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1 INTRODUCTION

1.1 Metric Spaces

< Definition 1.1: Metric Space

A set X is a metric space with distance d if

1. (symmetric) d(x,y) =d(y,x) > 0
2.dx,y)=0 & x=y

3. (triangle inequality) d(x, y) + d(y, z) > d(x, z)

Remark 1.1. If 1., 3. are satisfied but not 2., d can be called a “pseudo-distance”.

< Definition 1.2: Open Metric Space
Let (X, d) be a metric space. A subset A C X isopen &= Vx € A, 3r =r(x) > 0s.t. B(x,r(x)) C A.

< Definition 1.3: Normed Space

Let X be a vector space over R. The norm on X, denoted ||x|| € R, is a function that satisfies

1. ||x]| =0

2. ||x]]=0 & x=0
3. |l x| = le] - Ix]|

4. [lx + yll < ][+ [lyll

If X is a normed vector space over R, we can define a distance d on X by d(x, y) = ||x — y||.

—Proposition 1.1

If X is a normed vector space over R, a distance d on X by d(x, y) = ||x — y|| makes (X, d) a metric space.

Proof. 1. d(x,y) =[x -yl >0
2.dx,y)=0 = |[lx-y||=0 = x-y=0 = x=y

3. d(x,y)+d(y,z) = llx —yll + [ly = zll > ll(x —y) + (y = 2)|| = ||x — z[| := d(x, z)
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® Example 1.1: L distance in R"

Letx € R",x = (x1,x2,...,%,). The LP norm is defined
1
1x[ly == ([P + [xc2P + - - - + |2 |P)?.

In the case p = 2,1 = 2, we simply have the standard Euclidean distance over R2.

Unit Balls: consider when ||x||, < 1, over R%.

* p=1:|x1|+ |x2| < 1; this forms a “diamond ball” in the plane.

e p=2:4 |x1)* + |x2)* < 1; this forms a circle of radius 1. Clearly, this surrounds a larger area
thaninp = 2.

A natural question that follows is what happens as p — c0? Assuming |x1| > |xa]:
p P\
xllp = (Ix1]P + |x2|P)?

p)l_

1

X2 P\7

X1
g . 1
If |x1| > |x2[, this goes to |x1|. If they are instead equal, then [[|x|[, = |x1] - 2F — |x1] - 1 as well.

Hence, lim, e ||x||, = max{|x1], |x2|}. Thus, the unit ball will approach max{|x1|,|x2|} < 1, that
is, the unit square.

g

X2

= [|x1|p (1 +
X

1

= |X1| (1 TF

—Proposition 1.2

Let x € R". Then, ||x[|, — max{|x1],...,[xs|} as p — oo.

Remark 1.2. This is an extension of the previous example to arbitrary real space; the proof follows nearly identically.

< Definition 1.4: Convex Set

Let X be a normed space, and take x, y € X. The line segment from x to y is the set
{t-x+(1-t)-y:0<t <1}
Let A € X. Ais convex <= Vx,y € A, we have that

(t-x+(1-t)-y) e AVOSt<1.
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Figure 1: Regions of R? where ||x| |, < 1 for various values of p.

Figure 2: Convex (left) versus not convex (right) sets.

Remark 1.3. Think of this as saying “a set is convex iff every point on a line segment connected any two points is in
the set”.

< Definition 1.5: €P

The space ¢, of sequences is defined as
(o¢)
{x=(x1,%2,...,%n,...): Z |x,|P < 400} %,
n=1

1
Then, * defines the ¢¥ norm on the space of sequences; that is, ||x||, := (X [x.|")".
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® Example 1.2: {,, x;, = L

n

. Let x, = 1. For which p is x € £,? We have, raising the norm to the power of p for ease:

Il = al? + Jal? + - + eyl + -

1 p
=1P+(E) +.- <00 & p>1
In the case that p = 1, this becomes a harmonic sum, which diverges.

® Example 1.3: L” space of functions

Let f(x) be a continuous function. We define the norm of f over an interval [a, b]

11l = llblf(x)lpdxl%.

Remark 1.4. Triangle inequality for ||x||, or || f||, is called Minkowski inequality; ||x||, + |lyll, > ||x + yl|,. This
will be discussed further.

® Example 1.4: Distances between sets in R?

Let A, B be bounded, closed, “nice” sets in R2. We define
d(A, B) := Area(AAB),
where
AAB:(A\B)U(B\A)=(AUB)\ (ANB).
It can be shown that this is a “valid” distance.

Remark 1.5. A denotes the “symmetric difference” of two sets.

® Example 1.5: p-adic distance

Let p be a prime number. Let x = § € Q, and write x = pk - (£) , where ¢, d are not divisible by p.

Then, the p-adic norm is defined ||x||, := p‘k. It can be shown that this is a norm.
Suppose p =2, x =28 =47 =22.7. Then, |28, = 272 = 1; similarly, ||1024]]> = ||21°]|, = 271°.

More generally, we have that [|2¥||, = 27F; coversely, ||27%|| = 2F. That is, the closer to 0, the

larger the distance, and vice versa, contrary to our notion of Euclidean distance.

—Proposition 1.3

l|x||, as defined above is a well-defined norm over Q.

1.1 InTrRODUCTION: Metric Spaces 6



Proof. Left as a (homework) exercise. [ ]

2 PoiNT-SET TOPOLOGY

2.1 Definitions

< Definition 2.1: Topological space
A set X is a topological space if we have a collection of subsets T of X called open sets s.t.
l. oer,Xerx
2. Consider {A,}qec1 where A, an open set for any a; then, | J,c; Aa € 7, that is, it is also an open set.

3. If ] is a finite set, and Ap open for all B € ], then () Ap € 7 is also open.

In other words, 2.: arbitrary unions of open sets are open, and 3.: finite intersections of open sets are

open.

< Definition 2.2: Closed sets

Closed sets are complements of open sets; hence, axioms for closed sets follow appropriately;
1.* X, @ closed;
2* Byclosed Va € I = (), Ba closed.

3.* Bgclosed VB e, ] finite, then Uﬁe] Bg also closed.

< Lecture 01; Last Updated: Tue Apr 9 14:45:17 EDT 2024
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< Definition 2.3: Equivalence of Metrics
Suppose we have a metric space X with two distances d1, d»; will these necessarily admit the same

topology?

A sufficient condition is that, if Vx # y € X, 31 < C < +oos.t.

1 dl(x/y)

— < <C.
C  dix,y)

That is, the distances are equivalent, up to multiplication by a constant.

Indeed, this condition gives that d, < Cdy and d; > % ; this gives
r
Bdl(x, E) - de(x, 1’) Cc Bdl(x, C- 1’).

Hence, di,d> define the same open/closed sets on X thus admitting the same topologies. We write
dl = dz.

Remark 2.1. If di < d and dy =< d3, then also di < dz. Moreover, clearly, di < d1 and d1 < dy = dy =< dy, hence
this is a well-defined equivalence relation.

Hence, its enough to show that V1 < p < +oo, we have ||x||, < ||x||co to show that any ||x||; norm are equivalent
forall g on R".

< Definition 2.4: Interior, Boundary of a Topological Set

Let X be a topological space, A C X and let x € X. We have the following possibilities

1. U-open: x € U C A. In this case, we say x € the interior of A, denoted
x € Int(A).
2. IV-open: x € V C X \ A = A®. In this case, we write
x € Int(A°).
3. VU-open: x e U,UNA# @ AND U N A® # @. In this case, we say x is in the boundary of A, and

denote
x € JA.

< Definition 2.5: Closure

x € Int(A) or x € JA (thatis, x € Int(A) UJdA) <= every open set U that contains x intersects A.'Such
points are called limit points of A. The set of all limits points of A is called the closure of A, denoted A.

2.1 Point-Ser ToroLogy: Definitions 8



Remark 2.2. We have that B
Int(A) C A C A =1Int(A) UJA.

—Proposition 2.1: Properties of Int(A)

Int(A) is open, and it is the largest open set contained in A. It is the union of all U-open s.t. U C A.

Moreover, we have that
Int(Int(A)) = Int(A).

<Proposition 2.2: Properties of A

A is closed; A is the smallest closed set that contains A, that is, A = (1 B where B closed and A C B. We
have too that

—Proposition 2.3

1. Aisopen &= A =Int(A)

2. Aisclosed = A=A

2.2 Basis

< Definition 2.6: Basis for a Toplogy
Let 7 be a topology on X. Let 8 C 7 be a collection of open sets in X such that every open set is a union

of open sets in 8.

® Example 2.1: Example Basis

X =R, and B = {all open intervals (a,b) : —c0 < a <b < +oo}.
—Proposition 2.4
Let 8 be a collection of open sets in X. Then, 8 is a basis <=

1. Vx € X,3U-open € Bs.t. x € U.

2. IfU; e Band Uy € B,and x € U; N Uy, then U3 € Bs.t. x € Uz € U; N Us.

1“Requires” proof.
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® Example 2.2

Consider X = R. Requirement 1. follows from taking U = (x —¢, x+ ¢) for any ¢ > 0. For 2., suppose
x € (a,b)N(c,d) =: Uy N Uyp. Let Uz = (max{a, c}, min{b,d}); then, we have that U3 C Uy N Uy,
while clearly x € Us.

—Proposition 2.5

In a metric space, a basis for a topology is a collection of open balls,

{B(x,r):xeX,r>0}={{yeX:dx,y)<r}:xeX,r >0}
Proof. We prove via proposition 2.4. Property 1. holds clearly; x € B(x, ¢)-open C 8.
For property 2., let x € B(y1,r1) N B(y2, r2), thatis, d(x, y1) < r1 and d(x, y2) < r2. Let
6 :=min{ry —d(x,y1),r2 — d(x, y2)}.

We claim that B(x, 0) C Uj N U,.
Let z € B(x, 6). Then,

A%
d(z,y1) < d(z,x)+d(x,y1) <6 +d(x, 1) <r—d(x,y1) +d(x,y1) =r,

hence, as d(z,y1) < r1 = z € B(y1,r1) = U;. Replacing each occurrence of y;, 1 with y, 2 respectively
gives identically that z € B(y, 2) = Up. Hence, we have that B(x, ) € U; N U and 2. holds. [ |

2.3 Subspaces

— Definition 2.7

Let X be a topological space and let Y C X. We define the subspace topology on Y:

1. Opensetsin Y = {Y N open sets in X}

—Proposition 2.6: Consequences of Subspace Topologies

Suppose B is a basis for a topology in X. Then, {U NY : U € B} forms a basis for the subspace Y C X.

Suppose X a metric space. Then, Y is also a metric space, with the same distance.

—Proposition 2.7
Let Y C X- a metric space. Then, the metric space topology for (Y, d) is the same as the subspace

topology.

2.3 Point-Ser ToroLogy: Subspaces 10



Proof. (Sketch) A basis for the open sets in X can be written (J,¢; B(x,, 7o); hence

Y 0 ((JBxa, 7)) = [_J(Y N B(xa, 7))

ael ael

is an open set topology for Y. ]

~— Lemma 2.1

Let A € X-open, B C A; B-open in subspace topology for A <= B-open in X.

— Lemma 2.2

LetY CX,ACY.Then, AinY = Y N A in X. We can denote this

Zy =ZxﬂY.

2.4 Continuous Functions

< Definition 2.8: Continuous Function

Let X, Y be topological spaces. Let f : X — Y. f is continuous <= V openV €Y, f7}(V)-open in X.

—Proposition 2.8

This definition is consistent with the normal ¢-6 definition on the real line.

Proof. Let f : R — R, continuous; thatis, Ve >0, Vx € R36 > 0s.t. |x; — x| <0, then |f(x1) — f(x)| < €.

