients. For first order ODEs, we simply specify a single initial condition
(say, some y(xo) = ap). For higher order ODEs of degree n, we can either specify n — 1 initial conditions for n — 1
derivatives (say, y(xo) = ao, y'(x0) = Po), or boundary conditions (say, y(xo) = ao, y(x1) = a1) where values for the

solution itself are specified.

® Example 1.3: A Less Trivial Example

% = y. We cannot simply integrate both sides as before, as we have no way to know what / ydx

(the RHS) is equal to. We can fairly easily guess that y = e* is a solution; its derivative is equal to
itself, hence it does indeed solve the equation. This is not the only solution; indeed, given y = ce”,

we have
d_y — X
dx ’
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Luckily, we were rather limited in how many places constants could appear; this doesn’t always
hold.

1.3 Physical Applications

® Example 1.4: Simple Pendulum
Let O be the angle of a pendulum of mass m from vertical and length /. Then, we have the equation

of motion

mlh = —-mgsin@ = é+%sin6:0 — 0+ w?sin0 = 0.

Take 6 small, then, sin 6 ~ 0. Then, 6 + w20 = 0. This is linear simple harmonic motion, and has

periodic solutions; how do we know this is a valid solution to the non-linear model?

< Lecture 01; Last Updated: Thu Jan 4 15:16:18 EST 2024

® Example 1.5: Lorenz Equations

dx

S =oly-»)
dy
oYz

dz

E—xy—bz

These are a famous set of equations originally derived from atmospheric modeling, known for its
chaotic behavior for particular parameters. This is a nonlinear system of de’s, and beyond the scope

of this class (indeed, it is not solvable exactly).

1.4 Uniqueness

Given an ODE of the general form y" = f(t,y,y’,...,y"™"), if we wish to determine y"(t;) uniquely, we

need to specify the initial conditions

y(to), y'(to), . .., y" V(o).

Moreover, this not only determines uniqueness of y"(ty), byt the uniqueness of solution y for t € I for some

“interval of validity” I.
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< Definition 1.3: Autonomous/Nonautonomous
An ODE of the form
v =f .y

is called autonomous; that is, if it has no explicit dependence on the independent variable. Otherwise,

the system is called nonautonomous.

< Definition 1.4: Linear/Nonlinear

Linear ODEs of dimension n have a solution space which is a vector space of dimension n. As a result,
solutions can be written as a linear combination of # basis solutions (or “fundamental set of solutions”).

Solutions to nonlinear ODEs cannot be written this way (except locally).

Alternatively (but equivalently), if we can write an nth order ODE in the form
an(H)y"(£) + - - a1 (D)y' () + ao()y (t) = g(t),

or equivalently,

Datyyit) =gt), ©

i=0
where each 4;(t) and g(t) are known functions of ¢, then we say that the ODE is linear. Otherwise, it is

nonlinear.

® Example 1.6

The pendulum
0 + w?sin =0

is autonomous and linear;
0+ w?sinf =0

is autonomous and nonlinear, due to the sin 0 term (indeed, this is a nonlinear oscillator equation);

a damped-forced oscillator
0 + k*0 + 0?6 = Asin(ut)

is nonautonomous and linear.

Remark 1.2. Note that the following definitions apply only to linear ODEs.

< Definition 1.5: Homogeneous/Nonhomogeneous

A linear ODE of the form @ is homogeneous if g(t) = 0; otherwise it is nonhomogeneous.

14 IntrODUCTION: Uniqueness



< Definition 1.6: Constant/Variable

A linear ODE of the form = is constant coefficient if a;j(t) = constant V j; if at least one a; not constant, it is

non-constant or variable coefficient.

Remark 1.3. Note that while we define linearity of ODEs in terms of the form of y™ = f(t,y,...), this more
“helpfully” relates to the form of the solution of such an ODE, which is indeed linear.

1.5 Solutions

Given an n order ODE y = f(t,v,...), and assuming f continuous, then for y(t) to be a solution, we
need y to be n-times differentiable; hence, y, ..., =) must all exist and be continuous. Then, v, being a

continuous function of continuous functions, is, itself, continuous.

< Definition 1.7: Solution
The function y(t) : I — R s a solution to an ODE on an interval I C R if it is n-times differentiable on I,

and satisfies the ODE on this interval.

Given an well-defined IVP with n — 1 initial values defined at t¢, then y(t) is a solution if top € I, y

satisfies the initial values, and y(t) is a solution on the interval.

< Definition 1.8: Interval of Validity
The largest I on which y(t) : I — R solves an ODE is called the interval of validity of the problem.

< Lecture 02; Last Updated: Thu Jan 11 11:05:26 EST 2024

2  First OrRDER ODESs

2.1 Separable ODEs

< Definition 2.1: Separable ODE

An ODE of the form
y' = P(H)Q(y)

is called separable. We solve them:

dy 3
T P(t)Q(y)

— /&y)dyzfp(t)dt.

Finish by evaluating both sides.

2.1 First OrDER ODEs: Separable ODEs 6



® Example 2.1

dy
=
Y
t2
= ln|y|:E+C
t2
= |y|=KeZ where K = €
2
= y:BetT where B = +K = +¢€

(1)
(2)
3)

(4)
()

Note that we call line (3) an implicit solution. In this case, we could easily turn this into an explicit

solution by solving for y(t); this won't always be possible.

Note that it would appear, based on the definition, that B # 0 (as e # 0); however, plugging

y = Ointo (1) shows that this is indeed a solution. It is quite easy to verify that (5) is a valid solution;

2 2
%(Be%) =Btez =t -y,

as desired; this holds VB € R.

Remark 2.1. Is it valid to split the differentials like this?

1 dy
Qy) dt
dt:/P(t)dt

P(t)

1 dy
Q) dt

Let g(y) = §(y) and G(y) = [ g(y) dy. By the chain rule,

d

d _dy d 3 dy B dy 1
a(G(y(t))) = ar @G(y(t)) T gyt) = =

dt  Qy(t))’

Integrating both sides with respect to time, we have

_ 1 dy
- /g(y)dy:/P(t)dt+C

— /&y)dyZ/P(t)dt+C

This was our original expression obtaining by “splitting”, hence it is indeed “valid”.

2.1 First OrDER ODEs: Separable ODEs



® Example 2.2

dy  «?

dx — 1-1y2

— /}1_y%dy:°/x¥dx
3 3
y _x

— v 3—x+C

1
= y—g(y3+x3)=C

Suppose we have the same ODE but now with an IVP y(0) = 4. Then, plugging this into our

implicit solution:
1 64 52
4——(64 + = =4—-— = ——
3(6 0)=C = C 3 3
so our IVP solution is
52

L5 sy _ 92
y 3(y +x°) = 3

2.2 Linear First Order ODEs
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< Definition 2.2: Integrating Factor

A linear first order ODE of the form

ar1(B)y'(t) + ao(t)y(t) = g(t)

ao 8
’
:>y+a_1y a_1

= y' +p(t)y = q(t).

To solve, we multiply by some integrating factor p(t);

u®)y'(t) + put)y(t) = u(t)q(t)

It would be quite convenient if p(¢)u(t) = p’(t); in this case, we’d have

ut)y" + @' (t)y = p(t)g(t)
< (b (®) = g
— w(ty(®) = [ ubqd+C

[ utatra +

= y(t) = m

1
u(t)
Now, what is u(t)? We required that

pt) =pt)u

dy
ETi p(t)u

= /%:/p(t)dt = ln|y|=/p(t)dt

— u(t) = KeJ P03t

However, note in our whole process earlier, we need only one y; hence, for convenience, we can disregard

any constants of integration and simply take

Integrating Factor: pu(t) := e p(t)dt

Then, our original linear ODE has general solution

y(t) = Ce~ [Pt 4 o= [p(B)at / e/p(t)dtq(t)dt.

2.2 First OrDER ODESs: Linear First Order ODEs



® Example 2.3

ty’ +3y —t>=0

v+ %y =
— u(t) = e/ 4t = 3Nl = 43
= Py +3t7y =t*
— )
= yt° = / tdt

Note the division by zero issue when ¢ = 0; this is not an issue with the solution method, but indeed
with the ODE itself. The ODE breaks down when ¢t = 0 for the same reason.

Thus, this solution is valid for t € (—o0,0) U (0, o0) =: I; U I; if we are given an IVP y(t) = yo, if

to < 0, then the interval of validity is I;, and if tg > 0, the interval of validity is I,.

2.3 Exact Equations

2.3 First OrDER ODEs: Exact Equations
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< Definition 2.3: Exact Equations

A first order ODE of the form

d M(x,y)
M(x,y)dx + N(x,y)dy =0 < % = _N(x ]y/)

is said to be exact if 5 5
@M(x,y) = aN(x,y) & My(x,y) = Nx(x,y).

Suppose we have a solution f(x, y(x)) = C. Then,

S y() =0

af afciy_o
dx 8ydx_
i G
fy dx

Now, with fi(x,y) = M(x,y) and f, = N(x, y), then My(x,y) = fry(x,y) and Ny = f,1(x, y). Assuming
f continuous with existing, continuous partial derivatives, then f,, = f,x and hence M, (x, y) = Nx(x, y).
Thus, a function f such that f, = M and f, = N yields a solution to the ODE.

® Example 2.4

2xy?dx +2x?ydy =0=Mdx +Ndy =0
= M, =4xy, = Ny=4xy

fr =M =2xy*> = f(x,y) = x*y>+ C + F(y)
fy=N=2x2y = f(x,y) = x*y*+C + F(x)
= f(x,y)=x*y*+C=K

We can rearrange this as an explicit solution

R|=

for some constant k.

< Lecture 03; Last Updated: Tue Jan 16 10:10:00 EST 2024

< Theorem 2.1

This technique works generally.

2.3 First OrDER ODEs: Exact Equations 11



Proof. Given an exact ODE of the form M(x, y) dx+N(x, y) dy = 0, weneed to show that 3f(x, y) s.t. f(x,y) =
c solves the ODE. Let

flen = [ M s+ g0)
X0
for some function g(y) to be chosen such that f, = N. But we have
a X
N(x,y) = fy(x,y) = 7y l/ M(s, y)ds + g(y)]
X0
a X
-5+ 5 [ M s
g 8]/ X0
/ 2 [
= ¢'(y) =N(x,y) - (9—/ M(s,y)ds.
y X0
But the LHS is a function of y only, while the RHS depends explicitly on x; hence, this technique will only

work if the entire expression is actually independent of x. To show this, we take the partial of the RHS with
respect to x:
J

a [ d d
3 lN(x/y)—@/xo M(s,y)dSI = Nx(x,y) - 8_&_/ M(s,y)ds
= Nx(x,y) - ail / M(s, y)dsl

= Ny(x,y) - @ [M(x,y)]

= N, - M, =0,

as the ODE is exact. Hence, the RHS is indeed a function of y alone. So, integrating both sides with respect
to y:

g(y)=/ [N(x,y)—%/ M(s,y)dSl dy,

which gives us a f(x, y) of

f(x/y)=/x0xM(s,y)ds+/

X y y X
- f(x,y):/ M(s,y)ds + N(x,t)dt—/ / My(s,t)dsdt *
X0 Yo X0

Yo

a X
N(x,y)—@/ M(s,y)dsl dy,
X0

which satisfies f, = M and f, = N. Then, for f(x,y) = C, we have

af+dyé’f M dy

ox " dxay de 0 = Mdx+Ndy=0,

as desired.

2.3 First OrDER ODEs: Exact Equations 12



Note that * is evaluated over a rectangle [x, x] X [vo, y], but holds for any connected domain containing
(x0, yo) and (x, y).

Also note that, as described, g(y) is not a function of x; hence, we can pick x arbitrarily. Suppose we take
x = xp, then

x y
flx,y) = / M(s,y)ds + N(xp, t)dt.
0 Yo

Remark 2.2. We could have taken g(x) and started from f, = N. Then, we would have had the formula

y x
fer = [ Nendee [ MG,
Yo *o

® Example 2.5
2xy dx + (x* —1)dy = 0.

We have M(x,y) = 2xy and N(x,y) = x2 -1, so M, = 2x = N, and the ODE is exact; hence, a
solution exists of the form f(x, y) = c where f, = M, f, = N.

flx,y) = / M(x,y)dx = / 2xydx = xzy + k1(y)
for = [ Newdy = [@2-1dy =2y -y + kato)
Hence ky(y) = —y and ka(x) = 0, so
floy) =xy -y =y?-1),

so solutions to the original ODE are

C

2-1)=C = :
y(x®=1) = ¥=7_7

2.4 Exact ODEs Via Integrating Factors

Suppose
M(x,y)dx + N(x,y)dy = 0

but M, # Ny, that is, the ODE is not exact. Can we find an integrating factor p(x, y) s.t.

