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1 Sets

1.1 Definition

A set can be considered as a collection of elements; more intuitively, you can consider some-
thing a set if you can determine whether a given object belongs to it. Typically sets are defined
as A =1{1,2,...},byaproperty A = {z | 2%2 = 0}, or with an appropriate verbal description.

1.2 Set operations

There are a number of ways to “combine” sets:

« Union: AUB ={z|x € Aorz € B}
« Intersection: ANB ={z|x € Aandz € B}

« Difference: A\ B={z |z € Aand z ¢ B}

— Lemma 1.1
A=(A\B)U(ANB)

Proof. To prove set equivalencies, we must prove that both RHS C LHS and LHS C RHS; mean-
ing, the LHS and RHS are subsets of each other, and are thus equal.

First, to prove LHS C RHS, leta € A.Ifa ¢ B,thena € A\ B,and a € RHS. Else, ifa € B,
then a € AN B and a € RHS. Thus, LHS C RHS.

Next, to prove RHS C LHS, leta € RHS. Ifa € A\ B, thena € A =LHS. Else,a € AN B,
and thus a € A = LHS. Thus, RHS C LHS. Since LHS C RHS and RHS C LHS,LHS=RHS. R

1.3 Indexed sets

Let I be a set. If for every ¢ € I, we have a set B;, we say that we have a collection of sets B;
indexed by I. We write {B; : i € I}.

® Example 1.1

Let I = {1,2,3},and B; = {1,2,3,4} \ {i} (B is the set of all numbers from 1 to 4,
excluding i), for i € I. We thus have B; = {2, 3,4} (etc.).

This concept of indexing allows us to introduce repeated unions/intersections. For

§1.3 Sets: Indexed sets p.-3



instance, we can write
UBZ — Bl UB2 UB3 - {1,2,3,4}
iel

Similarly,

ﬁBZ- = {4}

You can somewhat
consider these “large”
unions/intersections as

® Example 1.2 analogous to summations ¥

and products II.
Let I =R, and B; = [i,00] = {r € R: v > i}. Then, | J;.g B; = Rand (), .z B; = 0.

1.4 Cartesian product
Let Ay, Ao, ..., A, be sets. We define the Cartesian product
Ay X Ay x -+ x Ay = {(x1,29,...,2,) s ; € A, for 1 < i< n}.

For instance,

Ax B={(a,b) :a€ Abe B}.

® Example 1.3
Let A=B=R. Ax B={(z,y) : * € R,y € R} = R?is the set of all points in the

Cartesian plane.

We can also define Cartesian products over an index set. Let / be an index set, with A; for

all 7+ € I. Then, we can write

HAz‘ = {(ai)ier : a; € A}

i€l
® Example 1.4

I=NA={0,1,2,..., 4 ={1,2,3,...}, .., Ai={i,i+1,i+2,...}
Y = HAi:{(ag,al,a%...):aiEN,ai ZZ}

el

We can say that a particular vector (bg, by, ...) € Y if for each b;, b; > i (and b; € N,

of course). In other words, a particular item of the vector must be greater than or

§1.4 Sets: Cartesian product p. 4



equal to its index. Thus, we can say
0,1,2,3,...) €Y

while
(2,2,2,2,...)¢Y

sinceaz =2 = i =3,and 2 # 3.

2 Methods of Proof

2.1 Proving equality via two inequalities

In short, say x,y € R. x =y <= 2 < yandy < x. Similarly, in the context of sets, we can
say that, for twosets X, Y, X =Y <= X CYandY C X.

2.2 Contradiction (bwoc)

Given a statement P, we can prove P true by assuming P false (= —P), then arriving to a

contradiction (this contradiction is often a violated axiom or basic rule of the system at hand.)

® Example 2.1
Show that there are no solutions to 2> — y? = 1 in the positive integers.
Proof (bwoc). Assume there are, so x,y € Z,.“We can then write

1=2" -y’ = (z - y)(z +y)

z—y=1
x — y and z + y must be integers, and so we have two cases, 0 and
r+y=1
r—y=-1 : - i :
. In either case, y must be zero, contradicting our initial assumption
z+y=-1
and thus proving the statement. |

27 is used to denote
positive integers; similarly,
Z_ denotes negative integers.

2.3 Proving the contrapositive

Logically, A = B < B = A% 3“I am hungry therefore I
will eat” <= “Twill not eat
therefore I am not hungry”
Notice too that B need not
imply A (“I will eat therefore I
am hungry”). If

§2.3 Methods of Proof: Proving the contrapositive p.5 A= B < B = A
h h AN = R



® Example 2.2
Let X, Y be sets. Prove X = X \Y — XNY =0.

Proof. Prove contrapositive: X NY £ — X X \Y. XNY #) = Tt e
XNY = t€eXandteY, thust ¢ X \Y,butt € X,s0 X # X \Y. |

2.4 Induction

— Axiom 2.1: Well-Ordering Principle
Every S C N, where S # (), has a minimal element, ie 3a € S's.t. Vb € S,a < b.

< Theorem 2.1: Principle of Induction

Let ny € N. Say that for every n € Z,n > ny, we are given a statement F,. Assume

(a) P, istrue

(b) if P, is true, then P, is true

then P, is true for all n > ny.

Proof (bwoc). Assume not.* Then, we define S = {n € N : n > ng, P, false}. By the Well-
Ordering Principle, there exists a minimal element a € S. By definition, a > ny, and as P,
is taken to be true, then a > ng since ng ¢ S. Thus, a — 1 ¢ S, as a is the minimal element
of S, and therefore P, ; is true. However, by (b), this implies P, is also true, and thus a ¢ P,

contradicting our initial assumption. |

2.5 Pigeonhole principle

— Axiom 2.2

If there are more pigeons than pigeonholes, then at least one pigeonhole must contain more

than one pigeon.’

® Example 2.3

Consider n,...,ns € N. There exist at least two of these n’s s.t. n; — n; is evenly

divisible by 5.

Proof. Let us rewrite each n; as n; = b5k; +1;, where k;, r; € N, k; is the quotient, and

r; is the residual. r; € {0, 1,2, 3,4} (the only possible remainders when a number is

divided by 5), and so there are 5 possible values of r;, but 6 different n;. Thus, two n;

§2.5 Methods of Proof: Pigeonhole principle p. 6

“note that (a) and (b) of
the Principle of Induction are
still taken to be true; it is
simply the conclusion that is
assumed to be false.

5 Alternatively, you can
consider fractional pigeons
(though a little gruesome);
given n + 1 pigeons and n
holes, each hole will contain,
on average, 1 + % pigeons.



must have the same r;, and we can write:

n; = 5k; +rn; = dk; +r
n; —n; = (5k; + 1) — (5k; + 1)

(ki — kj) € Z, and so n; — n; is evenly divisible by 5. [

3 Functions

3.1 Types of Functions

< Definition 3.1: Function

Given 2 sets A, B, a function f : A — B is a rule such that Va € A, 3!f(a) € B, where 3!

denotes “there exists a unique”.

— Definition 3.2: Graph

Given a function f : A — B,a graph 'y = {(a, f(a)) : a € A} C A x B. We can say that,
Va € A, 3b € B such that (a,b) € T'y.

® Example 3.1

Consider the Cartesian plane, denoted R?. It is simply a graph I'; where f : R — R
is the identity function, f(z) = z.

— Definition 3.3: Injective

A function is an injection iff Vay,as € A, f(a1) = f(az) = a1 = as.

— Definition 3.4: Surjective

A function is a surjection iff Vb € B,3a € A such that f(a) = b. In other words, every
element of B is mapped to by at least one element of A; you can pick any element in the

range and it will have a preimage.

— Definition 3.5: Bijective

Both.

§3.1 Functions: Types of Functions p. 7



— Definition 3.6: Fibre
The fibre of some y € Yis f~(y) = f~'(y)

3.2 Cardinality

— Definition 3.7: Cardinality
The cardinality of a set A, denoted |A

more abstract notion of size if A is infinite.

, is the number of elements in A, if A is finite, or a

We say that two sets A, B have the same cardinality (|A| = |B|) if 3 a bijection f : A —
B.“This necessitates the question, however: if two sets are not equal in cardinality, how do we

compare their sizes?
We write

|A| < |B| <= 3f: A — B where f is injective

and

|A| > |B| < 3f: A — B where f is surjective.
Note that |B| < |A| if either A = & or, as above, 3f : B — A surjective.

< Definition 3.8: Composition

Given two functions f : A — B, g : B — C, the composition is the functiongo f : A — C

— Proposition 3.1

If |A| = |B| and |B| = |C| then |A| = |C]

Proof. 3f : A — B bijective, and g : B — C bijective. We desire to show that 3h : A — C
that is bijective. We can write h = g o f, where h(a) = g(f(a)).

To show that h bijective:

- injective: Suppose h(a;) = h(as), then g(f(a1)) = g(f(a2)), and since g is injective,
f(a1) = f(az). Since f is injective, a; = ay, and thus h is injective.

- surjective: Let ¢ € C. Since g is surjective, 3b € B such that g(b) = c¢. Since f is
surjective, Ja € A such that f(a) = b. Thus, h(a) = g(f(a)) = g(b) = ¢, and thus h is

surjective.

Thus, h is bijective, and |A| = |C|. |

§3.2 Functions: Cardinality p. 8

%Consider this in the
finite case: a bijection
indicates that all elements in
the domain map uniquely to a
single element in the range,
and the range is completely
“covered” sts by the function.

7Consider this
intuitively; if your domain is
smaller than your range, then
you will “run out” of things to
map from the domain to the
range before you “run out” of
things in the range, hence, you
have a injection. Similarly, if
your domain is larger than
your range, then you will have
“leftover” elements in the
domain (that will map to
“already mapped to” elements
in the range), hence, you have
a surjection.



— Lemma 3.1

If g o f injective, f injective. If g o f surjective, g surjective.

— Definition 3.9: Image

The image of a function f : A — B is the set Im(f) = {
all elements in B that are mapped to by f. Note that Im(f)

surjective.

f(a) : a € A}, ie the set of
C B,andIm(f) = Bif fis

— Proposition 3.2

Al < [Blif | B] > |A]

Proof. If A = @, |B| > |A| clearly.

If A # &, we are given 4f : A — B injective. Let us choose some ay € A. We define
g: B — Aas

ag b ¢ Im(f)
g(b) =
a b= f(a) € Im(f)°
Note that g(f(a)) = g(b) = a, so g is surjective. Thus, |B| > |A|. [

— Proposition 3.3
Bl = [A]if |A] < |B]

< Theorem 3.1: Cantor-Bernstein Theorem
|A| < |B|and |B| < |A] = |A| =|B].”

Equivalently, if 3f : A — B injective and dg : B — A injective, then 3h : A — B

bijective.

— Proposition 3.4
If|A1’ = |A2| and |Bl| = |BQ| then |A1 X B1| = |A2 X B2|

Proof. The first two statements define bijections f : A1 — As and g : By — B,, and we desire
tohave f x g : Ay X By — As X By. We define f x g(ay,b1) := (f(a1), g(b1)). We must show
that f x g is bijective. [ |

§3.2 Functions: Cardinality p.- 9

8Note that a is unique in
A, as f is injective.

%It is often very difficult
to define an arbitrary bijective
function between two sets in
order to prove their
cardinality is equal. The
Cantor-Bernstein Theorem
allows us to prove that two
sets have the same cardinality
by proving that there exists an
injection from A to B and an
injection from B to A, which
is typically far easier.



® Example 3.2

Consider A as the set of all points in the unit circle centered at (0,0) in R?, and B as
the set of all points in the square of side length 2 centered at (0, 0) in R? (ie, the circle
is inscribed in the square). We wish to prove that |A| = |B|.

Proof. Let f : A — B, f(z) = x. f is injective, and thus |[A| < |B|. Letg : A — B,

0;v22 ¢ B

g(x) = . In simpler terms, consider this as multiplying points of

\/§x;\/§x€B

A by V2 any point in this new “expanded” circle that lies within B maps to itself,
and any that lies outside maps to 0. This is thus a surjection, and thus | B| < |A|. By
the Cantor-Bernstein Theorem, |A| = | B]. [

— Proposition 3.5

A=1{0,1,4,9,...}. |4 = |N|.

Proof. Define f : N — A, f(n) = n?. This is clearly injective '°, and thus |A| < |N|. | 10Notice that f is only

- injective if we restrict the
domain to N; if we were to
consider Z, for instance,

— Definition 3.10: Countable/enumerable fE)=r1) =1

A set A is countable if |A| = |N|, or A is finite.

If A is finite of size n, 3 a bijection f : {0,1,2,...,n — 1} — A.

If A is infinite, 3 a bijection f : N — A.

— Proposition 3.6

IN| = |Z]

Proof. We aim to find a bijection f : Z — N, ie one that maps integers to natural numbers.

Consider the function
2x x>0

fx) =

—2rxr—1 <0

This function is an injection because if f(x1) = f(x2), then 1 = x5 (positive case: 227 =
2x9 = x; = X9, negative case: —211 — 1 = —2x9 — 1 = 21 = X9, and 221 # —225 — 1
for any integer). It is also a surjection (there is no natural number that cannot be mapped to

by an integer). Thus, the function is a bijection and |[N| = |Z|. ! | 1Note what would
happen if f was defined as
—2x for x < 0; then, f would
not be surjective (eg,

f(=D)=2=fQ1))

§3.2 Functions: Cardinality p. 10



— Proposition 3.7

IN| = |N >N
Remark 3.1. It is possible to construct a bijective f : N x N — N; see assignment 1.

Proof. Let f : N — N x N, f(n) = (n,0), clearly an injection (= |N| < |N x N|)*?. The
function g(m,n) = 2"3™ is also injective, and thus |N| = |[N x N]|. |

— Corollary 3.1
|Z| = |Z x Z|

Proof. Consider h : N — N x N, a bijection”,and f : N — Z. Letg = (f, f) : NxN = Z x Z.
The composition goho f' : Z - N — N x N — 7Z x Z is also a bijection, and thus
|Z| = |Z x Z|. [

® Example 3.3
Show that |N| = |Q)|.