Let V C Ropen. Lety € V. Then, 3¢ : (y — ¢,y +¢) C V. Lety = f(x), hence y € f~1(V). Now, if
d(x, x1) < 6, we have that d(f(x1), f(x)) < € (by continuity of f), hence f(x1) € (y — ¢,y + €) € V; moreover,
(x = 6,x+06) C f-1(V), thus f1(V) is open as required.

The inverse of this proof follows identically. [

< Lecture 02; Last Updated: Tue Apr 9 21:38:10 EDT 2024

—Proposition 2.9

Suppose B forms a basis of topology for Y. Then, f : X — Y is continuous if f~(U) open YU € B.

Proof. 1If U-open set in Y, then 3-index set and a collection of open sets {Ay}per, Ax € B, s.t. U = UperAg.
Then, we have

f_l(u) = f_l(UaEI(Aa)) = Ugerl f_l(Aa)
—_——

2.4 Point-Ser TororLoGy: Continuous Functions 11



Hence, if each f~1(A,) open, then U,e f ~1(A,) open; hence it suffices to check if f~1(U)V U-openin V is open
to see if f continuous. m

< Theorem 2.1: Continuity of Composition

If f: X — Y continuous and g : Y — Z continuous, then g o f continuous as well.

Proof. Let U-openin Z. Then

(geo W) =g ' (U))

———
openinY
———
open in X
|
—Proposition 2.10
If f : X —> Y continuous and A C X, A has subspace topology, then f|4 : A — Y is also continuous.”
Proof. Let U-openin Y. Then
fl' W) = un_A
—_— ——
open open
By the definition of subspace topology, this is an open set and hence f|4 is continuous. |

2.5 Product Spaces

< Definition 2.9: Finite Product Spaces

Let Xj, ..., X, be topological spaces. We define
(X1XX2X"'XXn),
and aim to define a product topology; a basis of which consists of cylinder sets.

< Definition 2.10: Cylinder Set

A cylinder set has the form
Al XAy X+ XA,

where each Aj-open in X;.

2We denote f|4 as the restriction of the domain of f to A.

2.5 Point-Ser Tororogy: Product Spaces 12



® Example 2.3

Given an open interval (a1, b1), (a2, b2) C R, the set (a1, b1) X (a2, b2) C R? is a basis for the topology

on R2.
< Definition 2.11: Projection
Let X1 X Xp X - -+ X;; =: X. The projection 7; : X — X; maps (x1,...,X,) = xj € Xj.

Remark 2.3. One can show us continuous.

< Definition 2.12: Coordinate Function

Given a function f : Y — X1 X - X, = (x1(y), x2(v), . . ., xu(v)). The coordinate function is

fi=mjof; fi=xj(y).

—Proposition 2.11

f:Y > X=X; XXX, continuous < f;:Y — X; continuous.

Proof. Tts enough to show that ¥ U € B-basis for X-product space, f~}(U)-openin Y. Take U = Ay X - -+ A,-
open. Then, we claim that

AU = fH A X xAn) = fTHADN T A) N0 f7 (AL, *

If this holds, then as each f; continuous (being a composition of continuous functions) and each A; open in
X;, then each fl._1 (A;) openin Y and hence *, being the finite intersection of open sets in Y, is itself openin Y.

2.5 Point-Ser Tororogy: Product Spaces 13



® Example 2.4: Fourier Transform: Motivation for Infinite Product Toplogies

Let f € C([0,2m]) is real-valued. We write the nth Fourier coefficients

1 27

27 0
1 21 21

=5 ; f(x)cos(nx)dx—iﬂ i f(x)sin(nx)dx.

f(n) = f(x)e_i”x dx

And the Fourier transform of f as the infinite product

f@ e o flon), fen+ 1), fD, £O), FQ), - f), ) € | [©n

nez

Hence, this is an (countably, as indexed by integers) infinite product space.

Now, let f : R — R. Suppose f(x) — 0 “fast enough” as |x| — oo and f continuous. Then, we

can define the Fourier coefficients

fr=5- [ feeax,

where t € R. We then have the transform

£ {f(O)}ter.

In this case, our index set is R is (uncountably) infinite.

< Definition 2.13: Product Topology/Cylinder Sets for co Products

Let X = [[,¢1 Xa- Then, a basis for X is given by cylinder sets of the form A = [],¢; Ay where A,-open
in X,, AND A, = X, except for finitely many indices a.

That is, there exists a finite set | = (a1,..., ax) C I, such that we can write A = Hae] A, X Hasé] Xa

(where A, open in X,).

—Proposition 2.12

Given f : Y — [[,e1 Xo = X, then (taking f, = 7, o f as before) we have that f is continuous in X <=

fa 1Y = X, continuous in X, Va € I.

Remark 2.4. Extension of proposition 2.11 to infinite product space.

2.5 Point-Ser Tororogy: Product Spaces
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Proof. Write U = Hae] Ay X ]_[a(ﬂ Xg4. Then,

£y =) A

ae]

which is open in Y, hence f continuous. |

Remark 2.5. The intersection of the entire spaces give no restriction.

< Lecture 03; Last Updated: Fri Jan 19 11:49:27 EST 2024

2.6 Metrizability

—Proposition 2.13

Different metrics can define the same topology.

® Example 2.5
1. Different £, metrics in R" (PSET 1)

2. Let (X, d) be a metric space. Then,

is also a metric (the first two axioms are trivial), and defines the same topology. Note, moreover,
that El(x, y) < 1Vx,y; this distance is bounded, and can often be more convenient to work

with in particular contexts.

< Question 2.1

Suppose (X, dx) are metric spaces V k > 1. Then, we can define the product topology 7 on

X = ﬁXk.

k=1

Does the product topology T come from a metric? That is, is T metrizable?

Remark 2.6. There do indeed exist examples of non-metrizable topological spaces; this question is indeed well-founded.

Answer. Let x = (x1,%2,...,Xn,...), ¥y = W1, Y2, -, Yn,--.) € [112; (Where x;, y; € X;) be infinite sequences
of elements. Then, for each metric space X take the metric

dr(xk, i)

(¥ Y0 = T e o0

2.6 Point-Ser ToroLoGy: Metrizability 15



(as in the example above). Then, we define

o0

D(x,y) = Z dk(xk;yk)’

k
k=1 2

noting that D(x,y) < X4 %k = 1 (by our construction, “normalizing” each metric), hence this is a valid,

converging metric (which wouldn’t otherwise be guaranteed if we didn’t normalize the metrics). It remains to
show whether this metric omits the same topology as . |

2.7 Compactness, Connectedness

< Definition 2.14: Compact

A set A in a topological space is said to be compact if every cover has a finite subcover. That is, if

AC U U, — open,

ael

then 3{a1,...,a, € I} such that A € J; Ug,.

—Proposition 2.14

A closed interval [a, b] is compact.

Proof. If> a = b, this is clear. Suppose a < b, and let [a,b] € ;c; Ui =t U be an arbitrary cover. Then, we
proceed in the following steps:

1. Claim: Given x € [a,b],x # b, Jy € [a,]] s.t. [x, y] has a finite subcover.

Let x € [a,b], x # b. Then, U, € U : x € U,. Since U, open, and x # b, we further have that
dc € [a,b] s.t. [x,c) C U,.

Now, let y € (x, ¢); then, the interval [x, y] C [x,c) C U,, thatis, [x, y] has a finite subcover.
2. Define C := {y € [a,b] : y > a,[a, y] has a finite subcover}. We note that

e C # @; taking x = a in Step 1. above, we have that 3y € [a, b] such that [a, y] has a finite step cover,
so this y € C.
¢ C bounded; by construction, Vy € C,a <y < c.
Thus, we can validly define ¢ := sup C, noting that a < ¢ < b. Ultimately, we wish to prove that c = b,
completing the proof that [a, b] has a finite subcover.
3. Claim: c € C.
Let Ug € U : c € Ug. Then, by the openness of Uy, 3d € [a,b] s.t. (d,c] C Up.

3This proof is adapted from that of Theorem 27.1 in Munkre’s Topology, an identical theorem but applied to more general ordered
topologies.

2.7 Point-Ser ToroLogy: Compactness, Connectedness 16



Supposing ¢ ¢ C, then 3z € C such that z € (d, c); if one did not exist, then this would imply that d was
a smaller upper bound that ¢, a contradiction. Thus, [z, c] € (d, c] € Up.

Moreover, we have that, given z € C, [a, z] has a finite subcover; call it U, € U. This gives, then:
la,c]=[a,z]U][z,c] €U, U Ug.

But this is a finite subcover of [4, c], contradicting the fact that ¢ ¢ C. We conclude, then, that c € C
after all.

4. Claim: ¢ = b.

Suppose not; then, since we have ¢ < b, then assume c < b. Then, applying Step 1. with x = ¢ (which
we can do, by our assumption of ¢ # b!), then we have that 3y > c s.t. [c, y] has a finite subcover, call
this U, € U.

Moreover, we had ¢ € C, hence [a, c] has a finite subcover, call this U, C U.

Then, this gives us that
la,y] =[a,c]U[c,y] cU. LU,

that is, [, y] has a finite subcover, and so y € C. But recall that y > c; hence, this a contradiction to ¢
being the least upper bound of C. We conclude that ¢ = b, and thus [4, b] has a finite subcover, and is
thus compact.

Remark 2.7. A similar proof shows that [a, b] is connected; we cannot cover it by two disjoint open sets.

< Theorem 2.2: On Compactness

Let A C R". Then, A compact &= A closed and bounded.

—Proposition 2.15

If X,Y are compact topological spaces, then X X Y is compact.

Remark 2.8. By induction, if X1, ..., X, compact, so is []}_; Xi.

—Proposition 2.16

A closed subset of a compact topological space is compact in the subspace topology.

Proof. (Of theorem 2.2)

(&)If A C R" closed and bounded, then A C [-R, +R]" for some R > 0 (it is contained in some “n-cube”).
Then, we have that [-R, R] is compact, by proposition 2.14, proposition 2.15, and proposition 2.16, A itself
compact.

( = ) Suppose A C R" is compact. Then, J,c4 B(x, ¢) for some ¢ > 0 is an open cover of A. As A
compact, there must exist a finite subcover of this cover, A C Uﬁ 1 B(xi, ri). LetR := max?i {(lxill + 7;). Then,

A C B(0, R), that is, A is bounded.
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Now, suppose x is a limit point of A. Then, any neighborhood of x contains a point in A, so Vr >
0,B(x,r)N A # @, and so B(x, r) also contains a point of A for any r > 0.

Now, suppose x ¢ A (looking for a contradiction). Then,

U := U U, = U(R” \ B(x, 7)) = R" \ {x}

r>0 r>0

is an open cover for the set A. A being compact implies that U has an finite subcover such that A C
u, v, u---ul,,. Letrg = minf.\i 1 1i- Then, A € U,,, and AN B(x, rg) = @; but this is a contradiction to the
definition of a limit point, hence any limit point x is contained in A and A is thus closed by definition. |

—Proposition 2.17

Compact = sequentially compact; that is, every sequence in a compact set has a convergent subse-

quence.

< Lecture 04; Last Updated: Tue Apr 9 14:45:17 EDT 2024

< Definition 2.15: Connected

A topological space X is not connected if X = U U V for two open, nonempty, disjoint sets U, V.
If this does not hold, X is said to be connected.

A set A C X is not connected if A is not connected in the subspace topology &= A =C U UV, for
U,V-openinX, UNA)#2,(VNA)#ZandUNV = 2.

— Theorem 2.3

Let X be a connected topological space. Let f : X — Y be a continuous function. Then, f(X) is also

connected.

Proof. Suppose, seeking a contradiction, that X is connected, but f(X) is not. Then, we can write f(X) C Y as
f(X)cUuV,suchthatU,V openinY and U NV = @. Then,

U FX)N (VN FX) = 2.