[u(x, y)M(x, y)]dx + [u(x, y)N(x, y)]dy = 0

2.4 First OrDER ODEs: Exact ODEs Via Integrating Factors 13



is exact? If so, such a p must satisfy

ps d
3 (e, YMCx, )] = = [ux, )N (¥, )]

= pyM + uMy = uxN + uNy
— Nyx—Muy = (My—=Nx)p @

This is not a generally easily soluble PDE; we will consider cases where p is a function of only one

independent variable, which greatly simplifies the expression; this could be simply u(x), u(y), or even u(x-y).

Suppose u = u(x) = py, = 0. Then, ® becomes

’ ’ My_Nx
N‘Ll :(My—Nx)‘Ll - w = T .

. . . . (M,-Ni\ . . . . . .
This is valid, provided the expression (yT) is a function solely of x. In this case, this becomes a linear first

order ODE, with solution
[ M g
p(x) =e/ =N,

OTOH, if p = p(y), we can similarly derive
Nx-M
uy) = el “m 9,
with a similar stipulation on the expression (%) being a function of y solely.

® Example 2.6

xy dx + (2x% +3y? - 20)dy =0,

with M(x,y) = xy = M, = x and N(x,y) = 2x? +3y* -20 = N, = 4x. We have
M, — N, = x —4x = —3x (so the ODE is not exact). We write

My—-Ny -3x -3

M Xy y’

which is a function solely of y; hence, can find a u(y):

My—Ny

u(y) = e~ T dy = o[ iy g3y 3

noting that we, as before, do not care about any integrating factors; we are seeking a single function

2.4 First OrDER ODEs: Exact ODEs Via Integrating Factors 14



that works. Multiplying this into our original ODE:

xy* dx + (2x? + 3y - 20)y> dy = 0.
——
=M =N

And indeed, we have
My = 4xy3; Nx = 4xy3 — My = Nx,

as desired.

< Lecture 04; Last Updated: Tue Jan 23 10:02:55 EST 2024

2.5 Substitutions

< Definition 2.4: Homogeneous

A function f(x, y) is said to be homogeneous of degree d if f(tx,ty) = t? f(x, y).

Many ODEs can benefit from appropriate substitutions to make the proceeding solution method for clear.

We present by example the following three types of substitutions, though naturally many other exist:

1. Homogeneous Equations, M(x, y) dx + N(x, y) dy = 0 where M, N homogeneous to the same degree.
2. Bernoulli Equations, y’ + f(x)y + g(x)y".

3. ¥ = f(Ax + By + C).

® Example 2.7: 1. Homogeneous Equations

Consider
(x? + y?)dx + (x*> —xy)dy =0, x#0

Dividing both sides by x?, the correct substitution becomes obvious:

(x+(%)2)dx+(1—%)dy:0

w=? — vy =xu'+u
X

= (1+u®)=@w-1)y = @u-1)(u+xu")
1+ u? u+1

u-—1 u_u—l'

> xu,:

which is just linear in u.

2.5 First OrDER ODEs: Substitutions 15



® Example 2.8: 2. Bernoulli Equations

Generally, let v(x) = y!™" to make the equation linear and solve. For instance, consider

xy' +y = x>

® Example 2.9: 3. f(Ax + By + C)
Letu = Ax + By + C.

< Lecture 05; Last Updated: Mon Feb 26 16:42:35 EST 2024

2.6 Qualitative Methods and Theory

Remark 2.3. Read the first few chapters of Strogatz’s Nonlinear Dynamics and Chaos book and you should be all good.

® Example 2.10

Show that y’ = y% with y(0) = 0 has infinite solutions.

< Lecture 06; Last Updated: Wed Feb 14 15:27:47 EST 2024

2.7 Existence and Uniqueness

< Definition 2.5: Lipschitz Continuity

A function f(x,y) : R> — R is said to be Lipschitz continuous in y on the rectangle R = {(x,y) : x €
[a,b],y € [c,d]} =[a,b] X [c,d] if there exists a constant L > 0 s.t.

If(x, 1) = f(x,y2)l < Llyi—yal,  Y(x, 1), (x,y2) €R.

L is called the Lipschitz constant.

Remark 2.4. Note that we define in terms on continuity in y; the x variable in each coordinate is kept constant.

— Lemma 2.1

If f : R? - Ris such that f(x, y) and % are both continuous in x, y in the rectangle R, then f is Lipschitz

in y on R.

Remark 2.5. This result gives Differentiable = Lipschitz Continuous = Continuous.

2.7 First OrDER ODEs: Existence and Uniqueness 16



Proof. Using FTC, we have

Y2
£ y2) = fGx, ) + / f, 6, y)dy

At

Y2
fy(x/ ]/)
W1

2
= |f(x,y2) = f(x,y1)| = </ |y (x, )| dy

Y1

4

<lys— 11| - ,
ly2 = vl - max |fy(x, )

noting that this maximum exists, and is attained, because f, is continuous on a compact set. This gives, then,

that f is Lipschitz in y with L = maxy ,)er | fy(x, y)|. |

< Theorem 2.2: Existence and Uniqueness for Scalar First Order IVPs

If f(t,y), fy(t,y) are continuous in t and y on a rectangle R = {(t,y) : t € [to—a,to+a],y € [yo—b, yo +
b]} =[to—a,to+a] X [yo—0b,yo +b], then Ih € (0,4a] s.t. the VP

v = f(t,y), y(to) = yo

has a unique solution, defined for t € [tg — &, tg + h]. Moreover, this solution satisfies y(t) € [yo—b, yo +
blVt e [to—h,to+ h].

Remark 2.6. A stronger theorem also holds with a weakened condition on f that requires only f Lipschitz. Clearly, f,
continuous = f Lipschitz, so we will use this fact to prove the statement, but won't prove it for the only Lipschitz

case for sake of conciseness.

Proof. Rewrite the IVP as

t
y(t) = y(to) + t f(s,y(s))ds.

We will show this form has a unique solution, using an iteration method (namely, Picard Iteration).

We will begin by guessing a solution of the IVP, yo(t) = yo, Vt € [ty — a, to + a]. This clearly satisfies the
initial condition, but not the ODE itself.

Now, given y,(t), we define t
Yn1(t) = y(to) + t f(s,yn(s))ds.
0
If this terminates, that is, y,+1(t) = y,(t)Vt € [to — a, to + a], then y,(¢) solves the IVP.
We now show that this iteration is both well-defined, and converges to unique solution.

By construction, yo : [to —a,to + a] — [yo — b, yo + b], and is continuous. As a bounded function on a

2.7 First OrDER ODEs: Existence and Uniqueness 17



bounded interval, it is integrable, and the first step of our step is well-defined.

Now suppose y,(t) : [to — a,to +a] — [yo — b, yo + b] is continuous and integrable. Then,

t
Yuar () = y(to) + [ £(5, yn(s)) ds

is continuous as well, as f is continuous and y,(s) is as well. Itis not guaranteed to be restricted to [yo—b, yo+b],

however.

Since f continuous and attains its maximum on R, let
M = max |f(t, < 00,
max f(E y)l

We have, then, that

t
Ynar(t) = y(to) = / £(5,yn(s)) ds

= |yur1(t) —y(to)| < |t —to| M

Hence, if we choose h : Mh < b, and then y,+1(t) : [to — h, to + h] — [yo — b, yo + b] and we can iterative
inductively, v, (t) : [to — h, to + h] — [yo — b, yo + b] V n. Here, we take h = min{%, a}.

Now, let I = [to—h, to+h], then y,(t) : I — [yo—b, yo+b] for all n. Each iterate satisfies y,(to) = y(to) = yo;

it remains to show that the iteration converges.

Let C(I, [yo— b, yo + b]) be the space of continuous functions f : I — [yo—b, yo + ], noting that y, € CVn.
We define a mappingon C, T : C — C by

v="Tu,v(t) = yo(to) + tf(s,u(s)) ds.
fo

Then, y,+1 = Ty,. We aim to show that this iteration converges uniquely; we will do this by showing T is a

contraction mapping.

For y € C define the norm ||y||c by ||V||e := maxX¢er |y(t)|. This is a norm;

1. Vk e ReryHoo = |k| ||y||oo
2. [[yllo =0 &= maxier y(t)] =0 & y(t) =0Vt el

3. [ly1 + y2lleo = maxier [y1 + y2| < maxeer(|y1| + |y2]) < maxees [y1] + maxier [y2] = [[y1lleo + [[12]]co-
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Now let u,v € C. Then,

|ITu — To||eo = max |Tu(t) — To(t)]
€

t t
y(t0)+/ f(s,u(s)ds)—y0+/t f(s,v(s))ds

= maxXx
tel to

t
[ £(5,u(s)) - F(s, o(s)) ds

= max
tel

t
< rrtlealx/t0 |f(s,u(s)) — f(s,v(s))|ds

< max|t — to] -max| f(s, u(s)) - £(5, o(5))
< hL- max lu(s) —v(s)|

= hL - ||u — v||,

hence, we have a contraction mapping if hL < 1; if hL > 1, let h < min{a, %, %} > 0. With such an #,

Jue©0,1): hiL < pu <1,and ||Tu — Tv||w < u|lu — v||, hence, a contraction mapping.

The contractive mapping theorem, which will not be proven, states that any contraction mapping has a

unique fixed point y = Ty; moreover, for any yo € C, the iteration y,+1 = Ty, converges to y.

To see this, suppose u = Tn,v = Tv are two solutions of our IVP. Then, by the contraction quality,
[t = vlleo = [Tu = Tl < pflut = 0l[e,

a contradiction unless ||u — v||c =0 &= u = v, hence, we have uniqueness of our solution; that is, our IVP

has at most one solution. It remains to show that this solution exists.

Consider a sequence vy, with y,.+1 = Ty,. Then,

N
Z Yis1 = Yillo < uN1ly1 = yolloo,
i=0

by the contractive property, thus,

[ee) oo ' 1
; lyiv1 = yill < (; EDy1 = yolleo = mnyl — Yolleo = Ro,

for some radius (real number) Ry. Similarly, looking only at the tail of the series,

D1 = yillee < T lly1 = yolle = 1" Ro,
= H

that is, a “smaller” radius. We could, but won't, show that this sequence is Cauchy, and space C we are
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working in is complete and hence this sequence converges to some limit in the space; moreover, the limit of

this sequence satisfies the IVP by construction. This is beyond the scope of this course. ]

< Lecture 07; Last Updated: Thu Mar 28 20:55:03 EDT 2024

® Example 2.11: Using Picard Iteration

y =2t(l+y) = f(t,y), y(0)=0.

This ODE is linear and separable, and has solution y(t) = et —1 (solving whichever way you like).

We can alternatively solve this using Picard Iteration.

Let yo(t) = 0V t, noting that the IC is satisfied. We define

0 t
Yusa(b) = WOT /}{o £, yas)ds,
where f(s, yu(s)) = 2s(1 + y(s)). This gives
t
Yoa(F) = /0 25(1+ y(s)) s .

= yi(t) = /OtZS(l + yo(s))ds = /OtZS ds = #?

t
= () = /0 2s(1 +s2)ds = £ + %t‘*

1 1
= y3(t)=---=t2+it4+§t6
n t2k
¢ = yn(t): 5zl
k=1

&0 2\k
= lim y,(t) = E % = e -1,
1n—00 4
k=1

the same solution as previously shown.

Remark 2.7. The previous example worked nicely due to y,(t) always being a simple polynomial with a familiar

convergence. This is not always (nor often) the case.

Remark 2.8. Recall the example vy’ = y% with multiple solutions. In the language of the theorem, f(t,y) = y% is
continuous, but fi(t,y) = %y‘% becomes unbounded as y — 0, and the function is thus not Lipschitz in a neighborhood

of y =0.

Remark 2.9. Recall that this theorem guarantees solutions in a closed rectangular region; it is possible, under certain

conditions, to extend the solution beyond the bounds. But how far?
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® Example 2.12

y = yz, y(0) = 1.

This has a solution y(t) = 1 = % (with IC). Notice that y(t) — +co0 as t — 1. By this observation,

c—t
we have that, if we were to repeat Picard iteration for increasing time ¢, the rectangular domains of

our validity of each piecewise solution would be bounded by 1.