Proof. First, we find an injection Q — N. Let f : Q — Z x Z, f(n) = (p, q) where

§ = n (by definition of Q). Using the same function definitions as in corollary 3.1,

the composition h ! og™lo f: Q — Z x Z — N x N — N. This is a composition of
injections, and is thus an injection itself, and thus |Q| < |N|. The identity function
1:N — Q,1(n) = nis clearly an injection as well as all naturals are rationals, and

thus |N| < |Q|. By the Cantor-Bernstein Theorem, |N| = |Q). |

— Definition 3.11
We say |A| < |B|if |A] < |B|but |A| # |B

bijective.

,ie 3f : A — B is injective, but no such

Remark 3.2. We denote an injective function as N — 7, and a surjective function as Z — N.

We say that a particular element n. maps to some other elementn' by n — n’

< Theorem 3.2: Cantor

N[ < [R]

Proof (Cantor’s Diagonal Argument). We clearly have an injection N < R, n +— n, thus |N| <
IR].

§3.2 Functions: Cardinality p. 11

12Note that this function
is not surjective!

3Which must exist by the
proof of the previous
proposition.



Now, suppose |[N| = |R|. Then, we can enumerate the real numbers as ag, ay, . . .

¢;. We denote the decimal expansion of each number as'*

apg = eOO.a00a01a02 ce
a; = 610.&10&11&12 e

Ao — 620.&20&21(122 R

3 a; #3

with signs

Consider the number 0.epe;és . . ., where e; = . This number is different than any

4 CLZ'Z'IS

given a; at the 7 + 1-th decimal place, and is thus not in the enumeration, contradicting our

initial assumption.

Remark 3.3 (Continuum Hypothesis). Cantor claimed that there’s no set |A| such that |N| <

|A| < |R|. It has been proven today that this is “undecidable”.

— Definition 3.12: Algebra on Cardinalities

If o, 3 are cardinalities & = |A|, 8 = | B|, Cantor defined:

a+ = |AU B (disjoint union)
a-f=|AxB|
o = | B4 (set of all functions from A to B)

4 Relations

4.1 Definitions

< Definition 4.1: Relation

A relation on a set A isasubset S C A x A(={(z,y) : z,y € A}).
We say that x is related to y if (z,y) € S, where we denote x ~ y.

Conversely, if we are given x ~ y, we can define an S = {(z,y) : © ~ y}.

® Example 4.1

Following are examples of relations on A.

1) Let S = A X A; any © ~ any y because (z,y) € S for all (x,y).

2) Let S = &; no x ~ any y (even to itself).

§4.1 Relations: Definitions

p- 12

14We make the
clarification that, despite the
fact that
1.000---=0.999..., we
will take the “infinite zeroes”
interpretation, and thus every
real number has a unique
decimal expansion. This is an
important, if subtle,
distinction.



3) S =diag. = {(a,a) :a € A};x ~ aVa,butz = yif y # .

4) A=[0,1](e R). Say x ~ yif x < y. Thus, S = {(z,y) : v < y} (the diagonal,

and everything above).

5 A=7,x ~yif 5|/(z — y), ie  and y have same residue mod 5."

— Definition 4.2: Reflexive

A relation is reflexive if for any z € A, x ~ z.

This includes examples 1), 2) (iff A is empty), 3), 4), and 5) above.

— Definition 4.3: Symmetric

A relation is symmetricifx ~y — y ~ x.

This includes 1), 2), 3), and 5) above.

< Definition 4.4: Transitive

A relation is transitive if v ~ y and y ~ z implies x ~ z.

This includes 1), 2), 3), 4), and 5) above.

4.2 Orders, Equivalence Relations and Classes, Partitions

— Definition 4.5: Partial Order

A partial order on a set A is a relation x ~ y s.t.
1. x ~ x (reflexive)
2. ifx ~yandy ~ z, x = y (antisymmetric)

3. x~yandy ~ z = x ~ z (transitive)

It is common to use < in place of ~ for partial orders.
We call a set on which a partial order exists a partially ordered set (poset).

This is called partial, as it is possible that for some =,y € A we have x ~ y and y ~ z,
ie x, y are not comparable. A partial order is called linear/total if for every z,y € A, either
r<yory<umzeg, A=10,1],R,Z, ..., with z < y. Consider the above examples:

1) is not total, if A has at least two element, because dx # y but both z ~ y and y ~ z,

and thus not antisymmetric.

§4.2 Relations: Orders, Equivalence Relations and Classes, Partitions p. 13
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b divides a.



3) yes

5) no, as this is symmetric, since 5|(x —y) = 5|(y — ), and thus = ~ y,y ~
r="Yy==x

® Example 4.2
Let“A =N, ={1,2,3,4...}, and define a ~ b if a|b. We verify:
« a ~ a (since ala)

ca~bb~a = a=0bsinceinN,, alb = a < b, and we thus have a < b
and b < a, and thus a = b.

« suppose a ~ band b ~ ¢, then a|b and b|c. We can writeb =a-mandc=10b-n

for n,m € N. This means that ¢ = bn = amn = a(mn), which means that a

C,

SO a ~ C.

Thus, A is a poset. Note that this is not a linear order, as 2 ~ 3, and 3 ~ 2 (not all a, b

are comparable).

19Try this with integers,
see where it fails

— Definition 4.6: Equivalence Relation

We aim to, abstractly, define some ~ such that if x ~ z,x ~ y, theny ~ z, and if z ~

Y,y ~ 2, then x ~ z.

Specifically, an equivalence relation ~ on the set A is a relation x ~ y s.t. it is

. reflexive;
« symmetric;

« transitive.'”
17Note that, generally,

equivalence and order
relations are very different.

® Example 4.3
1. Let n > 1 be an integer. A permutation o of n elements is a bijection o :
{1,2,...,n} — {1,2,...,n}. Their number is n!, ie there are n! permuta-
tions of n elements. The collection of all permutations of n elements is denoted
Sy, which we call the “symmetric group” on n elements. We aim to define an

equivalence relation on S,,.

Let us define 0 ~ 7 if 0(1) = 7(1). We verify that this is an equivalence

relation:

(@) o ~0o,0(l) =0(1), so yes

§4.2 Relations: Orders, Equivalence Relations and Classes, Partitions p. 14



(b) 0 ~ 7 means o(1) = 7(1), so yes
() o~7,7T~po(l)=7(1),7(1) = p(1),s0 o(1) = p(1), hence o ~ p, so
yes.

Thus, ~ is an equivalence relation on S,,.

® Example 4.4
Define a relation on Z by saying that  ~ y if © — y even, ie 2|(z — y). This is

reflexive, as 2|(z — x) = 0,2 ~ x, symmetric, since (y — ) = —(z — y), and
transitivex — 2 = (z —y)+(y —2) = = ~ 2.
—— =
even even

® Example 4.5

We say two sets A ~ Bif |[A| = |B|. 14 =1d: A — A,a — ashows A ~ A.
A~ B = 3f: A — B bijective, then f~! : B — A also bijective so B ~ A. If
A~ B,B ~ Athen A ~ C (since |A| = |B|,|B| = |C| = |A| = |C| as proved

earlier).

— Definition 4.7: Disjoint Union

Let S be a set, and 5;,7 € I, C S. S is the disjoint union of the S;’s if S = M;¢;.S;, and for
any i # j, 5; N S; = @'%; we denote S = II;;S;. We can say that {.S;} for a partition of S.

18je, no S;’s share
elements; think of

“partitioning” .S such that no
® Example 4.6 subsets overlap.

Let S = {1, 2}. Partitions are {1, 2}, and {1}, {2}.

Let S = {1, 2, 3}. Partitions are {1, 2,3}, {1}, {2}, {3}, ...

— Definition 4.8: Equivalence Class

Given an equivalence relation ~ of A and some = € A, the equivalence class of z is [x] =
{ye Az ~y} CS.

— Theorem 4.1

The following theorems are related to equivalence classes:

(1) the equivalence classes of A form a partition of A;

(2) conversely, any partition of A defines an equivalence relation on A given by the par-

tition.

§4.2 Relations: Orders, Equivalence Relations and Classes, Partitions p. 15



— Lemma 4.1

Let X be an equivalence class; a € X, then X = [a].

Proof of lemma 4.1. If X is an equivalence class, X = [z] for some x € A, by definition. Let
a € X.Ifb € [a]thenb ~ aandasa € [z]thena~2 =— b~z = b€ [z] = [a] C [z].

Otoh,a ~ x = z € [a], so [z] C [al, and thus [z] = [a]. [

Proof of theorem 4.1. We prove (1), (2) individually.
(1) We aim to show that if the equivalence classes are { X, };c; then A = I1,c; X;. We say

the following:

1. Every a € A is in some equivalence class (a € [a]).

2. Two different equivalence classes are disjoint <= if X, Y equiv. classess.t. XNY # &
then X =Y.

lemma

Letace XNY = [0 =X,[a)=Y = X =Y.
Here, consider the examples above;

- example 4.3; S,,: there are n equiv classes X; = {0 € 5, : 0(1) = i}. S, = X; U X, U
... Xp.0€ S,ando(1) =i, theno € X;.

- example 4.4; Z: two equiv. classes; X = even integers = [0], Y = odd integers = [1], so
Z = even Ll odd

- example 4.5; sets: an equivalence is a cardinality. n := [{1,2,...n}] = all sets with n

elements. Similarly, we often write that X, := [N] = inf. countable sets = sets un bijection
with N, and 2% := [R].

(2) We are given a partition A = I1;c; X;. We say x ~ y if 3¢ € [ s.t. = and y belong to X
(noting that such an ¢ is unique if it exists by definition of a partition).

o x ~ x,clearly,sincex € X; = x € X
s T~y = Yy~ x, by similar logic

« T ~ ¥,y ~ z means that z and y in some same X;, and y and z in some same X;. So,
y € X; N Xj, but we are working with a partition so X; and X; are disjoint and so this
intersection is either &, or the sets are equal; since we know it is not empty, X; = X},

and so x ~ z.

Thus, ~ is an equivalence relation.”’ [ |
D Contrapositive...
20This whole
. . . . . .. proof/theorem can sound
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® Example 4.7

Let A = students in this class. x ~ y if x, y have the same birthday. The equivalence

classes in this case are the dates s.t. 3 some student with that birthday.

— Definition 4.9: Complete set of representatives

If isan equiv. relation on A, a subset {a; : i € I} C A is called a complete set of represen-

tatives if the equivalence classes are [a;],7 € I with no repetitions.

You find such a subset by choosing from every equiv class one element.Considering our
examples:

« For example 4.3, 5, = Xj U... X,,, X; = {0 : 0(1) = i}. We define

i =1
oi(j) =41 j=i = [o3]

7 otherwise

(switch ¢, j and leave all others intact). {0y, ...,0,} are a complete set of represen-

tatives.

« For example 4.4 (even/odd in Z), a complete set of reps could be {0, 1}, ie Z = [0]U[1].

5 Number Systems

5.1 Complex Numbers

> Definition 5.1: Complex Numbers
C = {a+bi : a,b € R}. Equivalently, we can consider complex numbers as the points
(a,b) € R2#

Given some z = a + bi, we can write Re (z) = a,Im (z) = b.

21We can define the
function f : C —
R2, f(a + bi) = (a,b),a
bijection.

> Definition 5.2: Algebra on Complex Numbers

Given z; = x; + y;1, we define:

« Addition: z; + zo = (x1 + x2) + (y1 + y2)i. This is associative and commutative.

« Multiplication: z125 = (z129 — y1y2) + (T1y2 + T211)1
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 Inverse: z # 0,% 3= %, noting thatz‘% = z~% =1

— Definition 5.3: Complex Conjugate

Given z = a + bi, the complex conjugate of z is 7 = a — bi.

— Lemma 5.1

The following hold for complex conjugates:*

]|

= Z.

(a)
b) znt+z=71+22,71 22=71" %2
(c) Re(z) = 22, Im(2) i = 552,

(d) Given |z| = va? + b2,

@ 2P =2-2

(ii) |21 + 22| < |21 + |22

(iii) |21 - 22| = |21] - |22

5.2 Fundamental Theorem of Algebra, Etc
< Theorem 5.1: Fundamental Theorem of Algebra

Any polynomial a,,z" + - - - + a1 + a¢ for a; € C,n > 0, a,, # 0, has a root in C.

® Example 5.1: Roots of Unity

Letn > 1,n € Z. 2™ = 1 has n solutions in C, called the roots of unity of order n.

They are given as (1, %), =0,1,2,...,n — 1 in polar notation.
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simply algebraic
rearrangements of two
complex numbers. (d.i) and
(d.iii) follow from similar
arguments, and finally (ii) is
the triangle inequality restated
in terms of complex numbers.



— Theorem 5.2

Let f(x) = apz™ + - -+ + a1x + ap be a complex polynomial of degree n. Then, there are

complex numbers z1, ... .z, s.t.

each (ii) f(z;) = 0Vj =1,...,n, and (iii) f(A\) =0 = A = z; for some j.”

Proof (by induction). If n = 1, f(z) = a1 + ag = a4 (x - 10) = a1(z — 2z1). Clearly,
f(z1) =0.

Assume that true for polynomials of degree < n and prove for n + 1; let f be a polynomial
of degree n + 1, f(x) = apyq + 2™ +---. Let 2,,,1 be aroot of f : f(z,11) = 0. Such exists
by the Fund’l Thm. We introduce the following lemma:

— Lemma 5.2

Let g be a polynomial with complex coefficients. Let A € C; then we can write g(z) =

(x — A)h(x) + 7,1 € C, h a polynomial with complex coefficients as well.