We also have that
Xc iy v fYWv)
—— N——
openin X,# @ openinX,# @

F~HU)N fY(V) = @ (that s, they are disjoint) by our assumption; this is a contradiction to the connectedness
of X, as we are able to write it as a subset of two disjoint open sets. Hence, f(X) is indeed connected. |
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< Lemma 2.3

Any interval (a,b), [a,b], [a,b), ..., S R is connected.

Proof. n

< Theorem 2.4: “Intermediate Value Theorem”

Suppose X is connected and f : X — R is a continuous function. Then, f takes intermediate values.

More precisely, let a = f(x),b = f(y) for x,y € X. Assume a < b. Then, Va < ¢ < b, 3z €
X st f(z)=c.

Proof. Suppose, seeking a contradiction, that 3c : a2 < ¢ < b s.t. ¢ ¢ f(X) (that is, there exists an intermediate
value that is “not reached” by the function).

Let U = (—o0,c) and V = (¢, +0); note that these are disjoint open sets. Then, we have that
X=fuu v,

by our assumption of ¢ ¢ f(X). But this gives that X is not connected, as the union of two open (by
continuity), disjoint, nonempty (f(x) =a € U = x € f}(U),and f(y) =b eV = y e f1(V))sets, a
contradiction. m

< Theorem 2.5

Suppose X is compact, Y-topological space, f : X — Y is a continuous function. Then, f(X) is also

compact.

Proof. Let {U,}qaer be an open cover of f(X) C Y, that s,

f(X) c U U, — Xc f_l(U U,) = Uf_l(ua) =: U Vi — open.

ael ael ael ael

Then, this is an open cover of X; X is compact, thus there exists a finite subcover, thatis, indices {a1, ..., a,} C
I such that X = |Ji_, Vy,. Thus,

£(X) U Uy,
i=1

which is a finite subcover of f(X). Thus, f(X) is compact. [

Remark 2.9. Recall the “extreme value theorem”: let f : [a,b] — R a continuous function; then, a minimum and
maximum is obtained for f(x) on this interval for values in this interval.
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< Theorem 2.6

Let X compact, and f : X — R a continuous function. Then,

r}rclea%f(x) and r){éi)rgf(x)

are both attained.

Proof. f(X) € R is compact by theorem 2.5, and so by theorem 2.2, f(X) is closed and bounded. Let, then,
m = inf f(X) and M = sup f(X); these necessarily exist, since f(X) is bounded. Both m and M are limit
points of f(X). But f(X) is closed, and hence contains all of its limit points, and thus m € f(X)and M € f(X),
and thus 3y, : f(yn) =mand ym : f(ym) = M. |

< Definition 2.16: Path Connected
A set A C X is called path connected if Vx,y € A, 3f : [a,b] — X, continuous, s.t. f(a) = x, f(b) =y
and f([a,b]) € A.

The set {f(t) : a <t < b} is called a path from x to y.

< Theorem 2.7: Path connected — connected

If A C X is path connected, then A is connected.

Proof. Suppose, seeking a contradiction, that A is path connected, but not connected. Then, we can write
A c U UV, for open, disjoint, nonempty subsets U, V C X.

LetxeUNAandy € VNA. Then, 3f : [a,b] = As.t. f(a) =x, f(b) =y, and f([a,b]) C A, by the path
connectedness of A. Then,

[a,b] C FHA)C FFAUNA) U (VNA)= U U U,
open open ae be

that is, [a, b] is contained in a union of open, nonempty, disjoint sets, contradicting [a, b] the connectedness
of [a, b] by lemma 2.3. Thus, A is connected. [

Remark 2.10. A counterexample to the opposite side of the implication is the Topologist’s sine curve, the set
. (1
{(x, sin (;)) :x € (0,1]yu{0} x[-1,1].
This set is connected in R?, but is not path connected.

—Proposition 2.18

For open sets in R”, path connected <= connected.

< Lecture 05; Last Updated: Sun Feb 4 22:28:52 EST 2024
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2.8 Path Components, Connected Components

Remark 2.11. Remark that if a metric space X is not connected, then we can write X = U UV where U,V are open,
nonempty and disjoint. It follows, then, that U = V< (and vice versa) and hence U,V are both open and closed.

< Definition 2.17: Connected Component

A connected component of x € X is the largest connected subset of X that contains x.

® Example 2.6
Let X = (0,1) U (1,2). Here, we have two connected components, (0, 1) and (1, 2)

® Example 2.7: Middle Thirds Cantor Set
Let Cp := [0, 1], and given C,,, define C;1 := % (ChU((2+Cy)) forn > 0. C is totally disconnected.

< Definition 2.18: Path Component

A path component P(x) of x € X is the largest path connected subset of X that contains x.

—Proposition 2.19

P(x) = {x € X : 3 conintuous path y : [0,1] — X : (0) = x, y(1) = y}.

Remark 2.12. Where we “start” a path does not matter. We write x ~ y if 3y from x to y; this is an equivalence
relation on the elements of X.

Remark 2.13. The choice of [0, 1] here is arbitrary; any closed interval is homeomorphic.

< Lemma 2.4

If P(x) N P(y) # @, then P(x) = P(y).
Proof. P(x)NP(y)#@ = Jz:x~zAy~z = x~J. |

— Lemma 2.5

If A C X is connected, then A is also connected.

< Lemma 2.6

Suppose A C X is both open and closed. Then, if C € X is connected and C N A # @, then C C A.
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Proof. If A is both open and closed, then C N A is both open and closed in C. If C N A€ # @, then this is also
open and closed in C. Hence, we can write C = (C N A) U (C N A®), that is, a disjoint union of two nonempty
open sets, contradicting the connectedness of C. Hence, C N A® = @, and so C C A. ]

—Proposition 2.20

Let {Cy }aer be a collection of nonempty connected subspaces of X s.t. Ya,p € I,C, N Cp # @. Then,

UgaerCy is connected.

—Proposition 2.21
Suppose each x € X has a path-connected neighborhood. Then, the path components in X are the same

as the connected components in X.

2.8.1 Cantor Staircase Function

< Definition 2.19: An Explicit Definition

0
Let x € C:x =0.a14243 ... (base 3),ie a; = . Define

{Zj/Z
e LS xeC
f=1"7

extend by continuity x ¢ C.

Thatis, if x ¢ C, set f(y) = SUP,cc vy f(x) = infrec x>y f(%).

< Definition 2.20: Complement Definition

To construct the complement of the Cantor set, begin with [0, 1] and at a step 1, we remove 2" open
intervals from this interval. f(x) will be constant on each of these intervals with values ZL” where k odd

and 0 < k < 2". Extend by continuity to all x € C.

Remark 2.14. Wikipedia's explanation of this is far better than whatever this definition is trying to say.

< Lecture 06; Last Updated: Tue Jan 23 11:03:35 EST 2024
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3 [P SpPACES

3.1 Review of /Y Norms

Remark 3.1. Recall that for 1 < p < +oo, we define for x = (x1,...,x,) € R" the norm
p p 1 n
llly = (" -+ [xal")7, Il = mix .

Similarly, for infinite vector spaces, we had, for x = (x1,...,Xy,...), the norm

o\
||x||p=(2|xi|i“) , lxlleo = sup |l
i=1

i1

Here, we define
b ={x=(x1,...,x0) : ||x]||p < +oo}.

3.2 (? Norms, Holder-Minkowski Inequalities

< Definition 3.1: Holder Conjugates

For 1 < p,q < +oo, we say that p, q are said to be Hélder conjugates if

Remark 3.2. We refer to these simply as “conjugates” throughout as no other conception of conjugate numbers will be
discussed.

Further, we take by convention % =0.

< Proposition 3.1: Holder’s Inequality
Letx = (x1,...,%4), ¥y =(1,...,Yyn) € R". Suppose p,q:1 < p,q < +oo are conjugate. Then,
n

inyi

i=1

(X, Y)rn = < lxllp - yllg

® Example 3.1

For the case p = 1 or oo (functionally, the same case):
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< Lemma 3.1

Let p, g be conjugates, and x, y > 0. Then,

p q
Xy < i + y—.
oo
Remark 3.3. If the inequality holds, then, for some t > 0, let ¥ = b - X, 7= t%y. Substituting x for X and y for i, we
have
L. 1 1 1,1
LHS: Xj =trx-tiy =tr 1 .-xy = xy
p
RHS: --- =t + L)
That is, we have
xP yq
t-xy <t|{—+—|,
P9

hence, the inequality is preserved under multiplication by a positive scalar; moreover, the original inequality holds iff

q
this “scaled” version holds. Hence, choosing t such that ij =1 (let t = (5) ), it suffices to prove the lemma for y = 1.

Proof. If x = 0 or y = 0O, then the entire LHS becomes 0 and we are done; assume x,y > 0; by the previous
remark, assume wlog y = 1. Then, we have

xP oyl xP 1
XY —+— & 1< —+-—
P 9 P 9
xP 1
— ——-x+—-=f(x)=0
p q /

Taking the derivative, we have

f’(X)=Vx;_l—1=x”_1—1

f'(x)>0 Vx>1
p>1 = p-1>0 = (f(x)=0 x=0
f'(x) <0 VO0<x<1

Hence, x = 1 is a local minimum of the function, and thus f(x) > f(1)V0 < x < 1. But f(1) = % -1+ % =

1-1=0,hence f(x) > 0Vx > 0, as desired, and the inequality holds. [ |
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Proof. Assume ||x||, = [|y|l; = 1. Then,

n

Z XilYi

i=1

< Z |xiyil (by triangle inequality)

i=1

(by lemma 3.1)

_ % (Z‘ |xi|P) s % (Zl W)

i:

1 1 .
= EHXHZ + EIIyIIZ (by staring)
:l'1p+1'11=1+1=1 (by assumption)
P q P 9
= x[lp - [lyllq,

and the proposition holds, in the special case ||x||, = [|y||; = 1.

If [|x||, =0or [|ly|l; =0, thenx; =--- =x, =0o0r y; =--+ = y, = 0, resp, then we’d have (||x||, = 0 case)
0-y1++0-yy <0,

which clearly holds.

X ~

Y
i, ¥ = M- Then,

Assume, then, ||x|[, > 0, [|y[[; > 0. Let ¥ :=

(T ll?)  lIxllp

111, 111}

1%l = 1 = |[|x[l, = 1.
p

The same case holds for #, hence ||#[|; = 1; that is, we have “rescaled” both vectors. Hence, we can use the
case we proved above for when the norms were identically 1 on %, 7. We have:

n
Zfi]]i <1
i=1
But by definition of ¥, i/, we have
n 1 n n
Xijil = oo 2 Nivi < 1 = | ) xayil < lxllp - Mlyllg,
25 = Ty 2 22| il -l
and the proof is complete. |

3.2 LP Spacgs: {F Norms, Hélder-Minkowski Inequalities 25



< Proposition 3.2: Minkowski Inequality

Letl <p < oo, x,y € R". Then,

lx +yllp < l1xllp + Iy llp-

Remark 3.4. This is just the triangle inequality for £, norms.

Proof. The cases p =1, oo are left as an exercise.