— Corollary 2.1
If f(t,y) and f,(t, y) are continuous for all ¢, y € R, then 3t_ < ¢y < ¢, such that the IVP

v =f(t,y), ylt)=yo

has a unique solution y(t)Vt € (t-, t;), and moreover, either t, = +00 or lim;_, |y(t)| = oo, and either

t_ = —ooorlim;—; |y(t)| = oo.

Remark 2.10. Finding t_, t, requires the solution. In example 2.12, t_ = —oco, t, = 1. Changing the IC will naturally

change these values.

< Theorem 2.3

If p(t), g(t) continuous on an open interval I = (a, §) and t( € I, then the IVP

y'(t)+pt)y = g(t), ylto) =vo

has a unique solution y(t) : I — R.

Remark 2.11. In other words, this is a special case of the corollary above for linear ODEs; any “misbehavior” of the

solutions would be solely due to discontinuities in the defining ODE.

3 SeconNnD OrDER ODEs

3.1 Introduction

Second Order ODEs are of the form
y'=f(ty,.y).

There is no general technique to solving these; we will be looking at special classes throughout.

Specifically in the case of nonlinear odes, there are two special cases we can solve,
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1. f does not depend on y; ie y” = f(t,y’). A substitution u = y’ yields u’ = f(t, u), hence this is just a
first order ODE, with corresponding y(t) = k1 + f u(t)dt.

2. f doesnotdepend on t;ie y” = f(y,y’). Letu = y’,sou’ = y” = f(y,u). Consider u = u(y(t)), then,

du _dudy _ du
dt dydt dy’
and so q q q .
u u u
"Iy T @ =flyu) = ay - yf(y/u)/
which again yields a first order ODE, in u = u(y).

® Example 3.1: Of Case 2.
v+ wty =0°

Rewrite this as y” = —w?y = f(y,y’), and let u = y’, then ‘di—; = 1f(y,u) = I[-w?y]. Thisisa

T u

separable equation:

udu = —a)zy dy

1 1
EMZ = —Ea)zyz +C
= u? = -w’y’ +’

[ d
— U == k2—w2y2 - d—}t/:i kz—a)zyz

Which is just another separable equation’:

= y(t) = i%sin(a)t +wC)

= y(t) = Ksin(wt + C),

which can be rewritten y(t) = ky sin(wt) + ka cos(wt) with the appropriate substitutions.

“This is the equation for a simple harmonic oscillator.
UPlease excuse the sloppy use of constants, it doesn’t really matter.

Remark 3.1. This is not the easiest way to solve this equation. More generally, this technique can lead to intractable

integrals.
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® Example 3.2: Nonlinear Pendulum
” 2 .: _
Yy’ +wsiny = 0.
Making the same substitution as before, u = y’, we have

e ——1wzsin

dy
/udu:/—wzsinydy
La_ >

S = wicosy + o1

%(y/)z — (1)2

cosy +cq

y = J_r\/2c1 +2w? cosy

d
i/dt:/ / ’
V2¢ +2w?cos y

where the integral on the RHS is some type of elliptic integral.

3.2 Linear, Homogeneous

We will solve a general form
a)yy” +b()y' +c)y=0 @.
3.2.1 Principle of Superposition

< Theorem 3.1: Superposition of Solutions to Linear Second Order ODEs

If y1(t), y2(t) solve ® for t € I-interval, then y(t) = k1y1(t) + kay2(t), for constants ki, k2 solves ® on I as

well. In other words, linear combinations of solutions are themselves solutions.

Remark 3.2. This can be extended quite naturally to any linear order of ODE.

Proof. This is clear by just plugging into the problem; let y(t) = k1y1(t) + kay2(t). Then:

a(t)y”(t) + b(H)y'(t) + c(t)y(t) = a(t)(kry] + kayy) + b(t)(kiy; + kays) + c(t)(kiy1 + kay2)
= ki(ay{ + byy + cy1) + ka(ays + bys + cy2)
=k1'0+k2'0=0,

as desired. ]
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< Definition 3.1: Linear Independence of Functions

If y1(t), y2(t) are defined Vt € I for some interval I C R, then yi(t), y2(t) are linearly dependent on I if
k1, ko constants (not both zero) so that ky - y1(t) + ko - y2(t) =0Vt € L.

If the only constants which solve this are k1 = ko = 0, then y1(t), y2(t) are linearly independent on I.

Remark 3.3. If y;(t) is the zero function, then take k; = 1 and the other constant zero; ie, the zero function is always

linearly dependent.

3.3 Reduction of Order

Suppose y1(t) solves the homogeneous ODE 0 = a(t)y” +b(t)y’+c(t)y. Let y(t) = u(t)y1(t) for some unknown
u(t), and assume it solves the ODE. Then:

y=uy = y =uwyn+uy; = y’' =u"yi+u'y; +u'y] +uy! =uy +2u'y; +u"y1.
Substituting this into the original ODE:

0 =a(u”y1 +2u'y; + uyy) + b(u'y1 + uyy) + c(uyy)
= [ay1Ju” + [2ay] + by1Ju’ + [ay] + by] +cy1]u

=0

Letv =u’ = v’ = u”, and we have reduced to a first-order ODE
0 =[ay1]v’ + [2ay; + by1]v

which we can solve for v, then conclude by integrating v to solve for u.

3.4 Constant Coefficient Linear Homogeneous Second Order ODEs

We consider the case

ay” +by +cy =0,
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where a, b, c are constants. If a = 0, this is simply first order with an exponential solution; so, suppose (guess)
that this ODE has solution y = e'" for a # 0. This gives

a(ert)// + b(ert)/ + C(ert) =0

— are +bre"t +cet =0

5 —b £ Vb2 —4ac
= ar‘+br+c=0 = r = o

and we thus have just to solve a quadratic equation. We call this the auxiliary equation or characteristic equation
for the ODE.

We thus have three cases to consider:

1. b%2 > 4ac: r has two real roots, giving two real solutions to the original ODE of the form

vi(t) =e™, y(t)=e"",

—b+Vph2— — . . .
where ry :=71 = W. Note that % = ¢(-=7)! is non-constant hence these solutions are indepen-

dent. It follows that we have a general solution
y(t) = kie™" + kpe'!

for arbitrary constants k1, k».

=b

2. b? = 4ac: r has one real (repeated) solution, r = 7. This gives only one solution y; = ¢"': we find

another by reduction of order. Let y = uy; = ue! = e . We have:

0=ay” +by +cy

0=a(u"y+2u'y] +uyy) + by + uyy) + cuy’
0

0 =ayu” + ay; + by )u’ + (ay] + by cyr)u

0=ae"'u” + (2are™ + e )’

0=au” + (2ar + b)u’

0=au”+ (—% + b)u’

0=au”

O=u" = u' =k = u=kit+k,

and so we have another solution y = uy; = (kit + ky)e’!; these constants ki, k; are arbitrary (as long as
k1 # 0, which would just give a linearly dependent solution to the original), so take k1 = 1, k; = 0. This
gives a general solution

y(t) = cre’ + cate™ = (c1 + cat)e”,
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which is actually just the “second” solution we found before (and thus this one was indeed the general

solution by itself).
. b% < 4ac: r has two complex conjugate roots r. = —L + —'4”22_1’21' := a + if. This gives solutions

Yy = e(a+iﬁ)t’ y_ = e(a—iﬁ)t.

While valid, these complex solutions are not necessarily useful in this form; we can rewrite them using

Euler’s formula to take only the real parts.

yy = @Bt = patpiBt — pateog(Bt) + i sin(Bt)]
y_ = o7 = patpmift - e [cos(—pBt) + i sin(—pt)] = e*'[cos(Bt) — i sin(Bt)]

Let y1 = 3(y+ + y-) = e* cos(Bt); this is a first, purely real solution to our ODE. To find a second, we

could use reduction of order, or just take another linear combination of v, v

1 .
Y2 = Z[y+ —y_] = e* sin(Bt).

Y1, Y2 are linearly independent, since % = tan(ft) = 0Vt <= B = 0, which we assumed was not the

case (otherwise, we’d be in case 2.). Together, we have a general, purely real solution

y(t) = et (kq sin(ft) + ko cos(ft)),

where k1, kp arbitrary and r = o £ if.

Harding once said: that “there is no permanent place in the world for ugly mathematics”; that means

that there is a temporary place in the world for ugly mathematics. Make it pretty later.

® Example 3.3
1. y" -3y +2y =0

This gives an auxiliary equation 2 — 3r + 2 = 0 with solution r = ?’izﬂ = 2,1. These are both

positive and real, and we thus have a general solution

y(t) = kie' + kpe*.
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2.y -2y +y =0

rP-2r+1=0 = (r-Dr-1)=0 = r=1

. y(t) = (kit + kz)et

3. y"+4y'+7y =0

—4 4+ V16 -2 1
P2 idy47=0 = r= == 26 8:—211'5@:—211'\/5

= y(t) = e H(k Sin(\/gt) + ko cos(\/gt))

< Lecture 09; Last Updated: Tue Feb 6 10:07:06 EST 2024

3.5 Nonhomogeneous Second Order ODEs

We consider equations of the form
a(t)y” +b(t)y" +cy = g(t).

Let’s look for solutions of the form

y(t) = crya(t) + caya(t) + yp(t),

where y1, 12 are linearly independent solutions of the homogenous equation (¢ = 0) and y, is a particular

solution to the ODE. Plugging this into the original equation:

ay” + by’ +cy = alcryy +cayy +yp) + bleryy + cayy +yp) + cleryr + caya + yp)
0 0 §
= c1(ayy +byiF ) + calayy £ by cyo) + W

:g,

as desired. Indeed, all solutions are of this form; we will show this later.
Remark 3.4. Note that c1, cp are arbitrary constants; y, is not multiplied by a constant, and should not be.

Remark 3.5. y1, yp are called a fundamental set of solutions; y. = c1y1 + cay2, the general solution to the homogeneous
equation, is called the complementary solution of the nonhomogeneous equation. y = y. + Y, is the general solution of

the nonhomogeneous equation.
3.5.1 Linear Operator Notation

We denote C(R) to be the space of continuous functions on R. Let CP(R) be the space of p-times differentiable
functions on R; ie, y € CP(R) = y(j) e C(R),j=0,1,...,p. Notice that CP+*I(R) ¢ CP(R). It follows that
C*R) G- CC'R) & - € C(R).
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Let D : C*(R) — C""D(R) be the differentiation operator, ie Dy = y’, noting that Dy less differentiable
than y unless y € C*(R). Its clear that D is a linear operator.

Now, define the operator L = a(x)D? + b(x)D + c(x). Then, L[y] = a(x)y” + b(x)y’ + c(x)y; hence, L[y] = 0

and L[y] = g are equivalent to our homogeneous and nonhomogeneous equations. It is clearly linear.

We explore two methods for finding the particular solution.

3.5.2 Finding y,: Method of Undetermined Coefficients

This method only applies to ODEs with constant coefficients, and only for certain functions g.

® Example 3.4
Consider g(t) = L[y](t). Suppose g(t) = ue?’. Let’s guess that y, = Ae?’. Then:

Llyy] = aAyzeyt +bAye’t + cAe’! = (a)/2 +by +c)Aet,

hence, for L[y,] = ¢ = pe’’, we need yu = A(ay?> +by +¢) = A = m. Provided

ay?>+by +c#0 <= y does not solve auxiliary equation, this A as defined will provide y,.

Remark 3.6. This example worked* because differentiating the exponential yields another exponential, which cancel

nicely. The same idea can be applied for polynomials and trig functions.

® Example 3.5: With trig

Suppose L[y] = y” -y’ +y = g(t) = 2sin(3t), with auxiliary equation 7> —r+1=0 = r =1+ i%.
This gives complementary solution
Yo = e’ k1 sin ﬁt + ko cos ﬁt .
2 2
Suppose y, = A sin(3t); this would give
—9A sin(3t) — 3A cos(3t) + Asin(3t) = 2sin(3t),
which implies 2 = —8A and 0 = —3A, which has no solution. This does not necessarily mean that

no y, exists; at least in this case, we made a wrong guess at the beginning.
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Suppose instead that y, = A sin(3t) + B cos(3t). This gives

—9Asin(3t) — 9B cos(3t) — 3A cos(3t) + 3B sin(3t) + A sin(3t) + B cos(3t) = 2 sin(3t)
2sin(3t) = (=3B — 8A)sin(3t) + (-8B — 3A) cos(3t)
— 2=-3B-8A, 0=-8B-3A

Solving this equation gives A = —% and B = 7%. This gives y, = _7—136 sin(3t) + 7% cos(3t).
® Example 3.6: With polynomials
Consider L[y] = y” +2y’ +y = > = g. Suppose y, = At®> + Bt? + Ct + D. Then:

Llyp] = 6At + 2B +2(3At* + 2Bt + C) + At> + B2 + Ct + D = £
At + (6A + B)t* + (6A + B)t? + (A +4B+ C)t + 2B+ C + D) =t

0=6A+8B B=-6
—_— p
0=6A+4B+C C=18
0=2B+C+D D =-24

soy, =t —6t2 + 18t — 24.