Proof of Sub-Lemma. By induction; we can write g(x) = a,z™ + -+ - a1z + ag. If deg(g) = 0,
then g =ay = h(z) =0,00 =7

Assume this is true for degrees < n,and that g has degree < n + 1.
9(x) = (& = Napara” + b(z),

where b(z) = g(z) — (x — N)a, 12" = a, " +al,_z" '+ .-+ forsomed,...,ay € C. We
can apply induction to b(x) (that has deg < n); b(z) = (x — A)hy(x) + 7, so

g(z) = (. —A) (@n+133n:r hi(x)) +r,

h(z)

as desired. |
Now, we write our f(x) as
f(x) = (z = znaa)h(z) 7,
using the lemma. Then,

0= f(zn41) = (Zng1 — Zng1)P(2n41) + 7
=04+7r+0 = r=0,
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ZProof sketch: we prove
by induction. First, we prove
the base case of polynomials
of deg = 1, then we assume it
holds for deg < n. We then
prove a separate lemma (also
by induction) that allows us to
rewrite our polynomial as the
product of some (z — \)
factor, another polynomial,
and some residual. We then
rewrite our original
polynomial as the product of
some linear term and another
polynomial, plus some
residual, then show that this
residual is 0, and thus show
that our polynomial of degree
n 4+ 1 is simply the product of
some linear term and a
polynomial of degree n, the
inductive assumption, and
thus the general statement is
true.

The “sub”-claims follow
naturally.



f(x) = (z = zn)h(2),

Comparing the highest terms:

1" = (T — ) (32" )

— leading coefficient of h(x) also a,,41.

By induction,

h(z) =  apt1 H(x —z)
lead coef of h =1
n+1
= f(z) = ann H(QZ — 2;) () holds
=1

Further:

o (iD): f(2)) = nga H?;l(zj — %) =0 wheni = .

o (iti): if f(\) = 0, then a,, 1 [[7}'(\ — 2) = 0. But if a product of two complex numbers

is 0, then one of them is 0. a,, 1 # 0, so some A — z; = 0, ie A = z; for some 7**

[ |
%4This claim relies on the
claim that
L. . S1-8 =0 <= s o0r
— Definition 5.4: Complex Exponential s2 = 0 for s1, 55 € C. This is
) fairly straightforward to
The complex exponential, e = 1+ % + %7 + ... can be Taylor expanded and we have that prove, and can be extended to

any number of complex

P _

numbers, ie [, s; =

0 0 < somes; =0

e = cosf +isind.

® Example 5.2

If z =" = ¢% . ¥ = e%(cosy + isiny), then 2 = (e, y) in polars.

We can apply this idea to prove some trigonometric formulas. Consider ¢%?;

e* = (cos + isinf)* = cos® § — sin” O + 2sinf cos §i
-~ TV

Re Im

e = cos(26) +i sin(26)
R I

= cos(20) = cos®f — sin* 0

= sin(260) = 2sinf cosé
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6 Rings (A Brief Introduction)

6.1 Definitions

— Definition 6.1: Ring

A ring R is a set with two operations®

. Addition: Rx R~ R, (a,b) > a+b

 Multiplication: R x R — R, (a,b)—a-b

The following hold:

1. (+ is commutative) a + b = b+ a,Va,b € R.

2. (+ is associative) a + (b+ ¢) = (a + b) + ¢, Va, b, c € R.

3. (0) 4 a zero element, 0,s.t. 0 +a =a+ 0 = a,Va € R.

4. (negative) Va € R,db € Rsta+b=0.

5. (- associative) a(bc) = (ab)c,Va, b, c € R.

6. (1, multiplicative identity) 31 € Rst. 1-a=a-1=a,Va € R*

7. (distributive) Va, b, c € R, a(b+ ¢) = ab+ ac

are all

a,b € Z}, My(Z) = {"

C

b
Z,Q,R,C,R[i] := {a+b; : d:a,b,c,dGZ},...

examples of rings.

Remark 6.1. We do not require multiplication to be commutative; if it is, we call R a commu-

tative ring (eg My(7Z), M5(R) are not commutative).

We also do not require inverse for multiplication (eg 2 doesn’t have an inverse in 7).

< Definition 6.2: Field

A commutative, non-zero, ring R s.t. Vr € Randx # 0 (<= 1 # 0in R, ie Risnota
zero ring), Jy € R s.t. zy = yxr = 1 is a field.

Fields include Q, R, C, Q[i]
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20Though not always
explicitly stated, it is often
specified that rings are closed
under addition/multiplication;
a,be R =
a+banda-b € R.

26Some texts
(Hungerford) do not require
the multiplicative identity to
exist in a ring; those with this
property are called “rings with
identity”. In general, these are
all relatively arbitrary
conventions - they are defined
as such to make other
operations/observations
clearer; they are not steadfast,
natural definitions.



< Definition 6.3: Zero Ring
{0} with 0+ 0 = 0,0 - 0 = 0, where 1 = 0 (identity element is 0).

® Example 6.1
Show that Q[i] is a field.

Ifx € Q[i],z = a+ bi # 0 then

- a— b . a ;
a+bi  (a+bi)a—0bi) a2+b2 a2+ b2
—— Y=

€Q €Q

€ Q[il,

and thus Q[¢] has multiplicative inverses in Q[i].

— Corollary 6.1

Note the following consequences of the above axioms:

1. 01is unique; if z € R has the property that x + a = a + x = aVa € R, then z = 0.
2. 11is unique; if z € R has the property that x - @ = a -z = aVa € R, thenz = 1.

3. The element b s.t. a + b = b + a = 0 is uniquely determined by a; if € R and

z+a=a+x =0, then x = b. We denote such b as —a, ie
—at+a=a+(—-a)=a—a=0.
4. —(—a) = a.

5. (z+y)=—-2—y.

6. 2-0=0-2=0vVx € R.

— Definition 6.4: Subring
Let R be aring. A subset S C R is a subring if

1. 0,1 €85.

2. z,yeS = x+y,—x,x-y€S.

Then, S is a ring itself.
Z C Q C R C C are subrings; Z C Z[i] C Q[i] C C are subrings; M5(Z) C Ms(R) are

subrings.
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7 Division

7.1 With Residue

< Theorem 7.1

Let a,b € Z with b # 0. There exist unique integers ¢ (quotient) and 7 s.t.

a=q-b+7r0<r<|b.

Proof. Assume b > 0 (similar proof applies for b < 0). Consider the set S = {a — bz : = €
Z,a — br > 0}. Note that S # @. If a > 0, take z = 0. If a < 0, take z = a to get
a—br=a—ba=a(l—0>0)>0.

Thus, S has a minimal element; let 7 = min(S). Because r € S, > 0, and

r=a—bgsomeqc”Z — a=0bg—r.

Here, we claimr < b. If r > b, then 0 < r—b=a—0b(¢+1) € S, contradicting the minimality
of r. Thus, 0 < r < b.

We wish to show that ¢, r are unique, meaning thatifa = b¢' +1',¢ € Z,0<r <b — ¢q=
qg,r=r.

Ifg=¢,thenr=a—bg=a—bqy =r'v.

Otherwise, wlog, say ¢ > ¢'. We then have

O=a—a=(bg+r)—(bg +1")
=b(g— )+ (r—7')
— =r+blg—¢)>b, L(0 <71 <|b|)

7.2 Without Residue

< Definition 7.1

Let a,b € Z. We say a divides b, a|bif b = a - ¢, some ¢ € Z (If a # 0, this is the case <
the residue of dividing b by a is 0).

— Lemma 7.1: Properties of Division

1. 0 is divisible by any integer a

2. 0 only divides 0
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3. alb = a|(—b)
4. alband a|d = al(b=+d)
5. alb = albdVd

6. alband bja = a = +b

Proof. 1. 0 =a-0Vav

2. 0|b,thenb=0-csomec = b=0 Vv

3. b=ac = —b=a-(—-c) V

4. b=a-c,d=a-co.btd=alcy£c)€Z V
5. b=ac,sobd=a-(cd) v

6. ap = b =a-cbla = a =0b-d. Ifeithera = 0orb = 0, both are 0, so
a = £b. Assume a # 0,b # 0. Then, we have that a = bd = acd Y ed = 1. Either,

c=d=1 = a=borc=d=-1 = a=-b V

® Example 7.1

Which integers could divide both n and n® +n + 1?
Suppose d does. then d|n and d|(n® + n + 1), then d|n®* = d|(n® +n) =
d|((n*+n+1)— (n®+n)),and so d|1 sod = +1.

7.3 Greatest Common Divisor (gcd)

— Definition 7.2: GCD

Let a, b be integers, not both 0. The gcd of a, b denoted ged(a, b) is the greatest positive
number divided both @ and b.

Remark 7.1. Note that if both a,b are not 0, then d = ged(a,b) < min{|al, |b|} because if d|a
thena=d-c = |a|=|d|-|c] = |d] =d < al.
d| < |bl.

Similarly,

< Theorem 7.2

Let a,b € Z, not both 0. Let d = ged(a, b). Then,

1. Ju,v € Z s.t. d = ua + vb;

2. d is the minimal positive integer of the form ua + vb, u,v € Z;
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3. every common divisor of a, b divides d.

Proof. Let S = {ma+nb: m,n € Z,ma+nb > 0}. S # S becausea-a+b-b=a*+b* > 0,
soa?+ 12 €S,

Let D = min(S), so D = ua + vb, u,v € Z. We claim that this D equals d = gcd(a, b).

We claim first that D|a. We can write

a=D-q+7r,0<r <D,
r=a— Dqg=a— (ua+ vb)gq
= a(1 — uq) + b(~vq)
= r >0 = r €95, contradicts minimality of D

Thus, D divides both a and b, and so D < d (any common divisor is leq gcd).

Let e be any common divisor of a, b. We have
ela = elua and e|b, = elvb = e¢|(ua + vb) = D.
In particular, d|D = d < D. It follows that D = d. [ |

® Example 7.2

ged(7611,592) = 1.
One can write 1 = 195 x 7611 — 2507 x 592. How do we know? Mathematica.

7.4 Euclidean Algorithm

Remark 7.2. gcd(—a, b) = ged(a,b) = ged(a, —b) = - - -

— Theorem 7.3: Euclidean Algorithm

Let a, b be positive integers a > b.
If b|a, then ged(a, b) = b.

Else, perform the following:

a=b-q+ry, 0<ryg<bd
b:ro-ql—l—rl, 0<r <y

To=7T1"¢2+ T2

Ti—o =Ti—1-q+1¢, 0<rp <1y

o1 ="¢ @1+ 0

Tt+1
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Because the residues are non-negative decreasing integers, the process must stop; there is

afirst ¢ s.t. 7,41 = 0. Then, ged(a, b) = ry, the last non-zero residue.”’

Proof. We first prove by induction that for all 0 < ¢ < ¢ + 1, r; divides both r,_; and r;_; ;.
(= nrlroa=0b,rfr_e =a.)

(1) i = 0, then r¢|ry and 7¢|ry—1 (@s r—1 = 74 - qry1)

(2) Suppose r¢|r;—; and r¢|r;—;_; for some 0 < i <t + 1. We have that
Tt—im2 = Tt—i—1 " Qt—i T Tt—;

We then have that
Pl (Te—i + Te—ic1Gi—i) = Ti—i—2,
so1¢| r—;—1 and r| r4_;_o . Then, r;| ged(a,b).
—— ——r

Tt—(i41) Tt—(i+1)—1

Next we show that if e|a and e|b then r|r, ( =  gcd(a, b)|r;, then we would have r, =
ged(a, b)). We prove by induction on 0 < i < ¢ + 1 that e|r;_5 and e|r;_;.

(1) i =0, then e|r_, = a and e|r_; = b, base case holds

(2) Suppose e|r;_o and e|r;_; for some i < t + 1. We have that

Piea =Tic1 ¢+ 1y €|(Fica — i1 - @) = T

So,
el r; and e| 7y
~—

T(i41)—2 T(i+1)—1

Remark 7.3 (Extended Euclidean Algorithm). After completing the algorithm, one can then
“work backwards” to write any d = ged(a, b) as d = ua + vb.

Start by writing d = ry_o — r¢_1 - q;; then, substitute in preceding residuals, simplifying along the
way (but making sure to leave the quotients from each substitution, as these are what you will
substitute in the next step), and continue until you have the desired form. Consider the following

example:

® Example 7.3
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?7Sketch: we show the
equivalence by proving that
they each divide each other,
and are thus equal by
lemma 7.1. This is done by
induction on the residuals
dividing “each other”, and
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essentially, then by induction
on an arbitrary element
dividing the residuals to show
that it must then divide the
ged.



a=48,b=27,d = gcd 48,27 =7

48 =27-1421
271=21-14+6
21=6-3+3
6=3-240

— ged(48,27) = 3
— 3=21—6-3
=21 — (27 —21)3
=21-4-27-3

— (48—27)-4—27-3
—48-4-7-27

7.5 Primes

— Definition 7.3: Prime

An integer n # 0, 1, —1 is called prime if its only divisors are +1, n.

A positive integer n is prime iff its only positive divisors are 1, n.

Remark 7.4. The goal of this section is to prove theorem 7.5, of unique prime factorization; we
then extend it to the rationals. We introduce a number of lemmas/auxiliary results regarding

primes to build up to the proof.

— Lemma 7.2

Every natural number n > 1 is a product of prime numbers.

Proof. We prove by induction.
Base case; n = 2, 2 is prime, done.

Suppose it is true for all integers 1 < r < n; we will prove for n + 1.

« If n + 1is prime, we are done.

 Else, n + 1 has a non-trivial factorization,n + 1 =17 -s, where 1 <r < n,1 < s < n.
By induction, there exists primes p;, ¢; such that r = p;---p, and s = ¢; - - - ¢. We can
then write

ntl=r-s=pi P,

a product of primes, and so we are done.

2 Complete induction...
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— Definition 7.4: Empty Product

1; when we say n = p; -+ p,, 0 < a, a product of primes, a = 0, empty product, means

n = 1.

— Corollary 7.1

Any non-zero integer n is of the form

€-P1° " Pa, €€{i1}7

where p; are primes numbers, a > 0.
Proof. If n > 1, this is the lemma 7.2 where ¢ = 1. If n < —1, the by lemma 7.2,
—_n = pl e — pn
son = —1Ipi-+ ps=—p1-Pa u

— Theorem 7.4: Sieve of Eratosthenes

Let n > 1 be an integer. If n is not prime, then n is divisible by some prime 1 < p < y/n.