Assume 1 < p < co. Then,

n n
x4yl =D i+ wil = D i+ wil b+ il ™
=1 =1

]

[0e]

< (x +1yi]) - %+ v
=1

=

:=B

n n

Letii = (|x1], -+, |xx|) and 7 = (|x1 +y1|p_1,--- L lxn +yn|p_1), then, A =1 -0 = (ii, 0)g». We have

1521l

15114

=l byl 7 D il T @

=A

Zn‘,qxim)p = Il
i=1
NCE yz-v“)q)q

i=1
- p-1
n p

3 )|

| i=1

[ n
Z |xi + yil?
i=1

-1
llx + ylly

p1
P

where the second-to-last line follows from p, g being conjugate, hence g = p"%l. Thus, by Holder’s Inequality,

we have that

- - -1
A= (i1, B < lully - lollg = lxll, - x +yll,

By a similar construction, we can show that

B
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< lyllp - llx +yllp ™
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Thus, returning to our original inequality in ®, we have

||x+y||£ <A+B
-1 -1
<lxllp - lx +yllp ™ + lyllp - 1lx + Il

= |lx +yllp <xllp +lyllp,

and the proof is complete. ]

< Lecture 07; Last Updated: Tue Jan 30 12:54:59 EST 2024

3.3 Complete Metric Spaces, Completeness of ¢,

< Theorem 3.1

The sequence of centers of balls with monotonically decreasing radii is a Cauchy sequence in X.

Proof. Lete >0andletN : V]| >N,rj <e. Then,

d(xj, Xk) < Tmin(jk) = 1j

< Definition 3.2: Complete Metric Space

A metric space is complete if every Cauchy sequence converges to a limit in that space.

® Example 3.2: Examples of Complete Metric Spaces
1. R, p-adic integers (Z,)/rationals(Qy).

2. b = {x = ()2 : Dieq |xi|P < 400}, 1< p < +o0

3. loo = {x = (x;) : sup;?, |xi| < +oo}.

—Proposition 3.3

Holder’s Inequality and Minkowski Inequality inequalities hold for infinite sequences. that is,

1. if x = (x;) € {,and y = (y;) € ¢, With%-l—% =1, then

o

in]/i

g=il

< lxillg, yille, -

2. ifx,y € €y, then

e+ yllp < [lxllp + [lyllp-
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Remark 3.5. 2. gives the triangle inequality for the ||x||, norm on {,.

Moreover,

lle - xllp = ll(c1x1, ..., cnXn, - )llp

= (2 Isz'Ip)% = (2 lcl? Ixilp)

1
= (lelP)7 llxllp = - [lx]l

1
p

Proof. (of 2.) If x,y € {,, we have that )77, ||/ < 400, X2, |yil’ < +00, 50 AN > 0 : Y2\, Xl <

€, Yone lyilf < e Let xgn) =(x1,...,%,,0,0,...)be (x) truncated after n (finite) coordinates. This gives

G+ y2) Pl < 111 + 1y, < il + 1yl

i

by Minkowski on finite spaces. Taking n — oo (ie, “detruncating”), we have (x + y) € {,, and thus ||x + y||, <
xllp + 1yl

1. left as an exercise.

|
—Proposition 3.4
Let1 < p < +oo, and ||x|[e = sup;2, [xi| = A < +00,||y[|le = sup??, |[yi| = B < +oo. Then, the triangle
inequality ||x + ¥||eo < ||%]|eo + ||Y]|eo holds.
Proof. We have
sup |x; + yi| < sup (|xi] + |yi]) < sup |xi[ +sup [yi| = [|x]lo + [|y]]e-
i=1 i=1 i=1 i=1
|

—Proposition 3.5

||x][c0 := sup??, |xi| is a well-defined norm on {c.

Proof. The triangle inequality is prove in proposition 3.4. The remainder of the requirements are left as an
exercise. |

—Proposition 3.6

b, Cl;ifp <gq.
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Proof. Let x € £,. If 3,72, x| < +oo0, then 3N : Vi > N, |x;| < 1. Then,
Z ;|7 < Z |xi|P < o0
i>N i>N

o

= Y |xilT <400 = xed,
i=1

= {, C{,

< Lecture 08; Last Updated: Thu Mar 28 09:13:10 EDT 2024

3.4 Contraction Mapping Theorem

< Definition 3.3: Contraction Mapping

Let (X, d) be a metric space. A contraction mapping on X is a function f : X — X for which 3 a constant
0 < ¢ <1 such that
d(f(x), f(y)) <c-d(x,y) Vx,yeX.

< Theorem 3.2: Contraction Mapping Theorem

Let (X, d) be a complete metric space, and let f : X — X be a contraction. Then, there exists a unique
fixed point z of f such that f(z) = z.

Moreover, fI"l(x):= fo fo---0 f(x) = zasn — oo for any x € X.

Remark 3.6. The “functional construction” of the Cantor set is an example of a contraction mapping, with f1(x) =
%, fo(x) = X2, The first has a fixed point of 0, and the second a fixed point of 1.

Remark 3.7. This is a generalization of this proof done in Analysis I, an equivalent claim over the reals.
Proof. Fix x € X. Consider the sequence {xo, x1,x2,...,X,,...} = {x, f(x), fo f(x),--- ,f[”](x), ...} (wecall

f1"] the orbit of x under iterations of f). We claim that this is a Cauchy sequence. Let n € N arbitrary, then
we have, by the property of the contraction mapping,

A1) = ) < - d(F) - @) < a(r ) - )

Arguing inductively, it follows that

d(fI(x) — fFIl(x)) < c"d(f(x), x). *
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Letnow m,k € N,m, k > 0. It follows that

d(f[m],f[m+k](x) < d(f[’”])(x),f[m”](x)) + d(f[m+1](x),f[m](x)) 4o d(f[m+k—1](x)’fm+k(x))
£ d(x, FE)E" + ¢ e ]
<Ml FE)1 4+t K+ cFp] = %fj’c))

Now, given ¢ > 0, choose N such that w < ¢. It follows, then, that {f ["l(x)} e @ Cauchy sequence,

and thus converges, f"l(x) — z as n — oo for some z.

We further have to show that f(z) = z. Itis easy to show that f continuous due to the contraction mapping
(it is clearly Lipschitz with constant c), and it thus follows that

lim f(f"(x)) = lim fl"(x) = f(z) =z,

by sequential characterization of continuous functions.

Finally, we need to show that this limit is unique. Suppose 3y1 # y», ie two fixed points with f(y1) = 11
and f(y2) = y2. Then, by the property of the contraction mapping,

d(f(y1), f(y2)) < ¢ -d(y1, y2),

but by assumption of being fixed points,

d(f(y1), f(y2)) = d(y1, v2),

implying d(y1, y2) < c - d(y1, y2). This is only possible if d(y1, y2) = 0, and thus y; = y, and the fixed point is
indeed unique. ]

< Theorem 3.3: {, complete

The space ¢, is complete forall 1 < p < +oo.

Equivalently, if (x!), (x?), ..., (x") is a Cauchy sequence in ¢*, 3y € P s.t. x" — y as n — oo.

Proof. (Sketch) We suppose first p < +oco. Consider an arbitrary number of Cauchy sequences in {,:

xD = (xgl), e, x,(ql), o)

2 2
x(2)=(x§),...,x,(1),...)

x k) = (xgk),...,x,(qk),...) €,

We claim that, for any k € N, the (x,(("))neN is a Cauchy sequence; note that in this definition we are taking a
fixed-index (namely, the kth) element from different sequences (namely, the nth sequence).
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Since xM, x@ . x(M _ are Cauchy sequences in ¢”, we have for a fixed ¢ > 0, AN e N: Vm,n > N,
dy(x™), xM) < e

= P
dp(x(m),x(”))” = ||x(m) _ x(n)Hg _ Z |x§m) B xl(n) <P
i=1
P > p p
gl < S 20— [l <o
i=1
(m) _ (n)
- ‘xk — xk < g,

(n)

since we are taking “less of the summands in the second line”. It follows, then, that for each k, 3z : x p

— Zk
asn — co. Letz =(z1,...,2n,...). We claim that x") — z € {yasn — oo.

First, we show that dp(x(”), z) — 0as n — 0 (thatis, ¥ — z as n — ). Fix ¢ > 0, and choose N € N for
which d,(x(™), xW) < & Ym,n > N (by Cauchy). FixK € N, K > 0.

o

dh(x™, z) = [|x |l =

i=1

X b
1

xEM) _ X

p
i <€

K
[l —xM))f < eF = N
i=1

(m)

Let m — oo; then x." — z; (note that i fixed!), and we have

p
;- xl(.”) < &P,

Let K — oo; then,

and thus x” — z asn — oo.

It remains to show that z € {,, ie ||z]|, < +0c0. We have:

1211y < [z = "], +[1x™]],.
— ———

—0

For sufficiently large 7, ||z — x"|| < 1 (for instance); x™) € {,, hence ||x(”)||p < 400 (say, ||x(”)||p < M). Thus:

lIzll, ST+ M < +00 = z € {),

and the proof is complete. ]

3.4 LP Spacges: Contraction Mapping Theorem 31



3.5 Equivalent Notions of Compactness in Metric Spaces

< Definition 3.4: Totally Bounded

Let (X, d) be a metric space. If for every ¢ > 0, 3xq,...,x, € X, n = n(e) : Ui_; B(x;, &) = X, we say X is
totally bounded.

< Lecture 09; Last Updated: Tue Apr 9 22:27:24 EDT 2024

< Theorem 3.4

Let (X, d) be a metric space. TFAE:

1. X is complete and totally bounded;
2. X is compact;

3. X is sequentially compact (every sequence has a convergent subsequence).

Proof. (1. = 2.) Suppose X complete and totally bounded. Assume towards a contradiction that X not
compact, ie there exists an open cover {U, }e1 of X with no finite subcover.

X being totally bounded gives that it can be covered by finitely many open balls of radius 1. It must be
that at least one of these open balls cannot be finitely covered, otherwise we would have a finite subcover.
Let F; be the closure of this ball. F; closed, with diameter diam(F;) < 1. X.

We also have that X can be covered by finitely many balls of radius % ; again, there must be at least one

ball B; such that B; N F; cannot be covered by finitely many open sets from the cover. Let F, = By N Fy-closed,
with diam(F3) < % + % = %.4

Arguing inductively, at some step 1, X can can be covered by finitely many balls of radius 5; at least one
of these balls B cannot be covered by a finite subcover hence BN F;_; cannot be covered by finitely many U,’s.

Let F, = BN F,_1 closed, with diam(F,,) < =

on-1°

As such, we have a nested sequence F1 2 F» 2 --- 2 F, 2 --- of closed sets, where diam(Fj) < 2,}—_1 -0
as k — oo.

< Lemma 3.1 (Cantor Intersection Theorem). (2, Fx # @.

Proof. (Of Lemma) Let xx € Fg. Then, {xx}ken is a Cauchy sequence, since

1
d(xn, Xpsk) < diam(Fy) + - - - + diam(F;1¢) < 211__1;
by the nested property, which can be made arbitrarily small for sufficiently large n, k. Hence, x, — y € X
for some y, as X complete. The tail of x, lies in F,, for all sufficiently large n, and as each F, closed, the limit
must lie in F, for all sufficiently large n. We conclude the intersection nonempty. u

4B has radius 411 and hence diameter % The intersection of By with a set with a larger diameter must have diameter leq %
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This y from the lemma is covered by some U,,-open for some ag € I. Being open, 3¢ > 0: B(y, €) C Uy,.
Let n : 2,11—_1 < ¢. Then, y € F,, and as diam(F,) < 2”1—_1, we have that F,, € B(y, 2,%_1) C B(y, €) € Uy, But
then, we have that F,, covered by a single open set U,,, a contradiction to our inductive construction of F,,.
We conclude X compact.

(2. = 3.) Suppose X compact. Let {x,}nen € X. Let F, = Ujs,{xr}-closed; we have too that
FI2F2---2F, 2.
< Definition 3.5: Finite Intersection Property

¥ has finite intersection property provided any finite subcollection of sets in ¥ has a non-empty

intersection.

< Lemma 3.2 (Finite Interesection Formulation of Compactness). X-compact <= every collection

of closed subsets of X with finite intersection property has non-empty intersection.