® Example 3.7: Exponential

Take L[y] = y” — 2y’ + y = 4e* with homogeneous auxiliary > —=2r +1 =0 = (r —1)> =0so

y1=¢e*, y»=xe".

If we guessed, y, = Ae* then we’d have L[Ae*] = AL[e*] = 0, so it will not work. The same happens

with guessing Axe*. Suppose, then, that Ax?e*. Then:

L[Ax%e*] = A(x? + 4x + 2)e* — 2A(x? + 2x)e” + Ax?e™ = 4¢*
4e* =2Ae* = A =2.

yp = 2x%e*, with general solution y = (ki + ky + 2x?)e*.

We now generalize the method:

Let p(x) = ;720 ajxj and g(x) = 720 bjxj be given polynomials. To solve L[y](x) = g(x) for a constant

coefficient ODE, we have the following cases:

e s =(0if a +if is not a root of the auxiliary equation.
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3(x) (given) Yy(o) (guess)
p(x) X (Apx™ + -+ Ajx + Ap)
eocx steozx
p(x)e®* x5 (Ayx™ + - o+ Apx + Ag)e®* '
p(x)e®* cos fx + g(x)e®* sin fx x*e cos(Bx) YLy Aix' + x°e™* sin(Bx) 2720 Bix/.

* s = multiplicity of the root of & + i if it is a root of the equation.

Remark 3.7. First two cases are just special cases of the third; they are all just special cases of the last one.
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Remark 3.8. Linear combinations of the g’s above can also be solved, ie if L[y] = g1 + $2, take y, = yp1 + yp2 where
Ypi matches the “proper guess” for g;.

Remark 3.9. The method fails if a, b, c not constants, or if g not of the required form.

® Example 3.8
1. Consider y” + y’ — 2y = 3¢?*. We have

P+r-2=0 = (r—-1)(r+2)=0 = y;=e*,yp=e >

for the homogeneous equations. Let y, = Ae?¥, since e?* does solve the equation.

2.y"=1-x% 12=0 = y; =1,y2 = x. Guess g(x) = p(x)e** cos(fx) for a = 0,8 = 0,

2

p(x) = 1 - x2 Guessing y, = Ax? + Bx + C won't work; instead, guess x*(Ax? + Bx + C).

Forgetting the x> would yield an unsolvable equation.

3. y" +4y =3cosx. r*+4 =0 = r = £2is0y; = cos2x,y, = sin2x. Guess y, =
Acosx + Bsinx. We don’t need the sin, since it won't appear in the ODE,; this isn’t a problem

anyways, as this way we’ll just find that B = 0.

3.6 Variation of Parameters

This method works for non-constant coefficient ODEs, and (in principle) any g. To use it, we need first to

know a fundamental set of solutions y1, y> of the homogeneous equation.

Consider the nonhomogeneous equation

Llyl(x) = g(x) = a(x)y” + b(x)y" + c(x)y. @&

Suppose L[y1] = L[y2] = 0, s0 y. = k1y1 + kay2 solves the homogeneous equation (constants k;). Replace these

ki’s with unknown functions, u;(x), and assume that y,(x) = u1(x)y1(x) + u2(x)y2(x) solves the ODE.
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We have

Yp = [uiy1 + ugyel + [yau] + y2us)

Yy = lwys + ]+ [y + w3y, + iy +u2y;]
Substituting this into ®, we have that

8 = Llyp] = a(x)([ujy1 + ugy2]') + a(x)[ugy; + uzy; +uryy + uayy]
+b(x)[ugy1 + usy2] + b(x)[ury; + uzys]

+ c(x)[ury1 + uzy2]
0 0
= uplayy T+ cyr] + uzlay) o+ cyo] (solve ODE by assumption)

+aluiyr + upy2]’ + alujy; + uyys] + blugyr + uyya).

But this is a single equation “trying” to define two unknown functions u1, u; itis undetermined. We introduce
an extra constraint to make it solvable. Let us state, for convenience, u1(x)y1(x) + u}(x)y2(x) = 0V x, implying

[ujy1 + ujy2]" = 0V x.! This assumption yields ¢ = a[ujy; + ujy}], so we write

f(x):= % = uiyi +uyys. 0= uiyl + Uy,

a system of two differential equations for 11, uo. We can solve these:
v1 yaf \uz)  \f(®)
-1
vi ¥ \f(x)
_ 1 yé —Y2 0
Ny, —yi \-y; o J\f

This can be problematic if 1y, —y;y2 = 0; define W(y1, y2)(x) := y1y5,—y;y2. Then, assuming W (y1, y2)(x) # 0,

we have

S —
|

R ) ORI O
W (y1, y2)(x) W (y1, y2)(x)
which we can then integrate to find uy, up appropriately. We call W(y1, y2)(x) the Wronskian of y1, yo wrt x.

Note that, if y1, y» are linearly dependent with y> = cy;, then W(y1, y2)(x) = yi(cyy) -y, (cy1) = 0; thatis, a
necessary condition for W(y1, y2) # 0Ois for y1, y» to be linearly independent; it is not sufficient. However, we’ll

1This is a “trust me for now” instance.
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only use W when y1, y» both solve the same ODE; in this case, it canbe shown that W (y1, y2)(x) #0 < y1, 12

are linearly independent?.

® Example 3.9
4y" +36y = e = Y +9y =

_1
STIER) = 7 ¢csc(3x).

1
4 sin(3x)
Solving the homogeneous equation: > +9 = 0 = r = +3i. This gives us y; = cos(3x), y2 =
sin(3x). Lety, = u1 cos(3x)+uz sin(3x). Wehave W(y1, y2) = (cos 3x)3 cos(3x)+(3 sin(3x))(sin(3x)) =

3, yielding
_ —sin(3x) 75
uj = vaf _ ey _ 1, X
W (y1, y2)(x) 3 12 12
COS(?’x)st%(e)x) 1 (3 cos(3x) 1K 1
/ = = — | — = — — = —1 i
y 3 36( sin(3x) ) 36 h 117 g nsin3x)
We have

1
U = _1x_2 cos(3x) + % (In | sin 3x|) sin(3x),

with a general solution

X : 1 .
y(x) = (k1 - E) cos(3x) + sin(3) [ k2 + 3 In[sin(3)] |

4 NT1H OrRDER ODES

4.1 A Little Theory

Consider a nonlinear nth order IVP,

y"(x) = fx, y(x), (), ..., y" () ()
y(xo) = ay,...,y" V(xo) = a, (i),

noting that this is sufficient to specify a unique solution.

< Theorem 4.1

If f(x,y1,y2,...,yn) and g—;j are continuous on the box R = {(x,y1,...,Vyx) : |x —x0| < a,|yi —ai|] <

b,i =1,...,n}, then the initial value problem (i), (ii) has a unique solution y(x) for x € [xo—h, x +0+ h]
for some h € (0, a], with solution satisfying |y(x) — a1] < bV x € [xg — h, xo + h].

2Abel’s Identity
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Remark 4.1. The proof is very similar to the case n = 1; the key step is to rewrite the nth order ODE as a system of first
order ODEs.

u1(t)
Letuy=y,up=y',...,u, = y(”‘l), and define u(t) = | The ODE, then, can be written
un(t)
uy(t) y U
uity=[ : |= = =: F(x,u),

“vectorally”.

4.2 Linear nth Order ODEs

We consider
Y+ pile)y ™Y = g(x) = Lly],
i=1

with ICs

y(xo) = a1, ..., y" D(xo)a.
We would like to show that the general solution is as before with second order ODEs, ie
n
y(x) = > kY + v,
j=1

where v, is a particular solution of L[y] = ¢, and v, ..., y, a fundamental set of solutions (of L[y] = 0, eg).
We want to show “both directions” of this equality; this form defines solutions, and any solution is of this

form. This implies, then, that the solution space has exactly dimension #.

— Lemma 4.1

Let @(x) be any solution of the homogeneous ODE L[y](x) = 0 on I. Let u(x) > 0 be defined by
(u(x))? = (x)?> + @'(x)?> + -+ + " V(x)2. Then, Vx €1,

u(xg)e =%l < u(x) < u(xg)ek¥—xol,

where k =1 + Z?zl Bi, B = maxyer |pi(x)]-

< Lecture 11; Last Updated: Tue Feb 27 13:01:32 EST 2024
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— Proposition 4.1

Let] CR, xp €landletp;(x),i=1,...,nand g(x)be continuous on I. Then, the IVP

LIyl(x) = ¢ yP(x0) = @jur, j=0,...,n—1

has at most one solution y(x) defined on I.

Proof. Let y1, y2 be two such solutions and let ¢(x) = y1(x) — y2(x). Then,

Llp] = Lly1 = y2] = Lly1] = Ly2] = g(x) — g(x) =0Vx €I,

so L[p] =0V x € I. Moreover, @(xo) = y1(xo) — y2(x0) = a1 — a1 = 0 (with similar computations for the other
ICs wrt derivatives of ¢). Let u(x) = @(x)? + ¢’(x)? + - - - + (p"V(x))2. Then, ¢(xo) = 0, so by the previous
lemma u(x) =0V x € I, and thus y1(x) = y2(x) V x € I, and thus there is at most one solution of the IVP. =

4.3 Linear Homogeneous Nth Order ODES

Consider L[y] = y(”) + 27:1 pj(x)y(”j) = 0; in this section, we aim to find the exact dimension of the solution

space of L.

< Theorem 4.2: Principle of Superposition

Ify1,..., ym aresolutions of L[y] = 0 for some I C R then y(t) = Z}” kiy;(t) is also a solution for arbitrary

constants k]'.

< Definition 4.1: Fundamental Set of Solutions

A set of n functions {yi(x) : L[y;] =0,i = 1,...,n} on an interval I C R is called a fundamental set of

solutionsif y1, ..., y, are linearly independent on I.

This necessitates the need to test for linear independence of solutions, which is far harder in R"*,n > 3
thann = 2.

< Definition 4.2: Wronskian

We define
yi(x) oo ya(x)
W, ..., yn)(x) = 3/1(36) E/n:(x)
= 1)(x) ey
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< Theorem 4.3

Letyi,...,yn € c* (). IEW(y1,...,yn)(x0) # 0forsome xg € I, theny;, ..., y, arelinearly independent
on I. Consequently, if y1, ..., y, are linearly dependent on I, then W(y1,...,y,)(x) =0Vx € L.

Remark 4.2. This does not mean that W(y1, ..., yn)(x) = 0 implies the functions are linearly dependent; it does not
hold iff.

Proof. We show the contrapositive. Assume yq, ..., Y, are linearly dependent on I. Then, 3k;,i =1,...,n,

not all zero, such that )" i=1 kjyj(x)0V x € I, assuming wlog that k, # 0. Then

k k k-
Yn() = =) = ) = - k—lyn_l(x)
= yulx) = ——y1<x> SR
n— n— k n
— ) = @ - - S
n(x X n—1(x
y ( ) " ylf ) - y 1( )
> = _k_ : —_— e — k ,
) v ) Ui P(x)

but each of these column vectors are just rows of the Wronskian (times constants), and we thus have that the

Wronskian has linearly dependent columns, ie is singular, ie has zero determinant, as we aimed to show. =
® Example 4.1

X x>0
Let y1(x) = x2 and y»(x) = ) , where both are continuously differentiable on R, but y7/(x)
—x- x< O

is discontinuous at x = 0.

x2  x2
=0 Vx>0
2x 2x
W(y1, y2)(x) = 1 =0Vx.
W2 g
=0 Vx<0
2x —2x

Notice too that for I = [0, ), y1 = y» and are thus linearly dependent. However, y1, y» are linearly
independent on R. Clearly, our choice of interval changes the dependence/independence of our

functions, and moreover, this is an example of functions with Wronskian 0 but are not linearly
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dependent.

This example seems to show that the use of the Wronksian to determine independence of solutions is not
reliable; however, we are not particularly interested in this in general, rather, we are concerned with solutions
to an nth order ODE. In the previous example, 1> was not twice continuously differentiable, and so wouldn’t

even solve a second order ODE.