Sketch Proof. n = py - - - ps. n not prime, a > 2. If each p; > \/n, then p1ps -+ - p, < /n-/n =
n, L |

— Lemma 7.3

Let p > 1 be an integer. The following are equivalent:

1. pis prime

2. If p|ab, product of two nonzero integers, then p|a or plb.

Proof. Assume 2., suppose p = st € 7. wlog, s,t > 0 (else replace s by —s, t by —t). p|st,

so by 2., say p|s , wlog. We can write s = p X w, thenp = s-t = p - w - t, which are all
positive integers. It must be that w = ¢ = 1, and thus s = p. Therefore, p has no non-trivial
factorizations and is thus prime.

Assume now that 1. holds; p|ab. If p|a, we are done.

Suppose an. Then, ged(p, a) = 1 (since only divisors of p are 1, p, so gcd could only be 1, p, but
if gcd = p then p|a which is not the case). From a property of ged’s, we can write 1 = up + va

for some u, v € Z. Multiplying this by b, we have b = upb + vab.
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We have

plab = plvab

plp = plupb
—> p|(upb + vab), so p|b

[
— Corollary 7.2
Let p be prime. Suppose p|ajazas - - - a,, where a; € Z,m > 1. Then, p|a; for some i
Proof. By induction; we just showed the case m = 2. Suppose it is true for m > 2 and

plaias - - - ayyq; then, p| (ajas - - - ay,) - apmy1. Then, either p| (i) or p|(ii), o p|am,1 or pla;, 1 <
————— N~

(4) (i)
1 < m, as required. [ |

< Theorem 7.5: Fundamental Theorem of Arithmetic

Let n € Z,n # 0. There exists ¢ € {+1} and prime numbers p;, - - -, p,, @ > 0 such that

n=¢€-p;--- Py, uniquely.”’

Proof. First, it is clear that the sign is unique, so wlog, we only consider positive n. We have

already proved that 4 such a factorization by lemma 7.2; we now aim to show that this is unique.
We proceed by induction.

Base case: n = 1; p;, q; > 2, only option is the empty product a = b = 0.

Assumption: say holds for integers 1 < m < n — 1, n > 2 (numbers smaller than n). We are
given

nN=DP1-""Pa=—=4dq1.--qp.

« Suppose p; = ¢1. Then m = pﬂl =pPoPa=(qq —> a = bandp; = q; for
2 <1 < a(and also, p; = ¢1) (covered by inductive hypothesis)

p prime

« Otherwise, p; # ¢1, and wlog (symmetric) p; < ¢;. We have p1|nso pi|q1 - qp —
p1|g; for some 1 < i < b (by lemma 7.3, extended to the product of any number of
numbers). As p; prime, p; = ¢;, implying p; < ¢1 < ¢2 < ---¢; = p1, a contradiction to

the assumption that p; < ¢;. Thus, p; = ¢1.
Alternatively, we could write n = ep]* - - - p? where p; are distinct prime numbers and

a; > 0 (ie, we are “collecting” the identical primes, and raising them to the power of how many

times they appear) where p; and a; are unique. |
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2 Sketch: this shows only
uniqueness, existence is
proven by lemma 7.2. Use
induction; base case, n = 2
trivial. Use complete
induction, and proceed by
contradiction (kind of).
Assume that n has two
distinct prime factorizations.
Then, break down by cases;
p1 = q1 or not. If they are,
then take some small m
covered by inductive
assumption, set equal to ﬁ,
meaning that if p; = g1, the
remaining p; = ¢;.

For inequality, show that

p1 <q1 = p1 <p1by
showing that p1|q1 - - -, and
thus p1 = ¢; for some 4, so
p1<q <---¢; =p1,and
thus you have a contradiction.



< Theorem 7.6: Version of FTA for Rationals

Let ¢ # 0 be a rational number. Then, 3 a unique sign € € {£1}, integer s, primes py, ..., p,
and exponents a; € Z, a; # 0 s.t.

N aq a
qie.pl ...pss
Proof. Write q = %, where m,n € Z. Then, we can write m as
_ by bs. _ c1 c
m_em.pl...pss, n_en.pl...pss

Remark 7.5. If we allow 0 as an exponents, we can write these such that the same primes appear

in bothn and m.

We can then write

m € b1— b.s_ s
— = Db phaes
n €n
We can now omit the primes with b; — ¢; = 0 to get only non-zero exponentiated primes. We

have thus shown existence
To show uniqueness, we can disregard the sign as before. Say 0 < ¢ = p{* - - - p% = p|* - - - p°.

If these are equivalent representations, then letting ¢; = a; —a;, we get that 1 = p{' - - - p¢*; thus,

we aim to show that ¢; = - - - ¢, = 0. wlog, we can rearrange these c¢’s such that ¢y, - ,¢; <
0,1, -+, ¢s > 0. This implies that p; ' - - - p;* = p,iY' - - - p¢. This is an equality on integers,
and as given by FTA, this is only possible if ¢; = 0V. |

— Proposition 7.1

V24 Q

Proof. Suppose it is. Then v/2 = pi* - - - p%, a; # 0, p; distinct primes. Then, we have
2 frd (pllll .. .pg‘s)Q — p%al .. .pgas_

But, 2 = 2!, and by uniqueness of factorization, we get a contradiction because 1 # 2a; for any

L |

< Theorem 7.7

There exist infinitely many prime numbers.

Proof. Suppose p1, ..., p, are distinct prime numbers. Then, there exists a prime number p,, 1

which is not one of these. Let N = pips---p, + 1 > 1, so Ip| N where p prime. If p = on of
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D1 - .- Dn, say some p;; then, p|N and p|p1ps---pn = p|(N —p1---pn) = p
contradiction. [}

1, which is a

— Proposition 7.2

Let a,b # 0,a,b € Z. Then alb <= alep(* ---p* a; > 0,p; prime, ¢ € {+1} and
b= pupy - -p%’”ql{l gk ai > a;, q; primes, b; > 0.

Proof. If we can, then = K cpp T pimTamgb gt — p =g ¢ = alb.
— €

N J/
-

=C

If albsob = a-d. We can write a = ep{'---pem, and d = €p}'---p'mgd - ¢, and let

b= (et pomtrmgbi L gbt (where r; > 0), and let @} = a; + 7; > a;. [ |

— Corollary 7.3
Let n = epi' ---pi* € Z, e = %1, p; distinct primes, a; > 0. Then the divisors of n are
precisely the integers

ppit - -epyt, p=E1L0< ¢ < a

Remark 7.6. Leta,b € Z \ {0}; we write

a=ep - pf b= ppy -y

We have d = ged(a, b) = prlnin(al’bl) . -p?in(at’bt).

theorem 7.2 also follows naturally from this manner of thinking, and can be proved accordingly.
® Example 7.4

90=2-32-5-7%210=2-3-5-7.gcd(90,210) =2-3-5-7° =30V

8 Congruences, Modular Arithmetic

8.1 Definitions

— Definition 8.1

Fix n > 1,n € Z. We define a relation of Z by x ~ y if n|(z — y).

® Example 8.1

n = 2; x ~ y if they have the same parity, ie both even or both odd.
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— Lemma 8.1

The above relation is an equivalence relation. We will denote the equivalence class of an

integer r by 7. Then,
F={...r=2n,r—m,r,r+n,r+2n,...}

The set
{0,1,--- ,n—1}

is a complete set of representatives.

Proof. We first show that the relation is an equivalence relation:

Reflexive: © — 2 =0 = n|(z — z)Vn,so z ~ .

Symmetric: sayz ~y = nl(x —y) = n|— (v —y) = n|ly—z) = y~ux
Transitive: say x ~ y,y ~ 2z = nl(x —y),n|(y—2) = n|((z—y)+ (y —2)) =
n|(rx—z) = x~z

Now, we show that the described set is a complete set of representatives, ie we aim to show

1. any x € Z belongs to some7,0 <r <n — 1.
Proofof 1: Givenx € Z,wecanwritex =q¢-n+r,0<r<n—1l,andz—r=qg-n =
n|(x—r),sox ~r.le,x €T.

2. if0<r<s<n-—1and7 =3, thenr = s (no repetitions, ie “repeat representation”).

Proof of 2: If 7 = 5, thenr € Fandr € 5,507 ~ 5. So,n|(s—r);but0 < s—r < n—1 < n,

implying s — 7 =0 = s = r (since it must be a multiple of n, but less than n).

® Example 8.2

For n = 2, we have two equivalence classes, 0 = evens = {2z : x € Z}, 1= odds =
{20+ 1s:z € Z}.

For n = 3, we have three; 0 = {3z : v € Z},1 = {1+ 3z : 2 € Z},2 = {2+ 3z :
x € ZL}.

< Definition 8.2

x ~ Yy, we say z is congruent to y modulo n, and write

r=y mod n.
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— Definition 8.3

We use Z/nZ or Z, to denote the collection of congruence classes mod n, ie Z/nZ =
{0,1,...,n —1}.

< Theorem 8.1

Z,/nZ is a commutative ring with n elements. It is a field iff n is prime.

We often denote Z/pZ where p prime as [,

Proof. We define7 +5 = r+ s, 7 -5 = 7s. This is well defined; meaning if we use other

representatives 7', s’, we’ll get the same result. Ie, given r ~ 1’/ s ~ s, we need to show
r+s =r+sr-s=r-sien|((r+s)—(r+5)),n|(rs—r's).
(r+s)—("+5s)=(r—r")+(s—s);bothr —r" and s — ¢ are divisible by n, so we can

write rs — r's’ = r(s — ') + §'(r — 1’); this whole thing is divisible by n. Now, we can verify

the axioms:

L7T+s=s5+nTr+s5=r+ +r=5+T7 (commutativity of addition)

w
I
»

3. 0 is the neutral element; 0 +7 = 0 +

=T (neutral addition element)

<

4. (r)+(=r)=(—r)+7=0 (inverse wrt addition)

We now aim to show that Z/nZ <= n € P. Suppos composite, namely na - b,
1 <a<n,1<b<n Notethata,b# 0;but,a-b=a-b=mn=0.IfZ)\ nZis a field, then
Jyst.y-a=1 Wehave (-a)-b=1-b=bbuty-(a-b) =7-0=0, acontradiction.
Suppose, now, n € P. To show Z/nZ is a field; let a # 0 e Z/nZ, that is nXa. But n is prime,
so ged(a,n) =1, so Ju, v € Z such that 1 = ua + vn. But this means

nl(l—wa) = va=1 modn = u-a=1¢€Z/nZ,

and we have thus found a multiplicative inverse. |

® Example 8.3
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+ 1 X 1
n = 2; we have 0 1and 0|0 0;14+1=2=0
1 0 1
® Example 8.4
+/0 1 2 X |0 1 2
0|0 O O oo 0 0 -~ - _ _
n = 3; we have and 124+2=4=1
1/1 2 0 1/0 1 2
212 0 1 210 2 1

— Lemma 8.2

Let R be a commutative ring. If R has zero divisors then R is not a field.

Proof. Let x # 0 be a zero divisor, and y # 0 s.t. xy = 0. If R a field, then 32 € Rs.t. za =
1. But then, z(zy) = z-0 = 0, and z(zy) = (22)y = 1 -y = vy, hence y must be 0, a

contradiction. [ |

< Definition 8.4: Unit

An element z in a ring R is called a unit if 3y € R such that xy = yz = 1.

® Example 8.5
If R a field, then any nonzero x € R is a unit. If R = 7 /67, then 2, 3, 4 are not units,

but 1 and 5 are units.

— Proposition 8.1

Take n > 1. An element a € Z/nZ is a unit iff ged(a,n) = 1.

Proof. Note: ged(a, n) = 1 depends only on the congruence class @; ged(a+kn, n) = ged(a,n).
Suppose @ is a unit, ie 3y € Z/nZst.y-a=1 = ya=1 = ya — 1 = k - n, for some
k € Z,ie ya — kn = 1. Thus, if d|a and d|n, then d|l = d = +1 = ged(a,n) = 1.

Conversely, suppose gcd(a,n) = 1. Then, Ju,v € Zst.ua+wvn =1 = w-a+on =

m

Now,7=0 =— -7 =0,s0u-a = 1, hence @ is a unit.

— Corollary 8.1

If n is prime any @ # 0 is a unit.
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8.2 Binomial Coefflicients

< Definition 8.5: Binomial Coefficient

Let m > n be non-negative integers. (m) (m choose n) ways to choose m objects among n
n
objects, where order doesn’t matter, where (m): e
n n!(m—n)!
We also have that

() (2)=07)

Pascal’s Triangle

— Lemma 8.3

Letp € P,andlet 1 <n < p — 1. Then,

Proof. First note thatif 1 < a < p—1,p Jal. Ifplal = 1-2-3---a, then p|b where b =
{1,2,...a}. But we have that 1 < b < p, so this is not possible.

Now, we have P = #ﬁn), =deZ = pl=d-nl(p—n). Asp|p! and p /n! nor
n . .
(p — n)!, (as shown above) sincen < p — 1,p —n < —1, so, since p prime, p|d. [ |

8.3 Solving Equations in Z/nZ

< Definition 8.6

8.3.1 Linear Equations
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8.4 Fermat’s Little Theorem

— Theorem 8.2: Fermat’s Little Theorem

Let p be a prime number. Let a # 0 mod p then
a®'=1 mod p.

Remark 8.1. This implies that, for every a, a> = a mod p. Conversely, Ifa % 0 mod p, then

a®> = a modp = aP~' = 1 mod p by multiplying both sides with the congruence class
bstba=1 mod p.

— Lemma 8.4

Let R be a commutative ring and x, y € R. Interpret <n> as adding 1 to itself (n) times.
i 7

Then, the binomial formula holds in R, ie

n n .
le, ( ) means 1p +--- + 1p, ( ) times.
J J

Proof. (Of lemma 8.4) We proceed by induction. Case n = 1, clear; (z + y)! = ' + y'v.