Proof. n

This lemma directly gives that (" F, # @, {F,}nen being a collection of closed subsets with any subset
having nonempty intersection (by the nestedness). Let y € N7"_ | F,. Take B(y, %), which thus has nonempty
intersection with {xy}x>, V1, ie Iny : d(y,x,,) < 1 and Iny > ny @ d(y, xp,) < % Arguing inductively,
Inj > njq1 :d(y, xn].) < % for any given n;_1. It follows that lim; Xn; =Y, and thus {xn].} is a convergent
subsequence of {x,} that converges within X, and thus X is sequentially compact.

(3. = 1.) Suppose X sequentially compact. Let {x,} € X be a Cauchy sequence in X, which thus have a
convergent subsequence {x,, } — y.

< Lemma 3.3. Let {x,} be a Cauchy sequence in X where X sequentially compact. Then, if {x,,} — vy, so
does {x,} = y

Proof. ]

Then, {x,}, — y and so X complete.

Suppose X not totally bounded, ie 3¢ > 0 : X cannot be covered by a finite union of balls of B(x;j, ¢).
Let x1 € X sit. B(x1,¢e) 2 X; 3xo € X \ B(xy,¢), and so X € B(x1,€) U B(xp, €) by assumption. Then,
choose x3 € X \ (B(x1, €) U B(xy, ¢)). Arguing inductively, we have that 3x, € X \ (U}, B(x;, €)), noting that
d(xn,xj) 2 eV1<j<n.

Consider the sequence {x;}jen:

< Lemma 3.4. {x;} cannot have a convergent subsequence.

Proof. Follows by d(xy,, x,) > eVm,n. ]

This contradicts our assumption that X sequentially compact, and we conclude X must be totally bounded. =
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® Example 3.3: Complete Metric Space Example: ¥ norm

Let f € C([a, b]). We define the norm

111y = (/b If(x)lpdx)%.

As desired, ||f||, = 0; [|fll, =0 & f=0;llc- fllp =c[Ifll
1=1,1<p,g< o,

Holder’s and Minkowski’s inequalities for functions also hold; for % v
/ IF&l < UIfllp-1Igllg:  11f +gllp < 1If1lp +118llg,

respectively.

We similarly have the L* norm, namely, for a function f : [a,b] — R,

flleo = sup [f(2)],

x€la,b]

which obeys all the necessary properties as well.

Let f, — finC([a,b]), wrt||--- ||, Where { f,, } nenv @ sequence of functions. Namely, we say that

Ve>0,AN eN:Vn >N, sup |fu(x)— f(x)| < e&.

x€[a,b]

If this holds, we say that f, uniformly converges.
We say that f,(x) — f(x) pointwise on [a,b] if Vx € [a,b], fa(x) — f(x). Note that uniform

convergence implies pointwise convergence, but not the converse.

< Theorem 3.5
Suppose f,(x) continuous, and f,(x) — f(x) uniformly on [a, b]. Then, f(x) also continuous on [a, b].

Proof. Fix ¢ >0, xo € [a,b]. Wehavethat AN : n > N, |fu(x) — f(x)| < 5, Vx € [a, D].

Letn > N. f,(x) continuous at xo, hence 36(xo) > 0: [y — xo| = |[fu(y) — fu(x0)| < 5. We have

1f(xo) = fF(W)I < 1f(x0) = fu(x0) + | fu(x0) = fu(W| + 1 fu(y) = f ()]

<E 88
"33 3 7
completing the proof. ]
Remark 3.8. This does not hold with pointwise convergence.
34
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Remark 3.9. We will prove later that C([a, b]) is complete for ||f||c, but not for arbitrary ||f||,, 1 < p < +o0. To
“complete” C([a, b)) for p # oo, we will need to consider measurable functions and redefine our notion of integration.

4 DERIVATIVES

4.1 Introduction

< Definition 4.1: Differentiable

< Lecture 11; Last Updated: Thu Feb 8 09:51:13 EST 2024

We say f(x) differentiable at c if Ilim,_,. % If so, we denote the limit f’(c).

Remark 4.1. For x close to c, then f(x) = f(c) + f'(c)(x — c); this is a linear approximation of f at c.

® Example 4.1: Weierstrass

flx)=3" cosBTx js continuous in R, but nowhere differentiable.

n=1 P

< Definition 4.2

The derivative, dx, is a linear map C!([a, b]) — C°([a, b]).

4.2 Chain Rule

Remark 4.2. See Analysis I notes as well.

< Theorem 4.1: Caratheodory’s Theorem
Let f : I — R, ¢ € I. f is differentiable at x = c iff Jp(x)
f(@) = £(©) = p@)(x — ©).

Proof. If f'(c) exists, let

f)=£(0)

——— X #cC
QD(X) — X—C ,

f(c) X =c.

: I — Rs.t. ¢ continuous at ¢ and

which is well defined. Moreover, for x # ¢, p(x)(x —c) = %(x —c) = f(x) — f(c) as desired; the case for

x = c is clear. Continuity at c:

f(x) = f(e)
xX—c

e =

5If not stated otherwise, sets named I or | are intervals.

4.2 Derivatives: Chain Rule

= f'(c) = (o).

35


https://notes.louismeunier.net/Analysis%201/analysis.pdf#page=96

Conversely, suppose such a ¢ exists. Then, by continuity,

f(x) = f(e)

3p(0) = lim gt = i =

which gives directly that f differentiable at c. ]

< Theorem 4.2: Chain Rule

Letf:] >R, g:1—>R,f(J) €l If f(x) differentiable at c and g(y) is differentiable at y = f(c), then
g o f(x) is also differentiable at ¢, and

(g0 f)(c)=g'(f(eDf ().

Proof. Using Caratheodory’s Theorem, 3¢ : f(x) — f(c) = @(x)(x — c) with ¢(c) = f’(c). Letd = f(c), then
similarly 3¢ : g(y) — g(d) = Y(y)(y — d) with p(d) = ¢’(d), with ¢, 1 continuous at c, d resp. Then,

8(f(x)) = &(f () = Y (f(x)(f (x) = f(c)) = (o f)(x) - (P(x)(x =)

Y o f is continuous at ¢, as a composition of continuous functions (i, ¢ continuous by construction, f
differentiable and thus continuous). It follows, then, that

jim SUC) =80

x—C X

= lim(y o f)(x) - p(x) = Y(f(e))p(c) = g"(f(c)) - f(c),

by construction. ]

4.3 Critical Points
< Definition 4.3

f:I = Rhasamax/mincif 3] CI:x € ] s.t. maxyes f(x)/minyes f(x) = f(c).

< Theorem 4.3: Rolle’s

Let f : [a,b] — R continuous. Suppose f’(x) exists for all x € (a,b) and f(a) = f(b) = 0. Then,
dce(a,b): f'(c)=0.

Remark 4.3. A “complex-version” of Rolle’s:
< Theorem 4.4: Gauss-Lucas

Let P(z) be a complex-valued polynomial. Then, the roots of P’(z) lie inside the convex hull of roots of

P(z), where a convex hull is the smallest polygon with vertices at the roots of P(z).
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< Definition 4.4

Consider P(z) = z" — 1 for some n € N. If z a root, we can show that (|z|)" = 1, hence all roots lie on
the unit circle in the complex plane at multiples of the same angle. This gives us a regular n-gon in the
complex plane. We then have that P’(z) = nz"~!, with has root z = 0, which clearly lies within the n-gon
hull.

< Theorem 4.5: Mean Value

Let f be continuous on [a, b] and differentiable on (a,b). Then, 3c € (a,b) s.t. f(b) — f(a) = f'(c)(b — a).

Proof. Let p(x) = f(x) - f(a) = f(?gig)(”)(x —a), where @(a) = 0 = @(b). By Rolle’s theorem, 3¢ € (a,b) :

P'(c)=0= f'(c) - %, as desired. [
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4.4 Aside: Continued Fractions

We have that, for any x € R, x = |x] + {x}, with {x} € (0,1); | x| and {x} are the integral and fractional parts
of x respectively.

Fix x € R, assuming x # 0.

Let x1 := {}C—} We can write

1
= + —.
v =Ll
If {x1} #£0, let x5 := {x%} and write
x=|x]|+ ! .
lx1]+ L

Continuing in this manner, this process stops if {x;} = 0 for some i; if x € Q, this process will stop, else, it

will continue infinitely. For instance, the Golden Ratio x = @ has continued fraction expansion

More succinctly, we can denote a¢ := |x] and a; = |x;],i > 1, and write

1
X =a4ap+

We notate, accordingly, x := (a1, a2, a3, .. .); in this case, the Golden Ratio can be notated (1,1,1,...).

We denote Z—: as the nth continued fraction of a given x. It turns out that this is the best possible rational
approximation for x ¢ Q.
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4.5 Back To Derivatives

< Theorem 4.6

f : I — R, differentiable. f is increasing (resp decreasing) iff f’(x) > 0Vx € I (resp f'(x) < 0Vx € I).

—Proposition 4.1

Let f continuous on I = [a,b]. Let a < ¢ < b and suppose f differentiable on (a, c¢) and (c, b). Suppose
f'(x) >00n(c—06,c)and f'(x) <0on (c,c + 0) for some 6 > 0. Then, f has local max at x = c.

— Lemma 4.1

Let I C R, and assume f : [ — R is differentiable atx = ¢ € I.

1. If f'(c) > 0,then36 >0: f(x) > f(c)Vx €I, x € (c,c +0).

2. (Reverse statement for f’(c) < 0)

< Theorem 4.7: Darboux

Suppose f differentiable on I := [a,b] and f’(a) < k < f’(b). Then, 3c € (a, b) such that f’(c) = k.
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4.6 L'Hopital’s Rules

—Proposition 4.2

Suppose f(x),g(x) : [a,b] — R with f(a) = g(a) = 0, and g(x) # 0Va < x < b. Suppose f, g are

differentiable at x = a and g’(a) # 0. Then, lim,_,,+ % exists, and moreover, it is equal to g 8;
Proof.
i L S0 [
but the original line is simply £ :EZ; |

® Example 4.2

. i 0
llmx_)o SII;X = Cosl( ) = 1.
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< Theorem 4.8: Cauchy Mean Value

Let f(x),g(x) : [a,b] — R where f, g continuous on [a,b] and differentiable on (a,b). Assuming
g'(x) #0, Vx € (a,b), then Ic € (a,b) such that

fb) - f(a) _ f'(c)
gb)—gla) g'(c)

<Proposition 4.3: More General L'Hopital

let —co < a < b < +o0 and f, g differentiable on (a, b). Suppose lim,_,;+ f(x) = 0 = limy_, 4+ g(x).

f()

1. If AL := limy_ 4+ % where L some real number, then lim,_,,+ g(—i) = L as well.
2. If AL ;= limy_,,+ & where L = +00 or —oo, then lim,_,;+ & _p as well.
g'(x) g(x)

—Proposition 4.4

Let—co < a < b < +oo, f, g differentiableon (a, b)and g’(x) # 0V x € (a,b). Suppose lim,_,,+ g(x) = +oo.

1. If imy_,+ g :Ei) =: L exists and is some finite real number, then lim,_, ,;+ % = L as well.
2. If lim,—,+ f:(x) =: L exists and is =00, then lim,_,,+ F&) 1 as well.
g'(x) g(x)

4.7 Taylor’s Theorem

< Theorem 4.9: Taylor’s Theorem

Let] =[a,b] CR,f:I =R, f e C"(I)and suppose f(”“)(x) exists on (a,b). Let xg € [a,b]. Then, for

any x € [a,b], 3c between x, xo such that

f" (x0)

(n+1)
fx) = f(x0) + f(x0)(x = x0) + ———(x = x0)* + - + AR

(n+1)!(x_x°)n+1

(x — xo)

F(x0)
!

n
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< Theorem 4.10: Relative Extrema

“Let I € R be an open interval, xo € I, and n > 2. Suppose f’,f”,...,f(”) are continuous in a
neighborhood of xg, and f’(xg) = f”(x0) = --- = f® D(xp) = 0 and f™(xg) # 0. Then:

1. if n is even and f"(xo) > 0, then f has a local minimum at xo;
2. if n is even and f )(xp) < 0, then f has a local maximum at xo;

3. if n is odd, then f has neither a local minimum nor maximum at xy.