< Theorem 4.4: Abel’s

Let y1,..., yx be solutions of the nth order homogeneous ODE L[y] = 0 on I with continuous p;(x) on
I. Then,

W(x) :=W(y1, ..., yn)(x)

satisfies the ODE
W (x) +p1(x)W(x) =0 Vxel,

and hence
W(x) = Ce~/m@)dx,

Moreover, either

1. c=0,and W(y1,...,yn)(x) =0V x € I and v, ..., y, are linearly dependent on I.

2.c#0,and W(y1,...,yn)(x) # OVx € I and yy, ...,y are linearly independent on I, forming a

fundamental set of solutions.

< Lecture 12; Last Updated: Tue Feb 13 11:23:20 EST 2024

Proof. We show first that W satisfies the required ODE.

Consider first the n = 2 case. We have, Vx € |

0 =L[y1] = y{ + p1(x)y] + p2(x)y1
0=Lly2] = y5 + p1(x)y;y + p2(X)y2

Consider:
ya(yy + p1y; + p2y1) — ya(yy + payy + pay2) =0
= 1Yy = y2yy +pi(vivy —yayp) =0
But recall that W = y} yf = Y1y, — Y1Y2, hence
Vi Y,

W'(x) = y1y5 + y1Ys = YiYs — Y1 Y2 = 1y5 — ¥iy2,
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and thus, as this matches the left-hand terms of !, W’(x) + pyW(x) = 0 as desired.

For general n,

y1(x) T yn(X)
Wy, -, yn)(x) =
(Vl 1)(x) . (1’[ 1)(x)
yi ... y],/l yl .o e yn yl ... yn yl .. yn
W’(x): yi’ y”{ + yi’ y;l’ + .. 4+ : + : .. . *
. . . . . -1 -1 -1
: . : : . : ygn )L yf(qﬂ ) ygﬂ ) yn-1
-1 -1 1 -1 -1 -1
N e N I I R
=0; have a repeated row
But we have that y](,”) = _ply](,” - - p2 y](” 2o pnyi,j =1,...,n,so we can substitute this into +*. This
will simplify:
yl ... yn yl ... yn y]. PEREY yn
W' =—p1 :—2 ; :—2 ~P2 .2 ; :-z T P .z ; :—2
gﬂ L T yin L T yi" L T
-1 -1 -2 -2
y:(ln ) ... yiln ) y:(ln ) ... yiln ) yl PEREY yn
=0
= _plwl

as required.
In the case ¢ # 0, case 2., then W(x) # 0V x € I, and we've already shown that y1, ..., y, are linearly

independent on I.

If c =0, case 2., and W(x) = 0V x € I, then it remains to show that y, ..., y, are linearly dependent.

Let p(x) = Z}Ll cjyj(x), with ¢; such that ¢ solves the IVP; ie

Lip] =0; (xg) =+ =" V(xg) =0
We must have:
0 @(x0) yi(xo)  y2(x0) - ]/n(xo) 1
0/ \@" Vo) \yW Do) o oy ”(x) n
=A
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Since W(x) =0V x € I, W(xp) = 0 and thus this matrix A has determinant 0, is singular, and has a non-trivial

kernel.
Let (c1,...,cn)! € Ker(A), not equal to the zero vector; then, these c; make ¢ satisfy the IVP as desired:

Llpl = ) ¢iLlyl =0,
j=1

as y;j solutions and c; chosen appropriately to satisfy IVP.

We clearly have, as well, that y(x) = 0 will solve the IVP; but by uniqueness, it must be that
O=y(x)=px)Vxel

= 0= Z cjyi(x),

=1

but by construction the ¢;s are not all zero, hence, y1, ..., y, must be linearly dependent. [}

— Corollary 4.1
IfL[yj]=0Yx€l,j=1,...,n wherep; are continuous forall x € I,and let Y := {y; : 1 < j < 1}. TFAE:

1. Y form a fundamental set of solutions on I;
2. Y are linearly independent on I;
3. W(Y)(xp) # 0 for some xq € I;

4. W(Y)(x) #0Vx e I.

4.3 NtH OrDER ODEs: Linear Homogeneous Nth Order ODES 38



< Theorem 4.5

Let y1, ..., y, be a fundamental set of solutions for L[y] = 0 on I, where p;(x)-continuous on I.

1. The IVP
Lyl =0, y(xo)=ay,...,y" D(ixg) = ay,

has a unique solution y(x) for x € I, which can be written as

y(0) = ) Gyi), T
=1

for a unique choice of the constants cy, ..., cy.

2. Every solution y(x) of the ODE L[y] = 0 defined on I can be written in the form * for some choice

of the parameters cy, ..., cy.

Remark 4.3. This theorem does not guarantee existence of the fundamental set of solutions for an arbitrary L[y] = 0.

Part 2. shows that the fundamental set of solutions span the whole solution space: the space of solutions is exactly

n-dimensional.

Proof. To prove 1., let y(x) as defined by t. Then, L[y] = 0 trivially satisfies the ODE, by superposition, so it

remains to show that there is a unique choice of (c;) such that the IVP is satisfied. We need:

a1 y(xo) y1(xo) v2(xo) -+ yu(xo) \[c1
ar) \y" Do) \y" ) o) oy Vo)) \en
=A

But now, det{A} = W(y1, ..., yn)(x0) # 0, hence A invertible, and we have

Since A~! is unique, then so are the (c j)’s.

To prove 2., note that any y(x) defined by t satisfies L[y] = 0V x € I for any choice of ¢; by superposition.

To show that there are no other forms of solutions, suppose ¢(x) is a solution that cannot be written as such.

Suppose L[@](x) =0V x € I. For ¢, let xo € I and find y(x) that satisfies the IVP

Lly] =0, y(xo) = @(x0), -, y" D(xg) = ¢ V(xp).
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By 1. this IVP has a unique solution of the form 1, and with the same IC as ¢, we have thus that ¢ = y, a

contradiction. m

4.4 Nonhomogeneous Nth Order Linear ODEs

Consider L[y] = g. If y1, ..., y, a fundamental set of solutions of L[y] = 0 and L[y,] = g, then
y(0) = ypl() + i)
j=1

will satisfy the original L[y] = ¢. We need to show that we can construct such an y,,.

We will use variation of parameters to find y,. Suppose y,(x) = Z}Ll uj(x)y;(x) for TBD u;(x), and suppose
Llyy] = g. This gives

yp(x) = Z uj(x)y;(x) + Z i (x)y;(x).
j

j
To simplify, we’ll assume that }; j u]’. yj=0Vx el so

yp(x) = Z ujy; + Z uiyj,

and assume, similarly, ;; u]’. y]’. = 0V x, remarking that at each of these steps we introduce a new constraint,

and as such we will eventually have n — 1 constraints to solve for.

< Lecture 13; Last Updated: Thu Apr 4 17:53:29 EDT 2024

< Theorem 4.6

Let y1,..., yn be a fundamental set of solutions of L[y] = 0 for x € I where p; continuous on I. Suppose

g(x) continuous on I. Then

1. The IVP L[y] = g, y(x0) = a1, ...,y D(xp) = a,, has a unique solution y(x) for x € I.

2. Every solution of the ODE L[y] = g can be written in the form

y(x) = yp(0) + D cyix)  f

=1

where v, a particular solution satisfying L[y,] = ¢
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Proof. We show 2. first. Suppose v, solves L[y,,] = ¢ (which exists by 1.). Then, y,, (x) is of the form  with

cj =0and y, = yp,. Let y,, be a different solution of L[yy,] = g. Let Y = vy, — yp,. Then,

L[Y] = L[yp,] - L[ym] =g¢g-g¢g=0Vxel,

hence Y(x) solves the corresponding homogeneous problem L[Y] = 0, and so by the previous theorem, can
be written in the form Y = Z7=1 cjyj(x) for appropriate choice of c;’s. Thus,
n
Ypa () = Y(2) + 4, () = ) c(x) + ¥, (x),
j=1

as required.

We proceed to 1. We've already shown that this IVP has at most one solutions, so it suffices to find that
there is exactly one. We will do so by variation of parameters. Suppose y, = Z}“zl uj(x)y;(x) where y, solves
Llyy] = . Then,

n n

vp = D Wi+ ),

j=1 j=1

and assume that 27:1 u]’. y; =0V x €I, hence

= S+ S

Let us assume too that ) u]’. y]’. =0V x € I. We can continue in this manner, differentiating n —1 times, yielding

n
(/) (/) .
yp] :Zuiyl.], j=0,...,n-1,

i=1

and assuming appropriately »’ uzf ygj - 0,for j =1,...,n —1. Finally, differentiating once more, we have

’ -1
v = iy + ) uiy",

44 NtH OrDER ODEs: Nonhomogeneous Nth Order Linear ODEs 41



this time, not assuming that the last term vanishes. Plugging into L, then we have
) N 1)
e
g =Lyl =y, + Z pivy
j=1
1 n n ( )
= Dy + Dy 3 i) 3 iy
j=1 i=1
7, (n=-1 (n—j)
= Z ul.yl(.” )+ Z u; yl(”) + Z piy;
i j

=0, for each i, solving L[y;]=0
_ 7., (n=1)
o= Yy
i

This, along with our n — 1 constraints, gives us n equations defining the u/(x), giving us the linear system:

Y1 Y2

Yn

’ 7 V4 ui 0
21 Y, Yn ) .
) . . U, I
. . . s O 7
2 -2 2
LA ST il I I
(n-1)  (n-1) (n-1)| \Un g(x)
Yq Y, Yn

where the first n — 1 rows of the matrix follow from the constrains we imposed on uzf , the last follows from

the previous line when we plugged in our y, into L[y,] = g. But this is just the Wronskian matrix, and

W(y1,...,yn)(x) # 0V x € I by Abel’s since y;’s form a fundamental set of solutions by assumption, thus, the
matrix is invertible and we can therefore solve for ulf s:

, yl yz yn

ul ’ ’ ’ 0

/ Y Yo = Yn ) fi(x)

il P - " : =|

: -2 (i - o |,

y yi 2) yé 2) ... ]/1(1 2) g(x) fn(x)

n n—1 n-1 n—1
I

hence, u]’.(x) = fj(x) for some f; as defined, and thus

ww = [ e,

and so our particular solution is

w=Yu [ s
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This is a solution to the ODE; it remains to show that the IVP can be solved by a unique choice of the ¢;’s.

This is similar to the homogeneous case; left as a (homework) exercise. |

< Theorem 4.7: Cramer’s Rule

Let A € M,(R) be invertible and x,b n X 1 column vectors. Then for any b € R", Ax = b has a unique

solution x € R" given by
_ det A;

~ detA’
where A; is the matrix obtained by replacing the ith column of A by the vector b.

X i=1,...,1’l,

< Theorem 4.8: Variation of Parameters

Let vy, ..., y, be a fundamental set of solutions of L[y] = 0, let W(x) = W(y1, ..., yn)(x), let W;(x) be the

0
determinant of the matrix obtained by replacing the ith column of W by | : |, and let u; = xz VV\(;((SS)) ds,
8
then
n
Yp = Z ui(x)yi(x).
i=1
Proof. This follows from the work we showed in the proof of theorem 4.6 part 2. and Cramer’s Rule. u

® Example 4.2

Find the general solution of 4"/ + y” = tan x. We first find a fundamental set of solutions to

"

y"+y =0.

Suppose y = e"*, giving

0=r+r=r(?+1) = r=0,+i,

giving us solutions
y1(x) =1, ya(x) =cosx, y3(x)=sinx.