Assume it holds for n. We write

(@+y)" =@ +y) (e +y) = (Z (?) xmyj) (z +y)

J=0

-

v
assumption

n+1

_ Z Gzl g

=0

1 1
where ¢; = (?) + <l " 1) = (n? ),hence (z4y)™ =30 (n—;— ) T
——
from n :E"*lylr from n wn—(z_l)yl—ly
l -1

Proof. (Of Fermat’s Little Theorem) We aim to show that a” = @ mod p for any a. It is suffi-
cient to show that it holds for 1 <a <p — 1.
We prove by inductiononl <a<p—-1l.a=1 = 1P =1 mod p.
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Suppose it holds for 1 < a < p — 2, and prove for a + 1. Then, by lemma 8.4,

(a+1P =) (?) a’ (1)

]

i=0

o+ (V)4 (P)ar24 4| P )t )
1 2 p—1

=1+a? (bylemma 8.3) ®3)

=1+a by induction hypothesis (4)

Since 14+a # 0 mod p,ithasaninverseiny € F,, y(14+a) = 1. Then, y(14a)? = y(1+a) = 1.
Also,y(1+a)? =y(1+a)(1+a)’' = (1+ a)?"!, hence (1 +a)P~' = 1. |

® Example 8.6: Application of Fermat’s Little Theorem

Calculate 22% . 3% mod 7. Divide 2023 by 6 = 7 — 1 = p — 1 with residue. 2023 =
6-337+1,and9=1-6+ 3.

22023.39 = (26)337.36.33, By FLT, this is equivalent to 2(1)337-1.3* = 2.27 =54 =5
mod 7.

9 Arithmetic of Polynomials

9.1 Definitions

— Definition 9.1: Polynomial Ring

Let IF be a field, and let IF[x] be the ring of polynomials with coefficients in F, ie
Flz] = {anz" + - -a12 + a : a; € F}.
Operations of addition, multiplication are defined as is familiar.

® Example 9.1
F = Z/37Z. We have

(x2+x+1)(2x+1)+2x2+552x3+(1/|(2782+(j/4/27§:0+1+2x2+6

=203 +222+6 mod 3

— Definition 9.2: deg
If f =a, 2™+ - --a17 + ag has a,, # 0, we say deg f = n, unless f = 0, where deg f

undefined.
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If f, g not zero, then deg(f - g) = deg(f) + deg(g); thus, if f, g are not zero, f - g # 0. If
f - g = 0, we must have either that f = 0 or g = 0, or both. Thus, this is a commutative

ring with no zero divisors.

< Theorem 9.1: Division with Residue

Let f,g € F[z]|, g # 0. Then, 3! polynomials ¢g,r € F[x] s.t. f = ¢ - g + r, where either
r = 0 or deg(r) < deg(g); furthermore, ¢, r are unique.

Proof. If f = 0, then take ¢ = 0,7 = 0 (no other choice). Take f # 0 wlog. We first prove

existence by induction on deg f.

+ Base: deg f = 0: If degg > 0,let g = 0,7 = f, hence f = 0- g + f. Otherwise, if
deg g = 0, then g is a constant, then f = (fg~!) - g + 0.

« Assumption: suppose true for all polynomials i € F[z] such that deg h < n and deg f =
n+ 1. Say f = a, 12"+ 1Lot.*, and g = b,,, ™+ lo.t., where b,, # 0.

- Ifn+1<m,then f =0-g+ f,deg f < degg.

~Ifn+1 > m,then f(z) = anu1b, 2" ™g+h(z), where h is essentially the

~~
:an+1x"+1 + lo.t

“difference” between the expression. Note that degh < n; hence, by induction

h(z) = §(z)- g(x) 4+ r(z), where either r(z) = 0 or deg r < deg g. This implies that

f(@) = (angaby, 2" + () g(x) +7(2).

N /
-~

q(z)

Thus, the proof holds for all deg f. We know show uniqueness. Suppose f = ¢1g+71 = q29+72,
where 7; = 0 or degr; < deg g. Consider

(Ch - Q2)g =T2 —T1.

If RHS # 0, then the LHS # 0, hence ¢; — g2 # 0. Since g # 0, then deg(LHS) = deg(q; —
¢2) +deg g > deg g. But deg RHS < max(degry, degry) < deg g, and we have a contradiction.
Hence, RHS =0 = LHS =0, hence ¢; — ¢» = 0, so 1 = 19, ¢1 = @2, and the polynomial is

thus unique. |

— Definition 9.3: Divisibility

We say g|f if r = 0; namely,

f =q- gforsome q € Flz].
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As before, g|f = g|hf forany h € F[z]; g|f1,9]fo = ¢g|(fi £ f2); etc. Many of the

other consequences of divisibility in integers follow similarly.

9.2

GCD

— Definition 9.4: GCD of Polynomials

Let f, g € F[z] not both 0. The greatest common divisor of f, g denoted ged(f, g) is a monic

polynomial of largest degree dividing both f and g.

< Definition 9.5: Monic

f=

anx™ + - -+ + ag, a, # 01is monic if a,, = 1 (leading term is one).

< Theorem 9.2: GCD

ged(f, g) exists and is unique. Furthermore, of the nonzero monic polynomials of the form

u(@) f(x) +v(z)g(@),

it has the minimal degree. Any common example of f, g divides the gcd.

Proof.

« Existence: Let S := {a(z) : a(x) monic, nonzero; a(z) = u(z)f(x) + v(z)g(x).}.
S # @;if f # 0, rather f = a,z"+ lo.t, then a(z) = a,*f(x) - f(z) +0-g(z) € S
(if f = 0, use g by same argument). Choose some h(x) € S have the minimal positive

degree.

Unique: suppose hi(r) € S and degh = degh; = d, h = z¢ + lot = uf + vg,
hi = 2% 4 log = u f + v1g. Now either:

— h — hy = 0 (done)
- deg(h—hy) < deg h. However, h—hy = (u—uy) f+ (v —v1)g. h—hy = a.x®+lot,
then ae‘l(h — hy) is monic of deg < deg h, and is in S, a contradiction.

Hence, h must be unique.

h|f,h|g: Write
f=q-h+r.
Ifr =0,h|f.Else,r = f —q-h,and thusr € S, and we can write r = f —q(uf +vg) =

(f — qu)f — (qv)g. Thus, after normalization (ie “divide out” to make monic), r € S,

and has a smaller degree then h, and we thus have a contradiction, and so » = 0. Thus,

h|f, h|g.

Maximality of deg(h): Suppose t(z)|f, t(x)|g, thus t(z)|(uf + vg), so t|h. Thus, degt <

deg h, and further / has the maximal possible degree, hence h is the monic common

divisor of max degree.
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« Uniqueness of GCD: Say h; another common divisor of f, g of the same degree of h. We
have that deg h = deg h; and hy|h, and further h, hy monic, then h = h;.

< Theorem 9.3: Euclidean Algorithm (Polynomials)
Each

f=q-g+ro, 7m0 =0o0r deg(rg) < deg(g)
g=aq -1o+11, 11 =0o0r deg(ry) < deg(ro)

To=¢q2 T1+ T2

Tn—1 = qn+1Tn

We have that r,,, once normalized, is the ged(f, g) (ie if r,(x) = a,2™ + lot, we normalize

by dividing by a,,).

Proof. |

® Example 9.2
f=23—2>+2x—2,9g=2>—4x+ 3 € Q[z].

f=(z* -4z +3)(z +3) + (11z — 11)

1 3
r? —4r+3 = (1lz — 11)(=z — —)

Hence, ged(f, g) = 5 (11z — 11) = z — 1. The same process follows to find u, v; we

haver — 1= L(f —g(z+3)) = & f — &(z+3)g.

® Example 9.3
F=TF,=27/2Z = {0,1} where 1 +1 = 0. Take f = 25+ 23+ 2>+ z,9 = 23+ 22+ 2.

f=E@+22+2)(2®+z+1) +2°
P+ +r=2(z+1)+z

r =T X2

Hence, gcd(f, g) = . We also have that z = g — 2%(x +1) = g — (f — (22 + o +
Do)z +1)=g(l+(®*+z+1)(z+1)—(z+1)f=g-2°+f - (z+1)
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— Lemma 9.1

Let f(z) € Flz] and « € F such that f(«) = 0. Then, (z — «)|f(2)

Proof. Divide with residue: f(z) = go(x)(z — ) + r, str = 0 or deg(r) < 1. If r = 0, we are
done. Now, substitute o; 0 = f(a) = q(a) - (¢ — @) +r = r =0. u
—_————

=0

— Corollary 9.1

If f has degn > 0 and f(o;) = 0 for distinct o, ..., oy, then f = ¢ - [[I_,(z — ;). This
implies that, if 5 # «; for any i, then f(3) # 0. We can conclude that a polynomial of

degree n has at most n distinct roots.

® Example 9.4

Do the polynomials in R[z] f = 25 + 2* — 22 — 1,9 = 2° + 22? + x + 2 have a
common solution? They do, iff d = ged(f, g) has a real root. In this case, ged(f, g) =

2?2 +1 = (z —i)(z +1), so f, g have no common real roots.

< Definition 9.6: Associates

Two nonzero polynomials f, g € F[z] are called associates if 3o € F, v # 0, st af = g (we
commonly denote F* = F \ {0})

Remark 9.1. Associate polynomials have the same degree.

— Lemma 9.2

This is an equivalence relation and the representatives for the equivalence are the monic

polynomials.

Proof. f ~ f,sincel- f = f.

ng,wehaveozf:g — ég:f = g~ f.

If f~g,g~hieaf =gand g = h, then (af)f = Sg = h, noting that a5 # 0. Thus, this
is an equivalence relation.

If f = a,x™ + lot, a, # 0, then i f ~ f,and %x” + lot, a monic polynomial, hence any
equivalence class has a representative which is a monic polynomial.

Further, if f, g monic and af = g, then a = 1, hence f = g. [

— Definition 9.7: Irreducible Polynomial
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A non-constant polynomial f (deg f > 0)is called irreducible if any g| f satisfies g 1 (namely,

a constant) or g ~ f (namely, g = o f for some o € F*).!

Remark 9.2. Ifdeg f > 1, f(x) irreducible —> f has no root in F; if f(a) = 0, then
f(z) = (z — a) fi(x), fi(z) € F[z], hence we have a non-trivial factorization since (x — ) %
1,(x —a) & f = [ reducible.

The converse does not hold; consider x> + 1, 2% + 2 € R[z|; f(x) = (2 + 1)(2* + 2) is reducible,

clearly, but has no real root.
Remark 9.3. Any linear polynomial, of the form ax + b where a # 0, is irreducible.

Remark 9.4. Irreducibility depends on the field in question, eg x* + 1 is irreducible in R|x], but
2?2+ 1= (z —i)(z + 1), so it is reducible in C|x].

— Proposition 9.1

Suppose*deg f > 1. The following are equivalent:

1. f irreducible;

2. flgh = flgor flh.

Proof. 1. = 2.: suppose f irreducible and f|gh. If f fg, then ged(f, g) = 1. Then, we can

write

1 =uf + vg, some u(zx),v(x) € Flz]
— h=ufh+vgh = flh
fl fl

1. <= 2.: suppose [ = gh, and say wlog f|g. So, f|lg and g|f — degg = deg f and so
g = f-t,and degt must be 0, therefore ¢ constant, and thus h must be constant ie i ~ 1, hence
f irreducible. [ |

— Lemma 9.3

Any non-zero polynomial f € F[z] can be written as
f=c-fi-farfa,

where all f; € F[x] are irreducible, monic, and ¢ € F|x].

Proof. (By induction on deg f)

e« deg f =0 = f constant (f = f)
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« Suppose true for 0 < deg g < n and let f be a polynomial of deg f = n + 1.

If f irreducible, dc (leading coefficient, in fact) such that f = ¢ - fi, with f; monic and
irreducible (if f ~ h, then f irreducible <= h irreducible), and we are done.

Else, f = f1 - f2 is a non-trivial factorization ie deg(f;) < deg f,deg fo» < deg f (neither
scalars). We can write, fi = ¢1pi(z) - - pa(x) and fo = copar1(x) - - - py(), where each
p; irreducible and monic, by our assumption, hence f = fifo = (c1c2)p1 - - po(x), and

our inductive step is done and thus the statement holds.

— Theorem 9.4: Unique Factorization for Polynomials

Let f(z) € F[x] be a non-zero polynomial. Then, we have

f=c-pi(x)™ - p ()"
where ¢ € F*, p;(z) monic, distinct, irreducible polynomials, and a; > 0. Moreover, c,

pi(z)’s, and a;’s are uniquely determined.

Remark 9.5. Existence follows from lemma 9.3 by collecting like polynomials under a;. It remains

to prove uniqueness.

Proof. Because p;(x) monic, leading coefficient of rhs ¢ must be the leading coefficient of the
lhs, ie ¢ determined by f.
Suppose we have two decompositions, say
f =cC- p1($>a1 .. .pr(m)a’" =C- ql(x)bl e qs(x>b5'
We must have ¢ = ¢. Then, r = s and after renaming the ¢;, we have that ¢; = p; and a; = b;.

We proceed by induction on deg f.

« deg f = 0: since we have irreducible polynomials which must have positive degree,

hence the only optionis 7 = s = 0, hence f = c = ¢.