Proof. If n := 2m-even and f®™(xg) > 0, then f)(c) > 0so f(x) — f(x0) = fF®™(c)(x — x0) > 0. n

4.8 Convex Sets

< Definition 4.5: Convex Set

A C V-vector space over R is convex if forany x,y € Aandany 0 <t < 1,t-x+(1-t)-y € A.

< Definition 4.6: Convex Function

Let f: ] = R. fisconvexif Vxi;,xp€land0 <t <1,

fA=B)x1+tx2) < (1= 1)f(x1) + £f (x2).
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5 RiEMANN INTEGRAL

5.1 Introduction

< Definition 5.1: Partitions

A partition is a division of an interval (a, b), denoted
P={a=x0,%x1,.-..,%Xn-1,X, = b}.

We define diam(%) := max;, |x; — Xj—1].

A marked partition, denoted P, is one in which, for each interval we choose some t; € (x;, Xi+1].

6Bartle-Sherbert, Theorem 6.4.4
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< Definition 5.2: Riemann Sum

We denote "
S(f,P) = Zf(ti)(xi - Xi-1)-
i=1

< Definition 5.3: Riemann Integrable
A function f is Riemann Integrable on [a, b] if S(f, P) — L as diam(#) — 0 for any choice of t; € [x;, x41].

Thatis, Ve > 0,306 : if diam(P) < 9, then for any choice of ¢; € [x;, x;+1] we have |L - S(f, ?5)| < e.

—Proposition 5.1

1. If L exists, it is unique.

2. Theintegralis linearin f(x); if fub f(x)dx and fab g(x) dx exist, then fab(c1f+c2g) dx =c1 fab fdx+
b
sza gdx.

3. If f < g are Riemann integrable on [a, b], then fab f(x)dx < fab g(x)dx.

—Proposition 5.2

If f(x) integrable on [a, b], the f(x) is bounded on [a, b].

Proof. Suppose /abf exists. Let ¢ > 0, and 6 such that if diam(#) < 6 then |L - S(f,¢)|. Let ¢ = 1. Then,
S(f,P) <|L| +1.

Let Q = {a = xo,...,x, = b} be a partition of [a,b] such that diam(Q) < 6. Suppose towards a
contradiction that f is not bounded on [a,b]. Then, f is unbounded on at least one interval [x;, x;+1],
say, on [xk, xk+1]. Let t; = x; for i # k and choose tx € [xk, xk+1] such that |f(tx)| (xk+1 — xx) > |L| + 1 +
|Z,~¢k fti)(xivr — xi)| (which we can do by assumption of f being unbounded).

By assumption, |S(f, Q)| < |L| + 1, but we have that

S(f,Q) = ) flt)(xis = xi) +|f(t0)] (xiet = 1) > 2N + LI +1,

i*k

=N

contradiction. ]

5.2 Cauchy Criterion
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< Proposition 5.3: Cauchy Criterion for Integrability

f e Rla,b] & Ve >0,35>0:if P and Q are tagged partitions of [a,b]s.t. diamP < & and
diam Q < 6, then |S(f, P) - S(f, Q)| < &

5.3 Squeeze Theorem

< Theorem 5.1

Let f : [a,b] — R. Then fabf exists &= Ve > 0,3a.(x), we(x) € Rla,b], a; < f < w, and

/ab(a)(g —ay) <&

Proof. If f € R[a, b] then take a, = f = w,.
Conversely, let ¢ > 0. Since a,, w: € R[a,b], then, 36 > 0 such that for any tagged partition with

dim P < 6, then )S(aS,P) - fab ae| < € and ‘S(a)g,P) - fab we| < €, thus

b b
/ ocg—e<5(ag,P)<S(f,P)<S(a)E,P)</ We + €.
a a

Let Q be any other tagged partition with diam Q < o; then, the same inequality holds ie fa ’ a.—e <S(f,Q) <

b .
fa w, + €. Subtracting one from the other, we see that

b b
|S(f,P)—S(f,Q)|</ a)g—/ ae +2¢ < 3¢,

and thus f € R[a, b] by Cauchy Criterion. |
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< Lemma 5.1: BS-7.2.4

Let ] C [a, b] an interval with endpoints ¢ < d. If

1 x€e]

pj(x) = .
0 x¢]J

Then, ¢; € R[a,b] and fab p;=d-c.

"Note that R[a, b] is the set of all real-valued functions integrable on the interval [a, b].
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< Theorem 5.2

Let ¢ : [a,b] = R, ¢ € R[a, b]; that is, step functions are integrable.

<~ Theorem 5.3

f continuous on [a, b] implies f € R[a,b].

Proof. (Sketch) f uniform continuous; use this to construct step functions that “bound” f from above and
below. Apply the squeeze theorem. ]
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<~ Theorem 5.4: BS-7.2.7

Monotone functions on [a, b] are integrable.

Proof. We show only for increasing. Let f : [2,b] — R be monotone increasing. If f constant, then it is a step
function and we are done.

Otherwise, f(b) — f(a) > 0. Let ¢ > 0 and g € N such that h := w < 3=, effectively subdividing the

y-axis into q equal-sized parts. Then, let
yi=f(a)+ih, 0<i<yq,

and take
(%)

Ak = f ks, v6) = { {x}
I;
We disregard each Ay : Ax = @, and adjoin the isolated points {x} to the I;’s, and hence have a partition

UxAx = [a, b]. Letting a(x) = yx-1 and w(x) = yi for x € Ay, then a(x) < f(x) < w(x)Vx € [a, b] (effectively,
we are created a “series of squeezes”). Then,

b q
[ o= atdr= Y 0 - n - xe) = hie - a) < ¢,
¢ k=1
and the proof is completed by applying the squeeze theorem. |

< Theorem 5.5: Additivity; BS-7.2.8
Let f : [a,b] > Randa < c < b. Then, f € Rla,b] & f € Rla,c]and f € R[c,b]. Moreover,
b € b
/a f(x)dx :fa f(x)dx+fc f(x)dx.
Proof. See book. Remark that this holds for finite summations of integrals as such by induction. |
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5.4 Fundamental Theorem of Calculus

< Definition 5.4

Call F(x) a primitive of f(x) if F differential and F’(x) = f(x).

< Theorem 5.6: Fundamental Theorem of Calculus
LetF,f :[a,b] = Rand E C [a,b] a finite set s.t.
1. F continuous on [a, b]
2. F'(x) = f(x)Vx € [a,b] \ E; ie they agree for all but finitely many points

3. f e R[a,b]

Then, [ f(x) = F(b) - F(a).

Proof. (Sketch) Remark first that it suffices to prove for E := {a,b}; using additivity, we can subdivide any
other such E into such subsets of 1 or 2 elements.

Fix ¢ > 0 and take 6 > 0 such that for any P of [a,b] s.t. diam P < 9,

S(f,P) - fab f(x)‘ < ¢. Applying the
mean value theorem to F on each [x;_1, x;] of P:
F(x;) = F(xi—1) = F'(ui)(x; = xi-1),  u; € [xi-1, xi]
= fui)(x;i — xi-1)

Hence, summing over each of these,

F(a) F(b)
F(xl)_M+F(x2)_F(x1)+"'+M_F(xn—l) zf(ul)(xl _a)+"'+f(un)(xn — Xp-1)

= F(b)—F(a) = ) f(u)(x; = xi1) =2 S(f, Py)
i=1

by construction, diam(P;) < § since the only change we have made from P is the tags, hence ‘S (f,Py) - fa ’ f (x)‘ <
¢. Thus,

b b
S(F,P1) - / )| = |[Fv) - F(a) - / F0| < ¢

b
= F(b)—F(a):/ f(x) ase—0.
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5.5 Upper and Lower Riemann Sums

< Definition 5.5: Upper/Lower Riemann Sums

For a partition P,

* S(f,P)= Xy (suprefy, , 1. f(B) - (xi = xio1)

® §(f/ P) = ?:1(infte[xi_1,x1‘]f(t)) : (xi - xi—l)

—Proposition 5.4

For any tagged partition P,
S(f,P) < S(f,P) < S(f, P).

Moreover, f € R[a,b]if Ve > 0,36 > 0s.t. diam(P) <& = |S(f,P)-S(f,P)| < e.
Proof. (Sketch) Remark that this is a similar idea to saying that inf = sup = limit exists. |

—Proposition 5.5

Let Py, P, be partitions of [a, b], and let P3 be the common refinement of Py, P;. Then
§(fIPZ)<§(flp3)gg(flp3)<§(flpl)/ i:1/2/

that is, the finer refinement always gives a better approximation.

5.6 Indefinite Integral

< Definition 5.6

For f € R[a,b] and any z € [a, b], define

F(z) = /Zf(x)dx.

< Theorem 5.7
F(z) continuous on [a, b].
Proof. f € Rla,b] = fbounded = IM s.t. |f(x)| < MVx € [a,b], so (assuming z < w),

[ - [ rma | [* rwas
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so taking w — z, |F(z) — F(w)| — 0. [

< Theorem 5.8: Another Fundamental Theorem of Calculus

Let f € R[a, b], f-continuous at ¢ € [a, b]. Then F(z) differentiable at ¢ and F’(c) = f(c).

— Corollary 5.1
If f(x) continuous on [a,b] F'(x) = f(x)Vx € [a, b].

< Theorem 5.9: Substitution/Change of Variables

Let] :=[a,Bl, ¢ :] = R, ¢ € Cl([a,b]). Suppose ¢(J) C I C R, and let f : I — R be continuous on I.

Then,
»(B)

B
f)dx = / Flp(t) - ¢/ (D) dt

p(@)
Proof. Left as a (homework) exercise; make use of the chain rule! [

® Example 5.1

Sin(:ﬁ) dt using the previous theorem.

Compute /14 i

5.7 Lebesgue Integrability Criterion

< Definition 5.7: Lebesgue Measure 0

A C R has Lebesgue measure 0 iff V ¢ > 0, A can be covered by a countable union of intervals J := [a, bi]
such that 3,7, |Jx| < €. We also call such an A a null set.

For some set S C R and statement P, we say “P holds for almost every x € S” if {x € S : P false } has

Lebesgue measure 0.

® Example 5.2

1. Any countable set is a null set.

2. The Cantor set is a null set.
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< Theorem 5.10: Lebesgue Integrability Criterion
Let f : [a,b] — R be a bounded function. Then

f € Rla,b] & f — continuous for almost every x € [a, b]

& {z €[a,b]: f discontinuous} has Lebesgue measure 0.

Remark 5.1. The proof is rather involved, but is in the appendix of Bartle. Its important to remark that this is a necessary
and sufficient condition.

® Example 5.3

X €

1. Let f : [0,1] = R, f(x) = . f discontinuous everywhere, so f ¢ R[a, b].
0 x¢Q
% x=5€Qst (a,b)=1 ‘
2. Let f(x) := . One can show that f continuous on x € R\ Q and
0 x¢Q

only discontinuous on Q. But this is a countable set so certainly has Lebesgue measure 0 and

so f € R[0,1].