To verify linear independence:

1 cos x sinx

W(x)=1|0 —sinx cosx | = sinz(x) + cosz(x) =1,

0 —cosx —sinx
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To solve L[y] = tan x, we have

0 cos X sin x
Wi(x)=| 0 —sinx cosx | = cos? x tan x + sin® x tan x = tan x
tanx —cosx —sinx
1 0 sin x
Wa(x) =0 0 cosx |=—cosxtanx = —sinx
0 tanx —sinx
1 cos x 0 o R
. . —sin® x
W3(x) =0 —sinx 0 =—smxtanx=m
0 —cosx tanx
Then, this gives
—1 tanx dx = —In |cos x|
w
/ = /
—= —sinx dx = cos x
3 —sin? x cos?x —1 .
us — =sinx — In [tan x + sec x|
W Cos X cos X
and so
3
Yp = Zu/'yj = —In|cos x|+ cosx - cos x + (sinx — In |tan x + secx|) - sin x
j=1

=1-In]cosx| — (In |tan x + sec x|) sin x,

giving us a general solution
Y=Yc+yp=c1+cpcosx +cgsinx +1—Infcosx|—sinxIn|tanx +secx|,

which can be simplified by absorbing the 1 into the constant c1, and simplifying appropriately:

y =81 +cpcosx +sinx(c3 — In|tan x + sec x|) — In |cos x|

4.5 Fundamental Set of Solutions

< Lecture 14; Last Updated: Mon Mar 11 15:30:06 EDT 2024

< Theorem 4.9

Let L[y] := 27:0 a jy(j ) where a j are real constants with a,, # 0. Let

Zn:ajrj =0 (A)

j=0

be the corresponding auxiliary equation, supposing it has roots 7; of multiplicity s;. Then, the linear
homogeneous L[y] = 0 has a fundamental set of solutions defined on R composed of

xkerjx’ k:O,...,Sj—l,rjEROfmult. 8j

and

xkedi* cos(Bjx), xke 4 sin(B;x), k=0,1,...,5; =1, where r; = a; = §; of mult. s;.
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Proof. We won't prove this, butis just a generalization of the same idea for second-order equations. Difficulties

in the proof arise when proving linear independence. [

Remark 4.4. Combined with the previous theorem, we thus have that all solutions of L[y] = 0 can be written in the

formy = 37, cjyj(x).

4.6 Non-Constant Coefficient Linear ODEs

< Theorem 4.10

Let L[y] = y™ + Z;lzl P]’(X)y(n—j)(x), where each p;(x) continuous on some I C R, and let xo € I. Let
yi(x) solve the IVP

Lyd®) =0 4" V) =1,y x0),j=0,....n-1,j2i-1.

Then, {y;:i =1,...,n} form a fundamental set of solutions for L[y] = 0 on .

Proof. Each of these IVPs has a unique solution y;(x) on I by Picard’s Theorem. Now,

10 ...0
W,y =) L =
00 0 1
so y; are indeed linearly independent, by Abel’s Theorem, on I. |

® Example 4.3
Consider the IVP

Lyl =y® +y” -2y =cosx, y0)=1,y90)=0, i=1,2,3.
We first find L[y.] = 0. We have auxiliary
4r?—2=0 = (FP-1D)r2+2)=0 = r==1,+iV2
and thus

yi=e*, yp=e", y3z=cos V2x, Y4 = sin V2x.
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We seek now a particular solution, guessing

1
yp =Acosx = L[y,]=Acosx —Acosx —2Acosx =cosx = A:_E

and thus y, = —3 cos x, giving general solution

y(x) = kie® + koe™ + k3 cos(\/ix) + k4 sin(\/ix) - %cos(x).
Solving the IVP, we find

1=y(0)=k1+k2+k3—% @)
y'(x) = kie* —kpe™ — V2ks sin(\/ix) + V2ky cos(\/ix) + % sin(x)
— y(0)=0=k —ky+V2ky (i)
Yy’ (x) = kie* + kpe™ — 2k3 cos(\/ix) —2ky sin(\/ix) + %cos(x)

- y”(O) =0=ky+ky—2kz + % (iii)
y"(x) = kie® —kpe™ + 2V2ks sin(\/ix) — 2V2ky cos(\/ix) — %sin(x)

— y"(0)=0=k —ky—2V2ksy  (iv)

() — (i) = 1=38ks—1 — k3:§

(i) - (iv) = 0=(V2+2V2)ky = ks =0

(i) + () = 0= 2k ~2ks + 5 ~2V2ky = k1= =
2 1 5

. 5
(1) — 1—E+k2+§—§ — kz—E

So our IVP solution is - ) .
- X —X - __
y(x) = 12(6 +e )+ 3 cos(\/ix) > cos(x).

5 SERIES SOLUTIONS

5.1 Review of Power Series
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< Definition 5.1: Convergence
A power series ), a,(x — xg)" converges at a point xq if lim, 0 ),;_o 4n(x — X0)" exists for that x. The

series is absolutely convergent at xg if )", |a,| |x — xo|" exists as m — co.

The radius of convergence of a series is the minimal p > 0 such that the series is absolutely convergent

for x such that |x — xp| < p and divergent for |x — xg| > p.

Remark 5.1. Absolutely convergent = convergent.

< Definition 5.2: Real Analytic

A function f : I — Ris (real) analyticat xo € [ if 3p > 0s.t. Vx €1 :|x — xo| < p we have

(0]

f(x) =) an(x = x0)"

n=0
with power series having radius of convergence (at least) p.
Remark 5.2. When f real analytic, it is continuous and has derivatives of all orders for |x — xo| < p, and these

derivatives can be found by differentiating the power series. Indeed, we have

oo o

f(m)(x) = Z nn—=1)---(n—m+Da,(x —xp)" " = Z nn—=1)---(n—m+ Da,(x —xp)" .

n=0 n=m

< Lecture 15; Last Updated: Tue Feb 27 10:08:23 EST 2024

— Proposition 5.1
Let f(x) = X075 an(x — x0)" and g(x) = X775 bu(x — x0)".
1. f(x)=g(x)Vxst |x—xo| <piffa, =b,Vn.

2. f(x)£g(x) =" o(an £by)(x — xp)". The resulting power series has radius of convergence at least

as large as the minimum of the radii of convergence of f, g.

3. F@)g(0) = [0 ai(x — x0) I bjx — 20)] = Tyco enlx — x0)" where ¢ = 3 ajb,—j. This
power series also has radius of convergence as least as large of the minimum of f, g.

4. We can divide power series (essentially long division of polynomials, but with infinite degrees)

and can result in smaller radius of convergence, but won't.

— Proposition 5.2

o ay
If limy, o0 [ -

exists then p = limy, —c0 ||.
n
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Proof. We have by the ratio test that } ", a,(x — xo)" converges if

an+1(x - xO)n+1 an+1(x - xO)

lim <1l & lim
n—oo| a,(x — xg)" n—00 a
+1
— |x —xo| lim ntl) q
n—oo an
1 . a,
— |x —x9] < ———————— = lim
; An+1 n—0 | y+1
lim;; 00 »

® Example 5.1

(oe] (oe]
x" _ x — xo)"
X = E s pXX0 — E ( )
n! n!
n= n=0

0
X 1\n.2n
cos(x):zg)%

1)11 2n+1

(-
sin(x) = Z 2n+1)!

These all have p = +oco.

This series converges for p < 1 since

lim

n—oo

An+1

Remark 5.3. In the case that lim; ‘%) does not exist, then the root test gives that

1

lim sup,_., |a,|

1/n"

— Proposition 5.3

If P(x), Q(x) are polynomials, then £ )) is analytic at xo if P(x9) # 0. When analytic, the radius of

convergence from x is the distance from xo to the nearest zero of P(x) in the complex plane.
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® Example 5.2

%((;C)) = 1+x2 In the complex plane, P(x) has roots at x = +i, and so p = /1 +

5.2 Series Solutions near Ordinary Points

< Definition 5.3: Ordinary Point

Let L[y] = P(x)y” + Q(x)y’ + R(x)y and p(x) = Q(x) ,q(x) = . Xo is an ordinary point of L[y] = 0if p, g

are both analytic at xp; otherwise, x is a singular poznt.

< Theorem 5.1

If x¢ an ordinary point for L[y] = 0 then the general solution can be written as

o

y(x) = > an(x = x0)" = aoy1(x) + mya(x),

n=0
where a9, a1 arbitrary and the other a;’s are uniquely determined by choice of ag, 1. The functions y1, 12

will be two power series, analytic at xo, and form a fundamental set of solutions with W(y1, y2)(xo) = 1.

The radius of convergence of y1, y, and y is at least as large as the smaller of the radii of p, g.

® Example 5.3

Consider (1 + x?)y” — 4xy’ + 6y = 0, with p(x) = 1+x2, q(x) = these are analytic Vx € R, so

+ Trx2’
we can expand about any xp € R. For convenience, take xg = 0. The radius of convergence of

y(x) = 2o an(x — x0)" will then be p = 1. Then:

[00]

y(x) = Z apx"

n=0

y'(x) = Z(n +1a,x" = Z na,x™!
n=0 n=0

y'(x) = Z(n +2)(n + Dayox" = Z n(n —1)a,x"2
n=0 n=0
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So

0=(1+x?)y” —dxy’ +6y =y” + x*y” —dxy’ + 6y

[©e]

= Z(n +2)(n + Daysox™ + x2 Z n(n —1)a,x" 2 — 4x Z nax" ' +6 Z anx"
n=0 n=0 n=0

n=0

[(n+2)(n +1)ayip +n(n —1)a, —4na, + 6a,]| x",

M#

S
Il
o

so, Yn > 0, we need

(n+2)(n+1)aysp +n(n—1)a, —4na, + 6a, =0
n+2)(n+1)ay+n-2)(n-3)a, =0

o —(n—2)(n—3)a
T T )1 "
n=0 a> = ay = =34y
ay
=1 = ——
n as 3

RN

SO
2 3 2 41 3 2 X
y(x) = ap + a1x + axx* + azx” = ap + a1x — 3apx” — Ex =aop(1 —3x%) + ay(x — ?) =: apy1 + a1y2.
Remark that
10
W(yq, 0) = = 1.
(y1, ¥2)(0) .

® Example 5.4
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Consider y” — xy’ — x2y = 0, p(x) = —x, g(x) = —x* which are both analytic on all R. Let xo = 0, so

o0 o0
a,x" = x? Z = Zan Kx"
n=0 n=2
o
na,x" ! Z

(n+2)(n + 1)a,x"

Me

S
Il
(e}

Q\
I
gk

S
Il
(e}

4

Me

nn —1)a,x"

||M8

S
Il
(e}

0=y" —xy —x%y = Z(n +2)(n + 1a,ox" — Z na,x" — Z Apiox"
n=0 n=0 n=2

0=2a,+3-2-a3-x—ai1x + Z[(n +2)(n +1)ayp —na, —a,_o]x"

n=2
Matching powers of x" yields
n =0] a =0

a1

=1 = —

n=1] a3 =
+a,-
n > 2] (n+2)(n+Dayoona, —a,p=0 = a,40 = i - A

n+2)(n+1)

From here, you can find as many terms of a, as you really want. The important thing to notice is
that if n odd, a,, will only depend on a1, and if n even, a, will only depend on ay. This gives a final

form

y(x) = agy1(x) + arya(x),

where y1, y2 power series involving only event, odd terms resp. Remark too that W(y1, y2)(0) = 1
(why?).

< Lecture 16; Last Updated: Tue Apr 9 13:26:39 EDT 2024

Remark 5.4. No lecture, in-class midterm.

< Lecture 17; Last Updated: Tue Apr 9 13:52:49 EDT 2024

5.3 Analytic Coefficients

We consider now series solutions to

Lly] =P(x)y”" + Qx)y' + R(x)y = y" + p(x)y" + q(x)y =0
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where P, Q, R analytic but not necessarily polynomials. Similar theory holds; a power series solution y(x)

will have radius of convergence at least as large as that of p and q. We proceed by instructive example.

® Example 5.5

xo =0,Lly] =y’ —e*y. Here, q(x) = —e* = Y7, ’;—T with infinite radius of convergence. p(x) =0

also has infinite radius of convergence, hence we should find that our solution will as well. Letting

y(x) = X"y a,x", we compute as before.

Lly] = Z{)(n +2)(n + Dty — ZO Z;[”z;f "
n= n= ]:

Computation of the corresponding a,, follows very similarly to previous examples; the only difficulty

is the fact that now a,, will rely on all a,,’s less than it. Namely, one should find

an_j

1 n
2= i)+ D) ]; [

5.4 Nonhomogeneous Series Solutions

We consider the case

Lyl =y" +p(x)y" + q(x)y = g(x).

Writing L[y] = ;7 ¢a(x — x0)" where ¢, dependent on a,, for m < n and g(x) = 3,77, gu(x — x0)", we have
that
Llyl=gx) & cpn=g.Vn >0.

So, we generally have a very similar method, only now we have to deal with a non-zero equivalence on the
RHS.