« Suppose true for polynomials h(z) such that 0 < degh < n, and deg f = n + 1. Note,
first, that r > 1, s > 1 (else f constant). We have that

p. Proposition 9.1
) s :

pi(@)|f =c-q@)™ gz pi(@)lc or pi(x)|gi(x) for some i.
N——

c const, not possible

We have that ¢;(x) irreducible, so p;(z) ~ ¢;(z), but they are both monic, so p;(z) =

¢;(x). Rename, then, ¢; as ¢y, ie p; = ¢;. This implies, then that ¢ - p’fl*lpg2 coepln =
c- q§1*1q§2 . qSS. Then, by induction, we can “rename” each of the ¢;, if needed, hence

p; = q;Vi, and we are done.
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%3 Analog to primes

#0,41
— Theorem 9.5: Unique Factorization for Polynomials
Let f(x) € F[z] be a non-zero polynomial. There exists a unique ¢ € F* and distinct, monic,
irreducible polynomials fi(x), ..., f.(z) with » > 0 and positive integers a; s.t.
f@) =c- fulx)™ - folx)™
— Corollary 9.2
Let f(z), g(x) be non-zero polynomials. Then, f|g iff we can write
f(@) = chi(@)4 - fr(z)™, g(x) = dfs(2) - -- fr ()"
where ¢, d € F?, f; are irreducible monic polynomials with » > 0, and 0 < a} < a;,0 < a;.
Proof. If we have such an expression, then g = f-h where h = dc™' - fi(2)™ % - - - f,(x)%
is a polynomial as a; — a; > 0. Conversely, suppose f|g so g = fh. Write
f=c filx) - f(z)% ceF* a, >0
h=e- fi(x)" - fo(@) fan ()™ - folx)™
= g = (C@) ) fl(x)a,1+b1 T fs(x)a;+bsfs+l(x>a8h T fr(‘r)ar’
andletd =c-e,a; =a,+b;forl1 <i<s. [ |
— Corollary 9.3: GCD, LCM
If f, g are non-zero polynomials f(z) = ¢ fi(z)® - f.(2)%, g = d - fi(x)® --- f.(2)",
c,d € F* a; > 0,b; > 0, f; distinct monic irreducible. Then
min(ai,b1 min(ar,by
ged(f,g) = e . frintentn
lem(f, g) = fi™ (") . frextard)
Remark 9.6. How does one tell if a polynomial is irreducible?
1. Any linear polynomial ax + b, a # 0 is irreducible.
2. If f(x) € F[z| has degree 2 or 3, f(x) reducible iff f(x) has a root inF.
3. Over C, the only irreducible polynomials are the linear polynomials (recall theorem 5.2)
4. Over R any irreducible polynomial has degree 1 or 2. ** HShow

5. Let f(x) € Q[z] of degree d.
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(a) d = 1: f(x) irreducible
(b) d =2,3: f(z) reducible <= f has a rational root.

(c) d > 3: f(x)reducible <= f has a root.

6. Let F = F,, where p prime. Let g(x) € F be a non-constant polynomial. Then, g(z) has a
root in ¥ iff ged(g, 2P — 1) # 1.

While no general method exists to determine reducibility, there is a general method to determine

existence of roots.

— Proposition 9.2
Let f(z) = a,2™ + - - - + a1x + ag be a non-constant polynomial with integer coefficients,
an # 0. Let f(}) = 0 where (a,b) = 1. Then, b

Ay, alag.

Proof. We have (%)n an + (%)n Qp—1 + -+ (%) a1 + ag = 0. Multiple by b,, to get

bl
"

a® - a, + &"—15%4 44 ab" tag + agh” =0

N

~~
al

Which implies
alagh” = alag

bla"a, = bla,

— Proposition 9.3

f(z) € Flz] hasaroota € F <= (z —a)|f(zr) <= ged(f(z),2? — x) # 1. Further,
f(z) € Flz] hasanon-zeroroota € F\{0} < (z—a)|f(z) < ged(f(z), 2P '—1) #
1.

® Example 9.5

Is —1 a square in [Fy;3?

Proof. This is equivalent to asking is % + 1 irred in Fy;3 <= ged(2? + 1,212 — 1) # 1.

p— p—
2 2

= (2®+1)][z'"? -1 = ged(@*+ 1,2 1) =2 +1
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Hence, —1 is indeed a square (—1 =133 152, in fact). [ |

10 Rings

10.1 Ideals

— Definition 10.1: Ideal

An ideal I of R is a subset of R such that
1. 0 € I;
2. v,yel = x+ye€l;

3.xeRyel — xyel’®

Remark 10.1. Typically, 1 ¢ I. IfI = R, then itis; if 1 € I, then¥r € R,r- = r € I, hence
I = R (by criterion (3)). In other words, ideals are typically not subrings. *’

® Example 10.1

We consider some trivial examples:
o [ = {0}
« I =R.

« R =T afield, and I # {0}, then I = R. That is, any non-zero ideals of a field

are trivial and generally uninteresting.

 Definition 10.2: Principal Ideals
Letr € Randlet (r) = (r) :== Rr = {sr : s € R} = rR. This is an ideal; 0 = 0 - r;

S17+ Sor = (81 4+ S2)r € I35 - 517 = (881) -1 € 1.

® Example 10.2
Any integer m € Z, mZ is an ideal of Z.

— Definition 10.3: Units of R

Consider a commutative ring k. We denote

R*={ue R:3v e Rwithuv =vu=1}
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the units of R.

Remark 10.2. 1 € R* Ifuj,us € R* then uyus € R*, because Jv; s.t. v;u; = 1 hence
(vv1 ) (urug) = vo(uyrerylus) = (voug) = 1. That is, the product of units is a unit.

® Example 10.3

Consider the following examples of units:

. ZF = {£1}

« R=FthenF*=F\ {0}.

Flx]* = F* (the degree of the units must be zero, hence they are simply the
constants of the field.)

ZIV2] = {a+bV2 : a® — 20* = £1}*

BThese (a, b) solve the
Pell Equations, 22 —2y2 = +1

< Definition 10.4: Associates

Define 11,7, € R as associates if there Ju € R* s.t. ur, = ry.%’

39This is an extension of
the previous definition of

L. associates for polynomials to
— Proposition 10.1 an arbitrary ring.

Take 71,72 € R. Then r; ~ ry is an equivalence relation.

Proof. |
— Lemma 10.1
Letry,ry € R. If ry ~ ry then (r1) = (r9).

Remark 10.3. The converse does not always hold; it holds if R is an integral domain.

— Definition 10.5: Integral Domain

A ring R is an integral domainif zy =0 = x =0ory = 0.

Proof. Say ury = ry; then (re) = Rrg = Rury = (Ru) -7y € R-ry = (r1). Then, 1y ~ 1y =
(rg) C (r1). Equivalence relation = symmetric, hence ro ~ 17 = (r1) C (r2), hence we
have equality.

We consider the converse; (1) = (s) = r ~s.7 € (r) =(s) = r = us for some u € R,

and s € (r) = s = vr for some v € R. This implies then that
(1 —uv)-r=0.
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This gives two possibilities: r =0 = s=wvr=0,0r7r#0 = 1—-w =0 = w =
1 = w,v units, hence r = u-s == r ~ s by definition. This holds only if the ring is an
integral domain. u

— Theorem 10.1

Every ideal of Z is of the form (m) = m - Z for a unique non-negative integer m which

implies the ideals of Z are all principal and are exactly

(0) = {0}, (1) = Z, (2) = 2Z, (3) = 3Z, (4) = 4Z, ...

Proof. 1f*° I «Z,if I = {0} then I = (0). If I # {0}, 3 some m # 0 such that m € I and then

also —-m = —1-m € I = [ contains a positive integer. Let n € I be the minimal positive

element belonging to /. We claim that I = (n).
On the one hand,n € I = kn € IVk € Z = (n) C I. Conversely, let ¢ € I, and write

t=kn+nr0<r<n.

If » # 0, note that r = ¢ — kn, and since both t and n = —kn € I, then it must be that
r € I. But r < n, hence we have a contradiction, and it must bethatr = 0 =— t = kn €
(n) = I C(n). [

— Theorem 10.2

“Let [<F[x], F afield. Then, I = (0) or I = (f) for a unique monic polynomial f. Moreover,
if f # g are monic polynomials, then (f) # (g).

Proof. If I = {0} then [ = (0). Else, 3f € I, f # 0. Then, for a suitable & € F*, then af
Enic, and it must be that af € I. This implies that I contains some monic polynomial.

Let g € I be a monic polynomial of minimal degree among all nonzero polynomials of /. Note
that (g) = Flx] - ¢ C I. Let h € I and divide h by g with residue. Then, we have

h=q-g+rmr=0or deg(r) < deg(g).

Note that r = h — qg where h € [ and q - g € I, hence if r =# 0, then deg(r) < deg(g) and
we found a smaller degree polynomial in the ideal and we have a contradiction of our choice

of g. So, we must have
r=0= h=q-g = he(g) = 1 (g).

It remains to show that f, g monic and (f) = (9) = f = g. We have that (f) = (9) =

f ~ g, as F[x] is an integral domain (lemma 10.1), so we can write f = u - g for some u €
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Flz] = F* =T — {0}, which implies

f=u-g = 2"+lot.=u-(2"+lot) = u=1 = f=g.

® Example 10.4
Consider = € F[z], and the ideal

(z) = {ana™ + - - + a1ax+ag : a; € F,a9 = 0}
= {f €Flz] : f(0) =0}

® Example 10.5
I ={f €F[z]: f(0) =0, f(1) = 0}. Show that I isanideal, and that I = (z-(z—1)).

> Definition 10.6: Generalized Way to Create Ideals

Letrq,...,7, be elements of a ring R. We write
(ri,...,rn) :=Rri + Rro+---+ Rr,

= {i ST+ 8; € R}
i=1

For instance, r; = lcotr; + 0 -7+ -+ 4+ 0-71, € (ry,...,r,). We call this ideal the
“generalize ideal”; call it I = (ry,...,7,). We show that it is indeed an ideal below.

Proof.

1 0=0-ri+--+0-r,el

(2) i S;Ti + i rir;

i=1
= i(sz +ti>ri el
(3) s--- Zsiri = Z(ssi)n el

® Example 10.6

Let m, n be nonzero integers. Then, we can write (m,n) = (ged(m, n)).
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® Example 10.7
Let R = Clz,y] = {Zfﬁ;:o aijz'y’ : a;;}. An ideal would be

I =(x,y) = {f(z,y) : f has no constant term, ie agp = 0}

This is because if f € LHS, then f = f; -z + fs -y, f1, fo € Clz,y] (noting that it
has no constant term), and conversely, if f € RHS, it does not have a constant term
either, that is, f = > a; j2"y’ with ago = 0, so we can write f = 23 .., . a2’ 'y/ +
Y im0, @'y’ 150 =0 = j > 1, and thus have “r times something plus y times

something” and hence f € I. We can equivalently write

I'={f(z,y) € Clz,y] : f(0,0) = 0}.

Note that this ideal is not a principal ideal, that is, A polynomial f(z,y) s.t. (z,y) =

(f(x,y)).

10.2 Homomorphism

< Definition 10.7: Homomorphism

Let R, S be commutative rings.**A function f : R — S is called a ring homomorphism if*’

1. f(1g) =1s (identity)
2. flz+vy)=f(z)+ f(y) (respects addition)

3. flzy) = f(z)f(y) (respects multiplication)

Vr,y € R.

“Throughout this section,
references to arbitrary sets R,
L. S may be made. It is safe to
— PI‘OpOSlthIl 10.2 assume that these are rings
even if not explicitly stated.

These axioms imply the following consequences: Note the “preservation”

of the properties of rings each
requirement necessitates.

(i) f(Or) =0g
(i) —f(z) = f(-2)
(iii) f(z —y) = f(z) = f(y)

Proof. (i) f(Or) = f(Or +Or) = f(Or) + f(Or). Adding —f(Or) to both sides, we get 05 =
f(Og).
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(i) We will aim to show that f(x) 4+ f(—x) = Og, equivalently. We have

f(x)+ f(—z) = f(z + (—2)) by axiom 2
= f(0r) =0s by (1)

as desired.

(i) f(z —y) = f(z 4+ (=y) = f(2) + f(=y) = f(2) + (= f(y) = f(z) = f(y). L

— Proposition 10.3
Im(f) = {f(r) : »r € R} is a subring of S.

Remark 10.4. We need to check the following (ring axioms):

(i) 0,1 € Im(f)

(ii) x1, 22 € Im(f) = 21 + 22 € Im(f)
(iii) 1,29 € Im(f) = x1 - x5 € Im(f)
(v) x € Im(f) = —z € Im(f)

Proof. (i) f(Og) = 0g, f(1g) = 1g, by the previous proposition and by definition resp.

(i), (iii) Say z; = f(r;); then zy x o = f(r1) x f(r2) = f(r X r9) € Im(f)

(iv) fx = f(r),—x = —f(r) = f(—r) € Im(f), from the previous proposition.

— Definition 10.8: Kernel

Let f : R — S be a homomorphism. The kernel of f is defined as
ker F ;= {r € R: f(r) =05} = f(0).

— Proposition 10.4

The following propositions relate to the kernel of a homomorphism:

(i) ker(f)<R
(i) f injective <= ker(f) = {Or}

(ii)) f(z)=fly) = = -y € ker(f)
Remark 10.5. To show that somet € ker(f), we need only to show that f(t) = 0.
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Proof: (i) We show each axiom: f(0r) = Os € ker(f); z,y € ker(f) = f(z) + f(y) =

Os +0s = Os; f(ra) = f(r)f(x) = f(r) - 05 = Os.

(ii) Suppose f injective. Then, O is the unique element mapping to Og, by definition of an

injective function. Hence, ker f = {Or} = (0g). Conversely, suppose ker f = {Og} and

that £(z) = f(y). Note that f(z — y) = f(z) — f(y) = f(z) — f(z) =05 —> -y €
ker(f) = 2 —y=0r = x=1y.

(iii) f(z) = f(y) <= f(x)— f(y) =0s <= f(x—y) =053 <= z —y € ker(f).

— Corollary 10.1
Let s € Sandlet f71(s) = {r € R: f(r) = s}. Then, either f~!(s) = &, or f~!(s) =

T

+ker(f) ={x+r:re€ker(f)} CRforany xs.t. f(z)=s.

Proof. 1f f~'(s) # @,3x € Rst. f(x) = s. Ifx+7r € x+ker R, then f(z+7r) = f(x)+f(r) =

s+

0s = s. Hence, f~1(s) 2 x + ker(f).

Supposey € f~1(s) = f(x) = f(y) = s. This implies r = y — = € ker f (by previous

proposition). Note that z + 7 = y; hence y € = + ker(f) = f~!(s) C x + ker(f). |

§10.2

® Example 10.8
R=127Z,5 =7/nZ wheren > 1 € Z. Take f : R — S where f(a) =a mod n = a.

This is a ring homomorphism:

« f(1) =, 1, the identity of Z /nZ.

+b=a-+b

S

S

cab=a-

This is surjective, hence Im(f) = Z/nZ. We have that ker(f) ={a € Z :a =, 0} =
(n) = nZ.

Now what is f~!(1)? Take some z € Z. f(x) = T = 1; take x = 1, then
f7Y1) = 1 + nZ. Generally, then, we have f~(7) = r + nZ.