< Lecture 19; Last Updated: Tue Apr 9 14:45:17 EDT 2024

< Theorem 5.11: Composition
f eRla,b], f([a,b]) C[c,d], ¢ :[c,d] — R continuous, then ¢ o f € R[a, b].
Proof.
{x s.t. ¢ o f discontinuous at x} C {x : f discontinuous at x}

since ¢ continuous. The RHS has Lebesgue measure 0, and thus so does the LHS, hence the proof. ]

< Theorem 5.12: Product Theorem

f g €Rla,b] = f-geRa,bl

Proof. f-g=1[(f+8?*-(f-¢)?]. f+g € Rla b]and sosois (f +g)? by taking ¢(x) = x? as in the
previous theorem. It follows that f - ¢ € R[a, b]. [

5.8 Integration by Parts
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< Theorem 5.13

Let F, G be differentiable on [a, b], with f .= F’/, ¢ := G’. Suppose f, g € R[a, b], then
b b
[ 16t = Fmemit - [ Fugwdr.

Proof. Remark that (FG)' = F'G + FG’' = fG + Fg, so on the one hand

/ab(FG)'dx:/ab(fG+Fg)dX=/abdeer/angdx,

but on the other hand, by the fundamental theorem of calculus,

b
/ (FGY dx = [F - Gl(a) - [F - G](b) = Fx)G()[L,

and so

b b
F(x)G(x)lZ:/ dex+/ Fgdx

b b
— / F(X)G() dx = FRG[L - / F(x)g(x) dx,

a

and hence the result. ]

< Theorem 5.14: Taylor’s Theorem, Remainder’s Version

Suppose f’, f”, ..., f™ exist on [a,b] and f""*V) € R[a,b].*Then,

/((Z) //(a) (n)(ﬂl)
f(b):f(b'l)+f1! (b_a)+f2! +...+fn! (b—ﬂ)n+Rn,
with R, = 1 /ab FOrD()(b — 1) dt.
Proof. See Bartle; makes use of integration by parts. .

6 FuNcTION SEQUENCES, SERIES

6.1 Pointwise and Uniform Convergence

8Remark that this is a weaker condition than continuity as was used in our previous statement of Taylor’s theorem.
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< Definition 6.1: Pointwise vs Uniform Convergence

We say a sequence of functions f, — f pointwise onaset Eif Vx € E, f,(x) — f(x)asn — oo.

On the other hand, f, — f uniformly on E if Ve > 0,3dN € N such that Vn > N and x € E,
|fn(x) = f(x)] < e,

Remark 6.1. Notice that uniformly implies pointwise convergence.

® Example 6.1

2nx 0<x < % , ' ' ' 1
. Show that f, — 0 pointwise but not uniformly (hint: f,(3-) =1V n).

< Theorem 6.1

The space of functions C([a, b]) equipped with the sup norm is complete.
Proof. Proven in tutorials. [ |

< Theorem 6.2: Interchange of Limits

Let ] € R be a bounded interval such that 3x¢ € | : f,(x0) — f(x0). Suppose f,(x) — g(x) uniformly
Vx €]. Then, 3f : f,(x) = f(x) uniformly on J, f(x) differentiable on J, and f’(x) = g(x)Vx € J.

Proof. This is a rather painful proof; one needs to make use of the “multiple epsilons” from each given
continuity /convergence/differentiability statement. |

< Lecture 20; Last Updated: Wed Apr 10 13:31:53 EDT 2024

<~ Theorem 6.3

Let f, € R[a, b], f» — f uniformly on [a,b]. Then, f € R[a, b] and fab fa(x)dx — fab f(x)dx.

< Theorem 6.4: Bounded Convergence Theorem

fn € Rla,b], fu = f € R|a,b], not necessarily uniformly. Suppose 3B > O0s.t. |f.(x)] < BVx € [a,]].
b b

Then,fu fn —>fa fasn — oo.

< Theorem 6.5: Dimi’s Theorem/Monotone Convergence

fn € C([a, b]), fu(x) monotone (as a sequence). Suppose f, — f € C([a,b]). Then, f, — f uniformly on
[a,D].

< Lecture 21; Last Updated: Thu Mar 28 11:58:26 EDT 2024
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6.2 Series

< Definition 6.2: Absolute Convergence

Let {x;} € X where X a normed vector space (say, R). We say

(0] o
Z xj converges absolutely = Z [|x]] < +o0.
j=1 j=1

< Theorem 6.6

Any rearrangement of absolutely convergent series given the same sum.

< Definition 6.3: Conditional Convergence

2]7";1 X\ conditionally convergent if Z;’il xU) converges (ie each component converges) but 2]7";1 [|1X5)|| =

00,

<~ Theorem 6.7

If )2, a; € R conditionally convergent, you can change the order of summation such that Vx € R,
Jo-permutation such that Z‘i’il Ar(i) = X.

Proof. (Sketch) Separate 4; into positive, negative parts. Since conditionally convergent, 3, .o a; = +co and
2ia;<0 @) = —00. Add positive a;’s until the partial sum > x, then add negative 4;’s until the partial sum < x,
and repeat. The final rearrangement will converge as desired. ]

< Lecture 22; Last Updated: Thu Mar 28 12:14:46 EDT 2024

< Theorem 6.8

Suppose .72, 9i, i € R", converges, but ;7 ||0;|| = +co. Then, the set of rearranged sums )77, 7,(;) for

each 0 : N & N permutation form an affine subspace of R".

6.3 Tests for Absolute Convergence

—Proposition 6.1

Let x;,, y» be sequences and r := lim;, _, |;—"|
n

1. If r # 0, 3,774 x, converges absolutely iff )" ; y, converges absolutely. In addition, if 0 < 71 :=
lim inf ;—Z < limsup ;—: =: 1y < +00, this still holds.

2. If r =0, and if )} y,, converges absolutely, so does }’ x.
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< Proposition 6.2: Root Test
If there 3r < 1 such that |x, |1/ " < r for sufficiently large n > K, then ),  |x,| < X707, ™" converges.

If |x, |1/ "> nforn > K, Y x, does not converge absolutely.

~Proposition 6.3: Ratio Test

Xn+1
Xn

Letx, #0. If A0 < r < 1,

< r for sufficiently large n, » x,, absolutely convergent.

Xn+1

If

>1forn > K, ) x, diverges.

< Proposition 6.4: Integral Test

Let f(x) > 0 be non-increasing/non-decreasing function of x > 1. Then } ;7 f(k) converges =
limgoe /} f(x) dx finite.

<Proposition 6.5: Raube’s Test

Let x,, # 0.

x;_:l <1- %, n > K. Then } x,, converges absolutely.

1. Suppose da > 1s.t.

Xn+1

2. IfJa < 1s.t.

>1-1,7n > K. Then } x, does not converge absolutely.

— Corollary 6.1

Xn+1

o ), if such a limit exists. Then, if 2 > 1, }’ x,, converges absolutely, and if a < 1,

Let a := limn(1 —

> x,, does not.

6.4 Tests for Non-Absolute Convergence

< Proposition 6.6: Alternating Series

Ifx, >0, x541 <xp, liMmy00x, =0 = —1)"x,, converges.
8

<~ Lemma 6.1: Abel’s Lemma

Let x,, y» € R. Letsg:=0,s, == Y,;_; Yx. Then, for m > n,

m m

Z XkYk = XmSm — Xn+1Sn+1 + Z (XK — Xk+1)5k

k=n+1 k=n+1
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< Lecture 23; Last Updated: Thu Mar 28 12:36:05 EDT 2024

< Theorem 6.9: Dirichlet’s Test

Suppose x, decreasing and lim, .o X, = 0. If s, == y1 + - - + y, bounded, then Y}, x,y, converges.

Proof. Fix B > 0 such that |s,| < B. x,, decreasing so xy — xx4+1 > 0. By Abel’s lemma,

m m-1
Z XkYk| < [XmSm — Xns1Sn| + Z Sk(xXk — Xk+1)
k=n+1 k=n+1
m-1
< xXmB+ xp41B + Z (xk — xk11)B
k=n+1
telescopes

=2x,.1B — 0.

n—oo

Remark 6.2. What is red and commutes? An abelian grape!

® Example 6.2: Improving Convergence
yj = (=1)'*! does not converge, but |s,| < 1, so taking x, = % gives ), X, Yy finite.

This is an example of “improving convergence”, ie making a nearly-convergent series conver-

gence. Another example is by taking successive arithmetic means of a given sequence; ie let

+ no ) ) ) .
%, R Ziz Vi, Then, in this case again v, = (=1)**1 which does not converge,

ay =y1,az = ;

has a, — 0.

Moreover, if y, — A, then a, — A as well (converse does not hold in general, as above).

< Theorem 6.10: Abel’s Test

Let x,-convergent and monotone, and suppose ., v, converges. Then »’, x,y, also converges.

6.5 Series of Functions

< Definition 6.4: Convergence

We say a series of functions },, f,(x) absolutely convergent on E if }’, | f,(x)| converges for all x € E.

We say the convergence ), f,(x) — g(x) is uniform if the convergence is uniform for any x € E; that
is, Ve > 0,3N € Nsuch that Vn > Nand x € E, |g(x) — 3, fu(x)| < &.
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—Proposition 6.7

Suppose for f, : E:=[a,b] = R, },, fu(x) = g(x) uniform for x € E, and f, € R[a, b]. Then

/abg<x)dx=g/abfn<x>dx.

That is, the integral of the limit is equal to the limit of the integral.

—Proposition 6.8

Let f, : [a,b] — R where f,3 on [a, b]. Suppose ), fu(x) converges for some x € [a,b] and };, f,(x)
converges uniformly on [a, b]. Then there exists some g : [4,b] — R such that ), f, — g uniformly on
[a,b], g differentiable on [a, b], and g’(x) = 3, f#(x). That is, the derivative of the limit equals the limit

of the derivatives.

< Lecture 24; Last Updated: Wed Apr 10 15:09:45 EDT 2024

< Theorem 6.11: Cauchy Criterion

fu(x) : D € R — R converges uniformly on D iff Ve > 03N s.t. Vm,n >N, 7" . fi(x) <eVxeD.

< Proposition 6.9: Weierstrass M-Test
If |[fu(x)] < M, YVx €D CRand }, M, < +0o, then }, f,(x) converges uniformly on D.

Proof. Sulffices to look at the tail: Z}”:nﬂ |fa(0)] < X001 M. ]

j=n+1

6.6 Power Series

< Definition 6.5: Power Series

A function, series of the form

(©e]

f(x):Zan(x—c)” ®

n=0

is said to be a power series centered at ¢ € R.

< Definition 6.6: Radius of Convergence

For a, asin ®, let p := limsup,_,  v/|a,|. Then, R = % the radius of convergence of f (taking R = 0 if
p =00, R = c0if p=0).
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< Theorem 6.12: Cauchy-Hadamard

Let R be the radius of convergence of ®. Then, }’, a,(x — c)" converges if |x — c| < R, and diverges if

|x — c| > R. If precisely equal, either case could happen (and needs to be treated individually).

1/n 1/n 1/n

Proof. Directly apply theroot test; assume c = 0. Then |a,x"|"'" = |a,|"'" |x|. If |x| < p, thenlim sup |a,|"" |x| <
p% =1s0o Ve >0 INst Vn > N, |aa|""|x] < 1-¢e = |au||x|" < (1 — &)". It follows that

> >N lanx™| < 3, ]->N(1 — ¢)/. But this RHS is a geometric series with r < 1 so thus converges. The con-
verse follows similarly (well, backwards). [

® Example 6.3

1. 1+ x +x2+--- converges absolutely for |x| < 1.
2 3
2. 1+x+%5 +% +--- converges for -1 < x < 1.

3. 2. ’7‘1—2 with k > 2 converges for —1 < x < 1 (check the x = 1 case by comparison test, then the

x = —1 test follows by alternating series test.)

<~ Theorem 6.13

Let | be a closed and bounded interval strictly contained in the interval of convergence of ®. Then f(x)

converges uniformly in J.