® Example 5.6

y'—xy = %x3 ; remark that any series solution will have infinite radius of convergence about xg = 0.
We have

(o) (o) 1
;)(n +2)(n + Da,ox" — Z Ay—qx" = 6x3

n=1

= 1
— 2a, + Z[(n +2)(n+Daysp —ap—1]x" = gx3.

n=1
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We proceed by matching powers of x on the left, right hand sides.

xO] 200 =0 = a, =0

1 ao
x'] as — ag as 3.2
x?] 4-3-a4—a1:0:a4:a—13
1

1
3 _ _
X] 5'4'&5—612—6:&15—5

n>4] G+ 2+ 1) =4 =0 = gy = ——

n+1)(n+1)
One can show that forn > 0,

_ Bn-1)Bn -4)(--)(7)(4)ag

A3 Gn)!
p _ Bn-=1)Bn —4)(---)(8)(5)(2)ay
sl = Gn + 1)!
31yl
a3p+2 = m,

remarking in particular that a3,, has no reliance on 4 or a1, and indeed serve as the coefficients of

our particular solution. We find

(o8] (o] o
3 3n+1 3n+2
Y(@) = D a5, + > a5, 4+ ) 4300
n=0 n=0 n=0

= apy1(x) + a1y2(x) + yp(x).

5.5 Singular Points

What about finding solutions about non-ordinary points? We now need to be more careful.

< Definition 5.4: Regular Singular Point

A “not too singular point”. If L[y] = P(x)y” + Q(x)y’ + R(x)y, then x( a regular singular point if it is a
singular point of L[y] = 0, and also
R(x)

(x = xo)zm

are both analytic at x¢. In particular, if P, Q, R polynomials, x¢ a singular point iff P(xo) = 0, and regular

Q)
P(x)”

iff limy—,, (x — x0) limy (X — xo)z% are both finite.

< Lecture 18; Last Updated: Thu Mar 28 14:17:59 EDT 2024
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5.6 Frobenius’s Method

We consider L{y] = P(x)y” + Q(x)y’ + R(x)y = 0. Let xo be a regular singular point, and multiply both sides

(x=x0)?,
by G2,

Q(x)
P(x)

y+ [(x —x0)*] y =0
N————
=q(x)

(x — x0)*y” + (x — x0) |(x — Xo)

=p(x)

Recall that, by definition of a regular singular point, we have that p, g analytic at xp and so can be

represented as a local power series. We will seek a solution of the form
y(x) =[x = xo|" D an(x = x0)",
n=0

for some r € R with ag # 0. For convenience, and wlog (by linearity, scaling appropriately) we take ag = 1
by convention. Also for simplicity, we often assume that x > 0 so we do not have to work with the absolute

value.

After tedious computation, one can find that an appropriate such r must satisfy the indicial equation
F(ry=r(r=1)+rpo+q0o=0

where py, go the x° coefficients of p(x), g(x) resp.

From here, we can either 1) solve to find 7 (for which we need to do no more work than stare at p, g), plug

iny(x) =377 an(x —x0)"*" with appropriate r into our ODE and solve for a,, or 2) derive a general formula.

We find the general formula to be

=
|
i

B -1
 F(n+r)

-y ar[(k+7)pu—k + qu-k], VYVn>1
0

an

o~
Il

Remark 5.5. This is a “worst case” general form, where a,, depends on a,_1, ..., a1; we will generally find in examples

that much simplification occurs.

Remark 5.6. Remark that if F(r) = 0 has 2 real roots r1 < ro, we’ll be dividing by F(n + r2),n = 1,2,...; but
F(rp) =0 = Fm+r) # 0Vn > 1, so there is no division by zero problem. But this does give that if
rp —r1 = N €N, then the formula will break (division by zero) at ay. Similarly, if F(r) = 0 has repeated roots, r1 = 1,

we can only derive one formula this way.
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® Example 5.7
0=L[y] =4xy” +2y" +2y.

< Theorem 5.2: Frobenius
Let L[y] = (x — x0)>y” + (x — x0)p(x)y’ + g(x)y = 0 where x( a regular singular point, p, g both analytic
at xo, with p(x) = 277 o pn(x — x0)", q(x) = X3 gn(x — x0)", with p := min of the radii of convergence of
p,q. Let r1, 2 be the roots of

0=F(r)=r(r—1) + por + qo,

where r1 > ry if both real. Then, there exists a solution of the form

yi(x) = [x — xo|"

1+ > ay(r)(x - xo)"] :

n=1

with a,(r1) s.t. ap = 1,a, = —% Zz;é ap(r) [(k + 7)pn—k + qn-k], n > 1, with r = r;. We define a

second solution as follows:

(i) (nm—r#0andr —r ¢ Z)

ya(x) =[x — xo|"™

1+ > an(ra)(x - xo)"]

n=1

(ii) (r1 =r2)

y2(x) = y1(x) - In|x — xo| + |x — x0|™ - Z bu(x — x0)",

n=1

where b, :=a/,(r1),n > 1.

(iii) (rp —rp =: N € N)

y2(x) = ay1(x) In |x — xo| + [x — x0|™ -

1+ i cn(x — xo)”] ,

n=1

where a = lim,_,,,(r — r2)an(r) (possible zero) and

d a,(ry) a, well-defined
Cn = d_[(r - rZ)”n(’”)]lr:m =
r something else  otherwise

In each case, each series converges absolutely for |x — xg| < p, and y1, y» define a fundamental set of

solutions for x € (xg — p, x) and x € (xp, X0 + p).
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Remark 5.7. In practice, for cases (ii), (iii), it may be easier to manually find b, c, rather than that the derivative of a

recursive sequence.

< Lecture 19; Last Updated: Thu Mar 28 14:50:27 EDT 2024

Remark 5.8. Lecture cancelled this day because of a power outage or something.

< Lecture 20; Last Updated: Thu Mar 28 14:31:57 EDT 2024

< Lecture 21; Last Updated: Thu Mar 28 14:39:31 EDT 2024

6 LAPLACE TRANSFORMS

6.1 Definitions

< Definition 6.1: Laplace Transform

Let f : [0, 0) — R. The Laplace transform of f, denote F(s) or L{f ()}, is defined by

L{f(t)} = /oo e Stf(t)dt.

0

< Definition 6.2: Piecewise Continuous

A function f is piecewise continuous (pw cont) for t € [a, B] if [a, B] can be partitioned by a finite number
of points
a=tg<th <---<ty,=p

such that

(i) f continuous on each (t;,t11),
(ii) fort € (tj,tj+1), limt_,t], f(t) and limt_,t],+1 f(t) both exist, are finite.
In particular, limt_>t],+ f(t) does not necessarily have to equal limt_,tj— f(t).

We say f pw cont on [a, o0) if pw cont on [a, 8], V8 € (a, ).

< Definition 6.3: Exponential Order

We say a function f(t) of exponential order a (only specifying a if relevant) if 3 constants a, K, T such that

If(t)] < Ke™,Vt >T.

6.1 LaprLace TransrorMms: Definitions 56



< Theorem 6.1

Suppose f(t) pw cont on [0, o) and f has exponential order a. Then, L{f(t)} exists for s > a.

Proof. Remark that to show that limg_,c /05 g(t)dt exists, it suffices to show that limg_,e foﬁ |g(t)| dt exists

and is finite.

We have that, for some M > T in the definition of exponential order,

o) M o)
F(s):/0 e St f(t)dt = /O e Stf(t)dt +/ e StF(t)dt

M

finite, since f pw cont thus bounded

So, we need to show the RHS converges. Since M > T, we have that
/ et f(t)|dt < K / e Ste 1 dt
M M

:K/ooe(“_s)t dt
M

(a—s)M
= Ke

s—da

where the final line assumes that s > a.

® Example 6.1

- 7
S—a

a—=s

L{eat} — /ooe—steat dt = le(a_s)tl 1
0 0

valid for s > a. Remark that taking a = 0 gives us that L{1} = %, again assuming that s > 0.

— Proposition 6.1

LA{---} linear.

Proof. Indeed, we have for a, € R and f, g pw cont functions,

Liaf(t)+pg(t)}

/0 e af(t)+ Bg(t)] dt

* —st = —st
a/o e f(t)dT+ﬁ/0 e *lg(t)dt
aL{f(t)} +pL{g(t)}

6.1 LaprLace TransrorMms: Definitions
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Remark 6.1. This gives, moreover, that L{K} = KL{1} = % as before.

® Example 6.2

First, remark that e!” and tan  do not have Laplace transforms; the first is not of exponential order,
and the second is unbounded at its discontinuities and thus not pw cont (indeed, it is also, as a

result, not of exponential order).

Next, we compute some basic examples.

€2 —st | 00 0
L{t} = / te~s'dt = lte l —/ e St—sdt = 1/ e stdt = 11:{1} = lz
0 =5 Jo 0 s Jo S s

Remark too that for any ¢ > 0, t < e¢! for sufficiently large t; we say t not only of exponential

order, but of “exponential order 0”.

L{cos(wt)} :/ e cos(wt)dt = lle"” cos(a)t)] — 2/ e~ sin(wt) dt
0 5 o S5 Jo
— 1 @ g =" w = —st
=S5 “sm(a)t) =, + ?/0 e " cos(wt) dtl
s L{coswt) = 2 - L L{costwn)} — Licos(@h) =
coswt} = = = —Li{cos(w cos(w)} = Z—.

[

A similar computation gives L{sin(wt)} = Z{.

< Theorem 6.2: First Translation theorem
If L{f(t)} = F(s), k €R, then
L{"f(t)} = F(s - k).

Proof.

L{Mf(t)} = /0 me_Stektf(t)dt = é " gmlsh f(t)dt = F(s — k).

Remark 6.2. We often denote F(s —a) = L{f(t)}s—s—a

6.1 Laprrace TransrorMms: Definitions
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® Example 6.3

L{eat cos(wt)} = L{cos(wt)}s—s-a = 52-i7 Sy =

(s—a)?+w?

6.2 Solving Constant Coefficient Linear ODE IVP’s

< Theorem 6.3

Suppose f, f',..., f (=1) continuous on [0, 0) and f (n) pw cont on [0, o0) and all are of exponential order
a. Then, L{f")(t)} exists for s > a, and

=il

L@} = " L{F B} - D 5" D).

k=0

=

< Lecture 22; Last Updated: Tue Apr 9 09:35:29 EDT 2024

Proof. For n =1, suppose f’(t) has discontinuities at ¢1,...,t,-1 on [0, A] for some A > 0; let to :=0,t, = A.
Then

/Ae—stf’(t)dt = nf/tm e f/(t)dt
0 i=0 Y1

m—1 Fi
(integrate by parts) = Z [[e_”f(t)]:]:+1 + s/ ] e St F(t)dt
. j

j=0 tj
m—1 ; m—1 tis1
— —st j+1 . —st
= D L O +s Z/t et f(H)dt
j=0 j=0 <%
A
(both terms telescope”) :E_SAf(A)—f(O)-I‘S/ e Stf(t)dt
0

Remark in *, we use that f continuous on each (¢}, ¢j11), hence additivity applies.

Hence, for sufficiently large A, f being of exponential order gives us that
|€—sAf(A)| < e—sA . KeaA — Ke—A(s—a)/
which — 0 as A — oo, since s > a. Hence, taking A — oo, we find that the LHS of our original equation

— L{f'(t)}, and thus L{f'(t)} — f(0) +s fooo e stf(t)dt = sL{f(t)} — f(0) as A — oco. Hence, we have the
desired form for n = 1.
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For n = 2, we can simply use that f”(t) = $(f’(t)), namely

L{f"(H)} =sL{f'(t)} - f'(0) (by n =1 case applied to f'(t))
= s[sL{f(t)} — f(0)] - f'(0) (by n =1 case applied to f(t))
= s L{f()} - s£'(0) - £(0),

the desired form for n = 2; we explicitly computed these two cases as they are the ones we will encounter
most frequently in application.

For the general case, we proceed by induction. We already proved the base case n = 1, so suppose the
case for some 1,2,..., up to some n € N, ie L{fW} = s" L{f(t)} — 275 s" 17k f0)(0). Then, we have that

(under appropriate assumptions of exponential order, continuity, etc of f**1)

L{f(””)(t)} =sL{f"(t)} - f"(0) (by assumption, base case )

n-1
=s [s"L{f(t)} - Z s”_l_kf(k)(O) - f(”)(O) (by assumption, n case)
k=0
n-1
= s"L{f B} =5 D 5" FO0) - 0
k=0
(n+1)-1
— Sn+l.£{f(t)} _ Z S(n+1)—1kf(k)(0)
k=0
as desired; the inductive step is complete and thus the claim holds in general. ]

This theorem, combined with the linearity of £{...}, allows us to convert linear, constant coefficient
ODES to algebraic expressions, encoding initial values into the problem directly. To see this, consider the nth

order, constant coefficient, linear IVP

n

Lly] = Z ary®, y(0) = a1, v'(0) = az, - -y D(0) = a,
k=0

where a; constants with a,, # 0. We venture to solve L[y] = f(t). Letting F(s) = L{f(t)},Y(s) = L{y(t)},
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then applying £{.. .} to both sides of our ODE, we find

F(s) = L{f(1)} = LLLIYI®)} = £ ary™®}
k=0

= Z ar L{y®} (linearity)
k=0
n k-1
Zan skY (s) - sk_l_jy(j)(()) (by theorem 6.3)
k=0 j=0
n n k-1
[ ags| Y(s) - ) ax sk"l"jy(j)(O)
=0 k=0 j=0
-—P(S) =Q(s)
= F(s) = P(s)Y(s) + Q(s)
E(s)  QG)
= Y9756 " P

Remark that P(s) is a known (based on the ODE) polynomial in s of degree 1, and moreover, is precisely
the characteristic equation that we found when solving linear ODEs previously. Q(s) on the other hand is a

polynomial in s of degree n — 1, defined by the ICs of the problem.