® Example 10.9

Let F be a field and b € F a fixed element. ¢ : Flx] — F, where ¢(f(z)) = f(b).
So, f(x) = apx™ + -+ + a1z + ag, p(f(2)) = a,b™ + - - - + a1b + ao. This is a ring

homomorphism.
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C F =1
We have too that ¢ is surjective; given ¢ € [, we can show that p(z + (¢ — b)) =
b+ (c—b)=c

ker p = (x — b)

® Example 10.10
Let R, S be rings. Then, R x S is a ring.

® Example 10.11

Consider the map

R— RxS, r~(r0).

This is not a ring homomorphism since f(1) = (1,0) # (1, 1) (that is, unless 05 = 1,
that is, S is the zero ring).

OTOH, take
p:RxS—=R, (rs)—r
v:RxS—S, (rs)—s
These are indeed ring homomorphisms.

We also have
ker o = {0} x S,keri) = R x {0}.

® Example 10.12

Take a polynomial in R[z] and fix a; < as < -+ < «, € R. Take

¢ :Rlz] = R, f(2) = (flon), flaz),. .., flan)).

This is a homomorphism. We also have that ¢ is surjective. Let

ie a unit vector where the ith entry is 1. Take

n

filte)= T[] @=a)/ ] (@—ay.

J=1j#i J=1,j#i

Note that f;(a;) = 1 and 0 for all other «;, and thus ¢(f;) = e;. Further, o(r1 f1 +
et rafa) =200 e(rifi) = iy e(r)e(fi) = Yoy ries = (1, .., Ta), hence ¢
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surjective.

Finally, we have that ker o = ([[\_, (z — ay)).

10.3 Cosets

— Definition 10.9: Coset
Let R be aring and I < R. A coset of I is a subset of R of the form

a+I={a+i:iel},
where a € R.

Remark 10.6. Note that the coset, while defined with respect to I, need not be a subset of I, but
is by definition a subset of the ring R.

< Definition 10.10: Relation on Cosets

Let R be a commutative ring and / < R. Define a relationon Rasx ~yifz —y € I.

— Lemma 10.2

The following relate to relation defined previously.

1. This is an equivalence relation.

2. Every equivalence class is of the form x + I, where = + [ is called a coset of I, for

some r € R.
. 24+1=y+1 < x—yecl

4. Either (z+1)N(y+1)=Qoraz+1=y+ 1

Proof. 1. )z ~x <= x—2x=0.2—2 =0 € [ bydefinition. i) zr ~y = z—y €
I = —1(z—y) €l — y—x €l = y ~ x,again by definition. (iii) z ~ v,
y~z — rv—yy—z2€l = rv—y+y—z2€l — rv—z2¢€l — x~ zas

the ideal is closed under addition, hence ~ is an equivalence relation.

2. x+1 ={x+t:te€ I} C R Supposey € x+1,theny = x+tthenz—y = x—(r+t) =
—1-t € I.Thatis,z ~ y. Supposey ~ x. Then,y —x =t €l — y=z+(y—x) =
r+te€x+ 1 = equivalence class of z is  + I.

3. This is equivalent to saying the equivalence class of z is the equivalence class of y iff

x ~ y, which follows by definition.
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4. Follows by the fact that equivalence classes partition the set they are defined on (recall
theorem 4.1).

® Example 10.13
Say R = Z,I = nZ. Then, the cosets are just the congruence classes (nZ,1 +

nZ,...,(n—1)4+nZ) mod n.
10.4 Quotient Rings: The Ring R//

— Definition 10.11: Quotient Ring

Consider *R/I. We define operations as
+D+@w+)=@+y)+1I, @+I)-(y+I):=(z-y)+1

Equivalently, letting * = = + I, we write

T+y=cty, T-F=T G

Remark 10.7. By this definition, we can see that every element of R/ is a coset, that is, of the
form x + I; this is not unique, however, as it is possible that v + [ = y + I despite x # y.

< Theorem 10.3: R/I is a Commutative Ring

R/I = {T : x € R} is a commutative ring, where 0 = 0 = [,1 = 1 = 1 + I. Moreover, the
function

m:R— R/I, zw—T,

is a surjective ring homomorphism with ker 7 = 1.

— Corollary 10.2

Any*ideal is the kernel of some ring homomorphism.

Proof. (Of theorem 10.3) We first sow that the operations are well defined, thatis, if 7 = 7;,y =

y,thenz +y =2, +y;,and T - ¥ = T7 - 1. *° We have, then,

r—x€l,y—ypel = (x+y)—(n1+y)=@—a1)+y—wn) el
—_—— N —

el er
ry—xith = 2 (y—w)+ ni (x—ax1) €1,
€rR er €l

hence the operations are well defined. We now verify (some of) the ring axioms:
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6. ---
7 ...

8. T(y+z)=T-z+y=xy+z2)=2y+yz=7y+32=T-Y+7T-7%,

hence, it is a commutative ring,.

Now consider the map 7 : R — R/I,m(x) = T. We verify it is indeed a ring homomor-

phism:

Hence, 7 is indeed a ring homomorphism. Its kernel is:
ker(mr) ={z € R:m(x) =0} ={z€R:a+l=0+I=I}={z€R:ao~0}={z€eR:xel}=1

® Example 10.14: Of R/[’s

1. R=7Z,I =nZ,a+nZ =a = a mod n, that is, this is modular arithmetic on
the integers. The homomorphism is Z — Z/nZ, a — @, which has a kernel of
n.

2. R = Flz],I = (f(x)), f(x) monic, non-constant polynomial. (We have that
(f(z)) = (af(z))Va € F*, so monic wlog; a constant polynomial f = a, a0 €
F* would have I = F[z] so R/I = {0}, an uninteresting case, so we require
non-constant f.)

In this context, g(z) ~ h(z) <= g(x) — f(z) € (f(x)) <= f(x)|(g9(x) —
h(x)), thatis,g = h <= f|(g — h).
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® Example 10.15

Consider R[z]/(z? + 1). We claim that a; + by = as + box = a; = as, by = bo.
We can check:

aq T bll’ = as + bgd? <~ (IQ aF 1)|(CL1 — CLQ) T (bl — bg)x,

but this is impossible, since the RHS is linear and the LHS is quadratic, unless the RHS
is 0, hence, that a; —ay = 0 <= a; = agand by — by = 0 <= b; = by, as desired.

Further, we claim that any coset is represented by some a + bx. Suppose g a coset.
Then,

g=q-(x*+1)+r(x), ,r(z)=0or deg(r(z)) <2
— r(z) =a,a € Rorr(z)=a+bzr,a,beR
= r(z) =a+bx,a,b e R,

that is, 7(z) can be written as a + bz for a,b in the field or zero. Hence, we have
g(z) = r(z) = q- (z* + 1), and since (z* + 1)|¢ - (z* + 1), then g(z) ~ r(z) =
g = T. Hence, we can conclude that every element of R[x]/(z? + 1) is of the form

a+ bx,a,b € R, for unique a, b.

Operations in this case would work as:

ay + bliL' + as + bgl’ = (Cll = ag) == (bl = bg)l’
ai + b1$ - Qo + bzl’ = (a1 = bliﬂ)(az S ng) = a1ay + (albg = azbl)l‘ T+ b1b21’2

But note that 22 = (22 + 1) — 1 = 22 = —1, s0 bybox® = —by by, so this simplifies

to

a1a9 + (albg i agbl)x — blbg = (CLlCLQ — blbg) aF (a1b2 -+ ale)x.
But note the similarity to multiplication in C. In this way, we can define a bijection®’

Riz]/(z®> +1) = C, a+bir>a+bz.

4’Note that A = B
means that A is isomorphic to

Remark 10.8. This concept works generally. B

— Lemma 10.3

Suppose n = deg(f) > 1. Then, a complete set of representatives for the cosets is

® = {g(x) : degg <n} = {bo12" '+ +bo: b € F}.

Proof. Take h(x) € F[z], and write h(z) = q(z)f(x) + r(x), where either r(z) = 0 or degr <
n. Then, h(z) — r(z) = q(z)f(z) € I = h(z) + 1 = r(x) + I (thatis, h and r are ~). So,
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any coset is represented as an element of ®. It remains to show that this holds for any coset,
thatis,if g;,90 € ®and g1 + I = go+1 = ¢1 = go. We have that g1 — g0 € [ = f(x) - F[z]
for any nonzero f,deg f < n. Moreover, deg(g; — g2) < n, hence, g; = go. [ |

® Example 10.16
Take f(x) = 2% + 1; here, ® = {ax + b: a,b € F}.

Remark 10.9. Consider the analog to integer modular arithmetic. For addition, we have that
01+ 92 = g1 + g2,deg g1 + g2 < n. For multiplication, we have gi - G2 = G1G2. But now,deg g1 9>

is potentially > n, so we write g1gs = T, where r the residue of dividing g1g> by f (which then
must have degree < n).

— Theorem 10.4

Let F be a field. Let f(z) € F be a non-constant irreducible polynomial. Then, R =
Flx]/(f(z)) is a field containing F.

Moreover, if #F = ¢, deg(f) = n, then #R = ¢".

® Example 10.17

Take, Fy, and consider F[z]/(z? + z + 1); this is a field with 4 elements. Namely, they
are 0,1, z, 1 + x; these are the only polynomials of deg < 2 with coefficients in [Fs.
We can write operations in the field:

+ 0 1 1 14+

0 0 1 at rz+1
(Addition) 1 1 0 A 1l 95
x x % - L 0 1
l+x|z+1 x 1 0

0 1 9% = L
0 0 0 0

(Multiplication) 1 0 1 x z+1
T 0 x 9 =p L 1
r+1]0 xz+1 1 x

Proof. (Of theorem 10.4) We have shown previously that F[z|/] a commutative ring; further,

# 1, because of the set ® above. Hence it remains to show that there exists inverses.**

ol

Let g € Flx]/(f(x)), g # O, that is, f /g. This implies, moreover, that gcd(f,g) = 1,
since f irreducible (the divisors of f are thus 1 and f; f does not divide g as shown, hence
the ged is 1). This implies that Ju(z),v(z) € Flz]st. 1 = u(z)f(z) + v(z)g(z) = 1 =
uw(x) f(x) + v(z)g(x). But u(z)f(z) a multiple of f(z) hence € I = wu(z)f(z) € 0 =
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1=0+v(z)g(z) = v(x)g(x) =1, thatis, v(z) is the inverse wrt multiplication of g(z), as
desired.

® Example 10.18

We construct a field with 25 elements. Take F5 = Z/5Z and f(x) = 2* — 2 (irre-
ducible mod 5). Take L = Fs[z]/(2* — 2), which is then a field with 25 elements
by theorem 10.4, spec, of the form {a + bz : a,b € F5}.

Remark 10.10. The polynomial t> — 2 is irreducible in Fs, but it actually has a root in L as
defined above. Namely, the root is x (T). To check: 7°> — 2 = 22 — 2 = 0.%

Remark 10.11. We could have defined L = F5[z]/ (2> — 3); these are isomorphic fields, that s,

L = L. Moreover, we have that t> — 3 has a root in L, so it must have a root in L as well.

Take (ax + b) € L. We want that (ax + b)* = 3. That is,

(azx +b)? = a*x® + 2abx + b*
= 2a* + 2abx + b
=2abz + (b* +2a°) =3 = a=00rb=0

In the case a = 0, we have that b> = 3 = 3 a square, which is not true in F5. Taking b = 0,
then, we have 2a®> = 3 => a = +2. We can verify:

3=(27)* e L.
Remark 10.12. L contains F is not very precise; more specifically, we have that 3 a mapF — L,
a+— a@ = a+ (f(x)). This an injective ring homomorphism, and thus F = (F), that is, F is

isomorphic to the image of F.

— Theorem 10.5

Let g(t) € F[t] be a non-constant polynomial. Then, 3 a field L D F s.t. g has a root in L.

Proof. WLOG, assume ¢(t) irreducible. Take another variable z, and let L. = F[x]/(g(x)); this

is a field as g irreducible, and again, it contains [ (that is, a field isomorphic to F). Then, in
L, the element T solves ¢g(t) = a,t" + -+ + ag,a; € F. We have, ¢(T) = @,2" + --- + a9 =

™+ ag = g(x) = g(x) + (9(2)) = (9(x)) = O u

® Example 10.19
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F =R,g(t) = t* + 1. L = R[z]/(z* + 1),7 a root of t* + 1. In this case, we can
denote T = 4, thatis, i = /—1; L = C.

10.5 Isomorphisms

< Definition 10.12: Isomorphism

Let f : R — S be a ring homomorphism. If f bijective, we say that R is isomorphic to .S,
and denote R = S. We say that f is an isomorphism between R and S.

— Theorem 10.6: First Isomorphism Theorem

Let ¢ : R — S be a surjective homomorphism of rings. Let I = ker ¢. Then, R/I = S.

Proof. Denote the elements of R/I by 7. Define @ : R/I — S, ®(T) = ¢(r). We show this is a

ring homomorphism:

« (Well defined) if 7 = 77, we aim to show that p(r) = ¢(r)). T =T
I =kerp. o(r) = p(a+r1) =p(a) + ¢(r1) =0+ @(r1) = @(r1).

« (Homomorphism) (7 + / -35) = &(r+/-3) = o(r+/-s) = o(r) + /- o(s) =
O(F) + /- D(3).

To show @ bijective:

« (Surjective) Given s € S, 3r € R s.t. ¢(r) = s, since ¢ surjective. Then, ¢(F) = p(r) =
s = @& surjective.

« (Injective) This is equivalent to showing ker & = {0}. Suppose &(F) = 0s = ¢(r) =
Os = rekerp=1 = 7=0g

Hence, ¢ a bijective ring homomorphism and so R/I = S. |

® Example 10.20

Let R = R[z],S = C. Letp : R — S, ¢(f(z)) = f(i). ¢ is a homomorphism of
rings:

e(f+/-9)=(+/-90) = f)+/-9(); 1) =1

Let [ = kerg. Note that 22 + 1 € I(i* + 1 = 0), = (2* + 1) C I. We know,
further, that I = (g(x)) for some g(x) € R[z| (any ideal of R[] principal), so 2%+ 1 €
I = g(z)|(#* + 1). But 2% + 1 is irreducible, hence g(z) ~ 1 = [ = R[z] or
g(z) ~ 2> +1 = I = (2% + 1). This first case is not possible, since this implies
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1 € R[z], since p(1) =1 # 0, hence g(z) = 22 +1 = [ = (2? + 1), and thus by
First [somorphism Theorem, R[z]/(z? + 1) = C.