< Lecture 25; Last Updated: Tue Apr 9 15:14:47 EDT 2024

Remark 6.3. In-class review. Good luck!

< Lecture 26; Last Updated: Tue Apr 9 15:16:14 EDT 2024
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7 APPENDIX

7.1 Notes from Tutorials

<~ Theorem 7.1

Let (X, d) be a compact metric space.”Let C(X) := {f : X — R : f continuous} be a vector space. Take

the uniform norm ||f|| := sup, .y | f(x)| on C(x). Then, (C(x), || ® ||) is complete."’

Proof. Denote the “canonical norm” p(f, g) == ||f - gl|-
Let (f,) € C(X) be a Cauchy sequence. Then, Ve > 0,AN € N: Vm,n > N, p(fu, fm) < €.
Fix x € X, noting that

fu(x) = fn (] < sup | fu(y) = fuW)l = p(fu, fu) < & !

yeX

Define, for this fixed x, a sequence in R { f,(x)},en. By +1 we have that this sequence is Cauchy in R, but as R
complete, f,(x) hence converges, to some limit we call f(x) := lim,,c fu(x). Note that x is still fixed at this
point; these are but real numbers we are working with here.

Now, as x was completely arbitrary, we can repeat this process for all of X, and define a function f : X — R
where f(x) := limy, 0 fn(x).

For a fixed x, we have that f,,(x) — f(x) as m — oco. This implies:

0< Tim [fu(x) = fu(x)| < lim & = ¢
= |fu(x) - f(x)] < eVn >N
= p(fu, f) =sup|fu(x) - f(X)| < e = fu—f

xeX

It remains to show that f € C(X). Let c € X and ¢ > 0, and the corresponding N € N : p(f,, f) < §Vn > N.
By construction, fy € C(X), and is thus continuous at c. This gives that 36 > 0 : |fn(x) — fn(c)| < § whenever
d(x,c) < o6. "

Hence, if d(x, ¢) < 6, we have

£0) = £ < 1FG) = fu)]+ () = ix(@)] + () = £(c)]
<p(f fu)+3+3

3
<ztziz=¢
3 3 3 ’
hence f continuous at ¢, which was completely arbitrary, and thus f € C(X). |

10Tn this proof, the compactness is necessary for the norm to be well-defined.

10In this way, this becomes a Banach Space: a complete, normed vector space.

11Be careful here, there are three different metrics going on; p from the vector space, d from the underlying metric space, and |- - - |
from R.
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< Theorem 7.2

Let (X, d)-complete. Let {F,, } be a decreasing family of non-empty closed sets with lim,, o, diam(F,) = 0.

Then, 3z : (,,en Fn = {z}-

< Theorem 7.3

Let (X, d)-complete, and f : X — X an “expanding map”, such that d(x,y) < d(f(x), f(y))Vx,y € X.

Then, f is a surjective isometry, ie, f(X) = X and d(f(x), f(y)) =d(x,y)Vx,y € X.

— Lemma 7.1

Differentiable =— Continuous.

Proof. Let f : I — R, and c € I arbitrary. Notice that Vx #c €I, f(x) — f(c) = (x - c)%. Hence,
f(x) - f(e)
xX—c

— lim(x - ¢) - lim L0 =S

xX—c xX—c X —C

lim(f(x) - £(c)) = lim(x - ¢)
=0-f'(x)=0

— lim f(x) = £(0)

hence f continuous, noting that the splitting of the limits is valid as both are defined.

7.1 ArpenDix: Notes from Tutorials
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® Example 7.1

x2 xeQ

0 x¢0Q

Let f:R > R, f(x) :=
Claim: f discontinuous at all x # 0.

Proof. Letx # 0 € R. By density of Q C R, there exist sequences (r,,) € Qs.t. r, — x and (z,) € R\Q

s.t. z, — x. Then:

lim f(r,) = lim r,% = x2
n—oo
lim f(z,) =1limO,
n—0oo
hence f discontinuous by the sequential criterion at x # 0. |

Claim: f(0) = 0.

Proof. Let e > 0and 6 = ¢. Notice that f(x) < x2V x. Then, we have that V |x| < 9,

f(x)—f(O)_O‘_ f(x)

x—0 lox

2
<|l—|=|x|<d=¢

< Definition 7.1

Let f : I —» R. A point ¢ € [ is a local max (resp min) if 36 > 0s.t. f(x) < f(c) (resp f(x) > f(c))
Vxe(c—-0,c+0)NI.

— Lemma 7.2

Let f : I — R be differentiable at c € I°. If ¢ a local extrema of f, then f’(c) = 0.

Proof. Assume wlog that ¢ a local max; if a local min, take f := —f and continue.

Since I° open, 361 > 0 : (c — 01,¢ + 61) € I° € I. We also have that 36, > 0 : f(x) < f(c)Vx €

(c = 02,c + 02) N1, by c an extrema.
Let 0 := min{61, 02}. Then, we have both (c —0,c+96) CIand f(x) < f(c)Vx € (c = 0,c + ).

Since f'(c) exists, limy_c+ % = limy - f(xat{(d

7.1 Avrrenpix: Notes from Tutorials
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that

60 1 NN (L { G I

x—ct X—c x—c” xX—=c ’

hence, as these two limits must agree, they must equal 0 and thus f’(c) = 0. ]

7.2 Miscellaneous

® Example 7.2: Rudin, Chapter 7: Differentiability

1. Let f be defined ¥ x € R, and suppose that |f(x) — f(y)| < (x —y)?, Vx,y € R. Prove that f is

constant.'?

Proof. Let x > y € R. Then, as |x — y| = x — y, we have

<x—-y=|x-y|l—>0asy - x

f) - fW|
xX-y

) - fWl < (x -y = ‘w

= ‘ 0
This implies, then, that f’(x) is defined Vx € R, and moreover, that f’(x) = 0Vx € R. We
conclude, then, that f(x) constant V x € R. [

2. Suppose f’(x) > 0in (a,b). Prove that f is strictly increasing in (a, b), and let g be its inverse
function. Prove that g is differentiable, and that

1

) = 70

(a <x<bD).
Proof. Fix x > y € (a,b). Then, by the mean value theorem, 3z € (x,y) : f'(z) = %ch(y)
Since f’(z) > 0, it follows that

%jyr(y)>o = f(x)-fy)>x-y>0 = f(x)> f(y),

hence, f increasing, as x > y arbitrary.

Letnow g := f~L. |

12Note that this means that f Holder continuous with constant o = 2. Indeed, Holder continuous functions with a > 1 are always
constant by a similar proof. For 0 < a < 1, we have the inclusion continuously differentiable = Lipschitz = a-Hoélder —
uniformly continuous = continuous.
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7.3 Class Midterm Solutions

< Question 7.1

Let X be a topological space, and let f,¢g : X — R be two continuous functions. Show that the set

{x € X: f(x) > g(x)} is an open subset of X.

Proof. Let A = {x € X : f(x) > g(x)}. Letting ¢(x) := f(x) — g(x) = (f — g)(x), then remark that
A ={x € X : p(x) > 0}, and since differences of continuous functions are continuous, ¢ continuous.
Letting B := (0, o) C R, then, we have that A = @~ '(B). But B an open set, and the inverse images of

open sets by continuous functions are open, hence A open. |

< Question 7.2

(a) List three equivalent properties (definitions) of compact sets in metric spaces; you don't need to

prove anything.

(b) Is the unit ball'*in the space ¢? of infinite sequences compact? Prove or disprove. You may use any

of the properties from (a).

Proof. (a) Every open cover admits a finite subcover <= sequentially compact &= complete and

totally bounded.

(b) Denote the closed unit ball centered at (0,0,...) in ¢?, B .= {x € ¢?: d%(O, x) = X2 x| < 1}

Consider the sequence of “unit sequences”
n n . _
{e }neN E B, 61 = 6171.

Then, forany i # j, da(e”, e™) = V2 > 1. Tt follows that, although e” € B for any n, there cannot exist
a subsequence of x" that converges within B (verify why this is!). Thus, B cannot be sequentially

compact and thus not compact.

3Jakobson said in class this is supposed to be a closed ball.
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< Question 7.3

(a) Define a complete metric space.
(b) State (without proof) the contraction mapping theorem.
(c) Let f:(0,1) — (0,1) be defined by f(x) = x/2. Is f a contraction?
(d) Does f have a fixed point in the open interval I = (0,1)? Does that contradict the contraction
mapping theorem?
Proof. (a) A complete metric space is a metric space in which every Cauchy sequence converges within

that space.

(b) Let (X, d) be a complete metric space, and let f : X — X be a contraction mapping, ie for any
x,y €X,d(f(x), f(y)) < c-d(x,y) for some c € (0,1). Then, the contraction mapping states that f

has a unique fixed point z € X, ie f(z) = z and lim,, . f"(x) = z for any x.

(c) Forany x,y € (0,1), we have

AF@), f) = 1f@) - F)l =52 = Sl -yl = ¢ d(x,y),

so f indeed a contraction mapping with ¢ == 3.

(d) We have that for any x € I, f"(x) = £ so x a fixed point iff & = 51 for some 1, which is only

possible if x = 0, but 0 ¢ I, so indeed f has no fixed point in I. This is not a contradiction to the

1

contraction mapping theorem since I := (0, 1) not complete (indeed, £ € IVnbut 1 — 0 ¢ I).

7.3 Arpenpix: Class Midterm Solutions

60



< Question 7.4
Let x = (x1,x2,...) and ¥ = (y1, 2, .. .) be infinite real sequences satisfying ||x|]» < 2 and ||y||2 < 3,

where || - - - ||> the £2 norm.

(a) State Holder’s inequality and Minkowski inequality for sequences.

(b) Give an upper bound for x - y = }}; x;y;, and for ||x + y]|.

Proof. (a) Holder’s inequality: for p, g Holder conjugates and x € 7,y € {1 we have

inyi

i=1

< [lxllpllylly-

Minkowski inequality: for x,y € ¢7,

e+ yllp < [lxflp + [lyllp-

(b) For x,y as given; by Holders, x - y < |[|x]|[|lyl]l; = 2-3 = 6, and by Minkowski’s, ||x + y|| <
[|x]] + ||yl =2+ 3 =5, s0 6,5 are upper bounds for x - y, ||x + y|| respectively.
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< Question 7.5

(a) State (without proof) Taylor’s theorem.

(b) Let f € C*([0,2]), and let f’(1) = f”(1) = f"’(1) = 0 while f¥(1) = 2. Use (a) to show that f(x) has

a local extremum at x = 1, and determine its type.

Proof. (a) LetI=[a,b] C Randlet f : I — R such that f € C"(I), and f"**V(x) exists on (a,b). Then,

for xg € [a, b], there exists some ¢ € (min(x, xg), max(x, xg)) such that

f(n+1)( )
(n+1)!

f(x0)
n!

f(x) = f(xo) + f'(x0)(x — x0) + -+ + (x = x0)" + (x — xo)" L.

(b) By Taylor’s, for any x € [0, 2], there exists some ¢ between x and 1 such that

f<4>( )

f) =)+ D)+ A6+ M-+ (x —1)*

=0
———(x- 1)
f<4>( )

- )+ f<4>( )

= f(x)-f(1) > ——(x—1)*Vx €[0,2]

By continuity of ), there exists some neighborhood V of xy = 1 such that f®(c) has the same

4) @)
i (C) > 0, since fT = 7 2 0. Thus, since (x — 1)* > 0, we have

sign of f#(1). So, for any x € V,
that for such x in V,

f)=f1) >0 = f(x) > f(1).

Hence, we have a neighborhood of 1 such that for all x in the neighborhood f(x) > f(1). It follows

that 1 a local minimum of f.
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