This gives a clear method to find Y(s), that is, the Laplace transform of our solution; hence, we need to
“HY(s)}.

Complex analysis gives us that the inverse Laplace is given by the Bronwich Integral formula

somehow invert this to find y(t), ie y(t) = L

a+ioco

f6) = LHFO) = 5 / F(s)e*t ds.

)

We won't use this in practice, but rather make use of algebraic simplifications to bring our solution to a form
recognizable as the Laplace transform of a (linear combination) of “elementary” functions. To do so, we first

need the following proposition.
— Proposition 6.2

L7YF(s)} is linear.

Proof. Recall that £{...} linear, so

Liaf(t) +pg(t)} = aF(s) + BG(s)
= L7H{aF(s) +pG(s)} = af(t) + pg(t) = aLTHF(s)} + B - LTH{G(s)}-
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® Example 6.4: Computing £L71{...}

Consider F(s) = 53:1 =2(F)+ %(s22+ 7)- Then, one can observe that

2
s2 +4

s
s2 +4

1
= 2cos(2t) + 5 sin(2t).

LYF(s)} =2L7Y

b LM )

In essence, computing inverse Laplace is an exercise in algebraic manipulation and purposeful

staring.

® Example 6.5: Solving Second Order Linear ODE

We consider
Yy’ =3y +2y =¥, y(0)=1,y(0) = 5.

Taking L{. ..} of both sides:

L{y"} =3L{y'} +2L{y} = L{e™*}

= [52Y(5) = sy(0) ~ y/(0)] = 3[sY(5) = y(O)] +2Y(s) = ——
= (52—3s+2)l/(s)—s—5+3:Sj_4
1 1
- Y(s)zsz_3+2[s+4+s+2]
— Y(s) = 1 s+2

G-DGE-2G6+4)  G-1)E-2)

After applying “classical partial fractions theory”, one finds

_ p-1 __ 6.4, 1 25, 1 1.4, 1
y(H) = LB} = ~2 L=} + 2L 5} + 55 L)
16, 25,

1
= 5e+6e +%e

—4t

Remark 6.3. Many questions such as this end up with some kind of partial fractions to work out; as such, don’t bother

simplifying excessively to find a common denominator or anything like that.

Remark 6.4. We already know how to solve these problems; but one particular advantage of this method is the encoding
of the ICs. In the typical characteristic method technique, we needed to differentiate our entire solution in order ot set

the appropriate constants. Here, we never differentiated (explicitly).

® Example 6.6: First Order
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Consider y’ + y = sint, y(0) = 1. Taking the Laplace of both sides, we find

1

sY(s)—y(0)+Y(s) = 71

1 N 1
s+1 (s2+1)(s+1)

= Y(s) =

and after partial fractioning,

Y(s) = L L2 _1(5—1)_3/2 1( s )+1( 1 )

s+1 s+1 2\s2+1) s+1 2\s241) " 2\s2+41
3 4. 1 1.4, s 1., 1
t) == — = Z
= y) Z'E {s+1} ZL {52+1}+2£ {52+1}
3, 1 1.
= y(t) = >e 2cost‘+2smt
6.3 Discontinuous Functions
< Definition 6.4: Unit Step Function
The function given by
t<a
Ut —a):=
1 t>a

< Theorem 6.4: Second Translation Theorem

If F(s) = L{f(t)}, then for a > 0,

L{U(t —a)f(t —a)} = e F(s).

Proof.

=1
L{ﬂ(t—a)f(t—a)}:/Oue_St‘L[(t—a)f(t—a)dt+/me_5t‘u(t—a)f(t—a)dt
=0
=/me_5tf(t—a)dt (w:=1t-a)
:/Ooe"(“+w)sf(w)dw

0

=e” /o e f(w)dw = e " F(s)
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— Corollary 6.1
L{UE-a)} = 5

as
s

Proof. L{U(t —a)-1} = e L{1} = ¢=, where we use the previous theorem at =. |

< Lecture 23; Last Updated: Tue Apr 2 12:16:34 EDT 2024

® Example 6.7

0 0Lt<m

vy +y=f(t)= , y(0) = 2. We can rewrite f(t) = U(t — m)g(t —n) = 3U(t -
3cost t>m
1) cos(t), remarking that g(t) = 3cos(t + ) = =3 cos(t), and so using the translation theorem we
have
SY(s) = 1(0) + Y(5) = (s + 1)Y(s) — 2 = 3L{U(t - 7) cos(t)} = —3521 T
2 s
Y(s)=—— -3 ™ —————.
= Y() s+1 3¢ (s2+1)(s+1)

Now, we proceed as normal, ignore the exponential for now. We find that

S _—1/2+1 s +1 1
(s2+1)(s+1) s+1 2s2+1 2s2+1’

and so, applying the translation theorem in reverse,

12 1 s 1 1

t)=2e~t 3L e i 4=
y(£) ¢ L e s+1 25241 2s2+1

}

=2+ g(LI(t — 1) [e_(t_”) + cos(t) + sin(t)] .

Remark that, as the ODE was discontinuous att = 7w with ajump of [lim;_,+ f(t) — lim¢—- f(t)| = 3;
we can show (1) y(t) is continuous and (2) y’(¢) is discontinuous at precisely t = = with the same

jump; this occurs generally.

6.4 Derivatives of Transforms

— Proposition 6.3

L{f(1)} = ()" LI}

Proof. Follows from easy induction. u
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® Example 6.8

Show that the Laplace transform of the Euler equation at?y” + bty’ + cy = 0 is itself an Euler

equation.

6.5 Transforms of Integrals
< Definition 6.5: Convolution

(f*9)(t) = [ f(D)g(t —)dx.

® Example 6.9

t
el xsint :/ etsin(t — 7)drt
0
=...—sint+e' —cost —e’ *sint

to oo 1o
= e *51nt:§[e —sint — cost].

< Theorem 6.5: Convolution Theorem

If f, g pw-cont on [0, o) and are of exponential order, then

L{f =g} = L{f(O)}L{g()} = F(s)G(s).

Proof. We should but won’t show that the Laplace of f, g existing implies that the Laplace of their convolution

exists, but won't.

o) t
L{f+g}= é é F)g(t - e dt

_ Aw[mf(T)g(t _1)e~ dt dr

:/ f(T)e"ST/ g(t —1)e™st=Ddtdr
0 T

(w:=t-1) = /0 f(r)e™®" dT/O g(w)e ¥ dw
= L{f}L{g}
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— Corollary 6.2
LTHF(s)G(s)} = f*g.

— Proposition 6.4

For f, g, h functions and «, § scalars,

(i) (f*g)t) = (g*f)t)
(i) ((af =Bg)*h)(t) = a(f = h)(t) + B(g * h)(t)
(iii) 0% g =0

(iv) (Id =+ g)(t) # g(t)

® Example 6.10

Show that L{Vt} = 25@/2

® Example 6.11

ShOW that .£_1 { m

} without using partial fractions.

6.6 Dirac Delta Function

< Definition 6.6: Dirac Delta

t #to

0
Denote 6(t — tg) = , in such a way that for any ¢ > 0, ft

unbounded t =ty

f_ O; f(t)o(t —to)dt = f(to). Ie, 6(t — to) “picks out” the function’s value at ty.

In particular, letting f(¢) = 1, we see that

g 0
/ O0(s —tg)ds = .
0 1 t>t

Remark 6.5. This is not a very rigorous definition. Sorry.

6.6 LaprLace TransrorMms: Dirac Delta Function
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to+e€
0—¢&

5(t — to)f(H)dt =

66



< Theorem 6.6

For tg > 0, L{5(t — to)} = e 5%,
Proof. L{5(t—to)} = [~ e75'6(t — to) dt = e~h n

— Corollary 6.3
L{6(t)} =1

6.7 Convolutions, Green’s Function

Recall that we can write L[y] = >}/_, ary®(t) = f(t) (with IVPs) as P(s)Y(s) — Q(s) = F(s), where P(s) =

Yio arsk, Y(s) = L{y(t)}, F(s) = L{f(t)}, and Q(s) of degree n — 1 and dependent on the ICs. Letting

G(s) == 5, then, we can rewrite this as
P(s)

y(t) = L7HEE)G(s)) + L—l{%}.

deg(Q) < deg(P) so we can find the RHS of this using typical partial fractions techniques, and we can solve
the LHS using the convolution theorem, namely £71{F(s)G(s)} = (f * )(t).

< Definition 6.7: Green’s function

The function g(t) that solves L[g(t)] = 6(t) with IC g(0) = g’(0) = --- = ¢g"~1(0) is called the Green’s

function of L.

< Theorem 6.7

Let g(t) be the Green’s function of L. Then, L[g(t)] = G(s) = %

Proof. L[g] = 8(t) = P(5)G(s) - Q(s) =1 = P(s)G(s) = 1. n

® Example 6.12
Find an expression for y(t) with respect to a convolution integral and Q(s)/P(s) for the ODE

y// + wa — f(t),

for arbitrary y(0) = aop, ¥’(0) = a1, and then when ap = a1 = 0.
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6.8 Transforms of Periodic Functions

< Definition 6.8: Periodic function

We say a function f(t) is periodic of period T if f(t) = f(t + T) for some minimal T > 0 for all f > 0.

Remark 6.6. This definition excludes the constant function as a periodic (why?).

<~ Theorem 6.8

Let f-periodic of period T and pw-cont on [0, o). Then,

T
L)) = — é et F() dt

1—e=sT

Proof. Straightforward computation (hint: split up the integral in £{f(t)} into two integrals with T as the

upper, lower limits resp.).

® Example 6.13
Find the Laplace transform of f(t) .= }7"_,(—=1)"U(t — n) (remarking that f periodic with T = 2)

using the previous theorem. Then find it using the linearity of f.

® Example 6.14: Cursed

We consider y” +y’ +y = f(t) = 6(t — 1) + U(t — 2)e~*~2) with y(0) = 0, y’(0) = 1. Taking the
Laplace of both sides

s2Y(s) = sy(0) — ' (0)+sY(s) — y(0) + Y(s) = e™* + e L{e™"}

Y 2 N=1=¢° —2s
= Y(s)(s“+s+1) e +e (—S+1)
1

+e L +e® L
s2+s+1 s2+s+1 (s2+s+1)(s+1)

—S

= Y(s) =
Unlike other examples, s? + s + 1 not reducible (over R) so we have some difficulties. Completing
the square, we find s> +s +1 = (s + %)2 + %, and so

1 1 1 1
245+l (s+12+3 (PAs+DE+D) (5+L2+ s +1)
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Using partial fractions on the second expression,

1 As + B C

(52+s+1)(s+1)_52+s+1+s+1
— 1=(As+B)s+1)+C(s®>+s+1)
s=-1] 1=C
2] 0=A+4C = A=-1
%17 1=B+C = B=0

Bring all the “simplifications” together, we have

=S

(R 1 g =8 1
(s+3)2+3 (s+3)2+3 (s+302+3 s+l

Y(s) =

For the first term, we need to use the first translation theorem, and for the other two we need to use

both the first and second theorems.

1 -2 v5/2 )Li{;} 2 112t gy ﬁt
(s+1/22+3/4 3 (s +1/2)?+3/4 V3 >
s 1 L) 1.2 \/5/2
v N V) S U
LY

57 _1)%6-1/20-1) Sin(?(t —1))

< Lecture 25; Last Updated: Sun Apr 7 09:28:47 EDT 2024

Remark 6.7. In-class review; final lecture. Good luck!

< Lecture 26; Last Updated: Tue Apr 9 15:17:08 EDT 2024
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