— Theorem 10.7: Chinese Remainder Theorem

Let m, n be relatively prime positive integers. Then, Z/mnZ = Z/mZ X Z/nZ.

Proof. Define a function ¢ : Z — Z/mZ x Z/nZ, ¢(a) = (¢ mod m,a mod n). We show ¢

a ring homomorphism:

pla+/-b)=(a+/-b modm,a+/-b modn)
=(a modm+/-b modm,a modn+/-b modn)
)

= (a mod m,a modn)+/-(b modm,b modn

= pla) + /- »(b)
©(1) =(1 modm,1 modn)=1z/mzxz/mz

We also have

kerp={a€Z:¢(a)=(a mod m,b modn)=(0,0)}

={a:mlaand n|a} = {a : lem(m,n)|a} = {a : mn|a} = mnZ

Let S = Im () which is a subring of Z/mZ x Z/nZ. Then, ¢ : Z — S is a surjective
ring homomorphism with kernel mnZ, and so by First Isomorphism Theorem, Z/mnZ = S.

Note that the LHS has m - n elements, hence S must have m - n elements as well, and thus
S =Z/mZ x Z/nZ. Thus, Z/mnZ = Z/mZ x L/n’Z.

We can alternatively prove surjectivity directly. Since ged(m,n) = 1,3u,v € Zs.t. 1 =

um + vn, hence we have
e(um) = (um mod m,1 —ovn mod n) = (0,1)

and

e(vn) = (1 —um mod m,vn mod n) = (1,0)

Hence,

o(aum + bun) = p(aum) + p(bvn) = p(um + - - + um) + p(vn + - - - + vn)
~ v/ —_——
a times b times

= ap(um) + bp(vn)
= a(0,1) + b(1,0)
= (0,a) + (b,0) = (b, a),

hence ¢ surjective. Again, the kernel is ker ¢ = mnZ and so Z/mnZ = Z/mZ x Z/nZ R
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® Example 10.21: Application of Chinese Remainder Theorem

Let m = 11,n = 13. Find an integer x s.t. * =11 2 and z =3 3.

Proof. We can express 1 = ged(11,13) = um + vn = 11u + 13v. Working out the
Euclidean algorithm, this yields u = 6 and v = 5, thatis, 1 =6-11—5-13 = 66 —65.
We have

66 — (0,1) € Z/11Z x 7,/13Z,

and
—65 — (1,0) € Z/11Z x Z/13Z.

Hence, 3-66+2- —65 — (2,3) € Z/11Z x Z/13Z,s0 x = 3-66+2- —65 = 63. M

11 Groups

11.1 Definitions

— Definition 11.1: Group

A group GG is a non-empty set with an operation
GxG—G, (a,b)—axb,

s.t.

1. (Associative) a * (b c) = (a xb) * ¢
2. (Two-Sided Identity) 4 an element of GG, denoted 14 s.t. Va € G, 1lgxa=ax*x1lg =a

3. (Two-Sided Unit) Va € G,db € Gst.axb=bxa = 1g

— Proposition 11.1: Basic Properties of Groups

The following are direct consequences of the definition of a group:

1. 1 unique: ifce Gst.a-c=c-a=aVa € G, thenc = 1

2. Givena € G,bs.t.axb=>bxa = 1g isunique: ifa xc = c*xa = 1g, then c = b. We

denote b = a~ L.

1

3. (a1 xag) ' =ay ' xa;t.

4. ab=ac = b=c
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5. Define fora € G,n € Z,

(

1G n=>0
ax---%q n>0
n.__ N——
a = )
a times

1 1

a x---xa - n<0
—_——

\ —n times

Then, a"™™ = a"a™.

M l.c=cx1lg =1g
22.b=bxlg=bx(axc)=(bxa)xc=1lgxc=c = b=c
3. (a1az)(ay'ayt) = ayaytaza;’ = a1lga; = a1a;* = 1¢. The converse follows.
4. ab=ac = alab=a"tac = lgb=1lgc = b=c

5.

< Proposition 11.2: What “Doesn’t Hold” in Groups

1. Only one operation, *.

2. Typically, ab # ba, that is, not commutative (see definition 11.2).

— Definition 11.2: Commutative/Abelain Group

IfVa,b € G, ab = ba, G is called commutative or abelian. Sometimes, if G abelian, we write

the operation as + and the neutral element as 0.

® Example 11.1: Basic Examples of Groups
« G={1},wherelx1=1.

« G =ZorG = Z/nZ,where x = +. Moreover, if R a ring, then R is an abelian
group with addition.

« Forafield F, (F, +) is an abelian group, as is (F*, -).

« If R a ring (need not be commutative), then R* = {u € R : Jv € R,uv =

vu = 1} (the units) is a group with multiplication.

- Z,Z* = {+£1} is a group.

- R = M3(R). The units R* are all the invertible matrices, that is, with
non-zero determinant. (R, +) and (R, -) are both groups.
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— More generally, R = M5(IF), a ring, has units R* = My (F)* =: GLy(F).
Note that this is a non-abelian group under multiplication (as matrix mul-

tiplication not commutative).

— Definition 11.3: Subgroup
A subgroup H of G is a subset H C G s.t.
1. (Identity) 1 € H
2. (Closed under Multiplication) a,b € H — a-be H

3. (Closed under Inverses)a € H — a '€ H

Moreover, H a group itself. We denote < G or H < G.

— Definition 11.4: Cyclic Subgroup
Take any g € G, and form

(9)={¢":neZy={...97%g" 199 . .}

This is called the cyclic subgroup generated by g. G is itself cyclic if G = (g) for some g € G.

If we use additive notation rather than multiplicative, we have

<g>:{ngn€Z}:{,—29,—g,0,g,2g,}

® Example 11.2: Cyclic Groups
For example, Z/nZ and Z are cyclic; we have Z/nZ = (1) and Z = (1). Note that

cyclic = abelian, hence any non-abelian group is not cyclic.

< Definition 11.5: Order of g/G
The order of GG, denoted {G or |G

.

, is the number of elements in G. If GG infinite, it is denoted

The order of an element g € G is the minimal positive n € Z, s.t. g" = 1. If not such n

exists, we say that the order of g is co. We denote ord(G).

® Example 11.3: Orders
1. Z,k # 0, then ord(k) = oo, sincenk =0 = n=0

2. (1, = nthroots of 1 in C (that is, the nth roots of unity). This is a group with n
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27i

elements, under multiplication, and is cyclic, with (u,) = (e™ ).

3. GLy(F7) is a non-abelian group of 6 elements. We have, for instance,

() ()

10
Multiplying the first by itself once yields the identity (O Nk the second re-

quires two multiplications by itself (that is, you cube the matrix) to yield the

identity.

— Proposition 11.3

ord(g) = |{(g)|- That is, the order of an element is the order of the cyclic subgroup it

generates.

Proof. Suppose ord(g) = oo and |(g)| < oo. This means that there must be repetitions in
the subgroup; Ja > b > 0s.t. ¢* = ¢b. This implies, then, that g>°* = ¢g* - g7® = 1, but
a—b > 0soordg < oo (as we have found some power n such that ¢g" = 1) and thus we have

a contradiction. Hence, if the order of ord g = oo, then |{g)| = oo as well.

Suppose ord g = n,0 < n < oo. We note that Va € Z,a =q-n+r,0 < r < n, and so we

can write

=g = (g g =1"¢g =g = (9)={l,9,...,9" "},

that is, g to any power can be reduced to g of a power < n — 1.

We now aim to show these are distinct. Suppose they are not; thatis, 30 < b <a <n —1
such that ¢ = ¢g°. We can write
gafb -1

but 0 < a — b < n, so this is a contradiction, as, by definition, n the minimal positive integer
such that ¢g" = 1, and this implies that we have a smaller element. Hence, these elements are
indeed distinct and we thus have precisely n elements, which is equivalent to the order ord g,

and the proof is complete. |

11.2 Symmetric Group

— Definition 11.6: Symmetric Group 5,

A group with n! elements, non-abelian if n > 3 (S; trivial, S5 only two elements so abelian).

We often denote [1,n] = {1,2,...,n}. The permutations of [1,n] is a bijective function
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Sy :={o:[1,n] = [1,n] : o bijective}.
This is a group under composition of functions; if o, 7, p are permutations, then we have
o o T bijective, so € S,;; po(ocoT)=(poo)orT

The identity function and inverses follow similarly

S, = n! since we have n choices for (1), n — 1 choices for o(2), ..., 2 choices for

o(n — 1), and 1 choice for o(n), yield n! choices and hence #5,, = n!.

® Example 11.4: Permutations, n = 5

Consider the following (we denote [1,...,n] — [1,...,n] as the top — bottom line
of the matrix):

1 2 3 45 12345\ (12345
524 13/\1 2534/ \52341)

- 7\ > - v

g
oT

This is cumbersome notation.

— Definition 11.7: Cycles

Let’1 < a < n and 4,1y, ...,1, distinct elements of [1,n]. We denote o = (i1 iy - - i)
as a cycle of length a, equal to the permutation o such that o(i;) = i;41Vj = 1,...,a and

o(t) = tvt & {iy,...,i,}. For instance, forn = 7,
should be read mod a. That is,

1 23 45 6 7
(516) = .
6 2 3 41 5 7
if you have (7112), then this
® Example 11.5:n =3 W(})Iuld “readg’ 511522')1 tb—) igtand

1 2 1 2
o=(123) = 5 ,T=(12)= X . Consider:
2 31 21 3

>0Note that indices j here

12 > 13 mod 2 = 1.

Hence, since these are not equal, S5 not commutative; moreover, S,, for n > 3 is not

commutative.
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More generally, consider o = (i1, ...,4,). Let k > 1 Then,

O'k:O'O~~~OO'

02 = (i1,49,93,94,...) k=2
Uk(ij) = Ujtk
of(t) = tvt & {i1,... 44}

oF =1fork = a,

that is, the order of a cycle of length a is a.

— Proposition 11.4: Facts about Cycles

1. Disjoint cycles commute. Say o = (i1, ...,4,) and T = (ig41, ..., %), and {i1, ..., iz }N

{iat1,---,0} = &. Then, o7 = 70.

2. Any permutation can be written as a product of disjoint cycles.

Proof: 1. Ift ¢ {i1,...,ip}, 07(t) = o(7(t)) = o(t) = t. Else, we have

(where indices are read mod a) Calculating 7o yields the same result.

2. We won'’t prove. Consider the following example.

® Example 11.6

Let We can write

o= (1572)(3)(412)(6910118).

® Example 11.7: Composition of Disjoint Permutations

Given o € S, write 0 = 7Ty - - - 7. T; is a cycle of length a; where the 7; disjoint.

Then, we can write

O =171 -TpT1 Tr
_ 2 2
=TTy
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Hence,wehavethato" =1 < f =18 =... =7 =1 < ajlk,alk,...,a.|k

(this follows from lemma 11.1). Hence, lem(ayq, - - - a,.) |k and thus ord (o) = lem(ay, . . . , ;).

Note that, if the cycles not disjoint, this usually fails.

— Lemma 11.1

Say g € G has order a. Let k > 1, then ¢* =1 = alk.

Proof. Writek =q-a+7,0 <7 <a.Then, 1 =g¢" = (¢*)g" = 19" =¢" = r=0 =
alk. |

® Example 11.8: Subgroups of S,

Let T C [1,n], 4T = t, Ar = {0 € S, : o(b) = bV¥b € T} (that is, all elements
in T are fixed.), and By = {0 € S,, : o(T) = T'}. We have that Ay < Br < Sy.
Moreover, A7 = (n — t)! and § By = t!(n — t)!.

11.3 Dihedral Groups D,

— Definition 11.8: D,,
D, or the dihedral group is the group of symmetries of a regular n-gon in the plane, where

n > 3 (that is n = 3 a triangle, n = 4 a square, etc).

Let x represent a planar rotation (about the z axis), and y a rotation about y. Then,

ordx =n and ordy = 2.

— Proposition 11.5

Every symmetry o € D,, is uniquely determined by o(1) and ¢(2). Thatis, 0 = 7 <=
o(1) =7(1),0(2) = 7(2).

Moreover, the elements of D,, are precisely
-1 2 —il
D, ={ex,...;2" "y, zy,x%y,..., 2" "y},

that is, D,, has precisely 2n elements. Further, D,, not abelian. °*

1Read: “an n-gon has
precisely 2n distinct
symmetries”. Note that e = ¥,
‘ 1 2 that is, the identity element
(no rotations).

Proof. We have,forast.0<a<n—1, 2% | 1+a 2+ a .Weclaim these are distinct: if

%y | 14+a a
o € D,, then o(1) = 1 + a, then either 0(2) = a or 2 + a, and so either 0 = z%y or 0 = 2%,

respectively.
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To show xyxy = 1:
To show that D,, not abelian we have that

zyzy =1 — xya::y_lzy

— Yy = yx_l

In this case, if D,, abelian, then vy = yr = x = 2~! = 22 = 1, which is a contradiction.
Moreover, we have then that 2y = y2~!, and so we can write

oty =yt = 2! YY) = x(yz™*)
- yl,f(a+1)’

y=x(x
= (zy)z™ =ya~!
that is, Va, 2%y = yx™°. [ |

® Example 11.9: In D5

What is, in D5, the element 23yzyz?yz??

Proof.

y(zy)’yat = y(yas )Py
_ xggjzx_leyx4

= (z*y)a*

= (yz~*)z*

=Y

< Definition 11.9: Direct Product

If G, G, are groups, G; x (G5 also a group, where
o (z1,31)(22y2) = (2172, Y112).
- 1=(1,1)

e (z,y)" = (a7 y )
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11.4 Cosets and Lagrange’s Theorem

— Definition 11.10: Left Coset
Let H < G. A left coset of H in G is a subset of GG of the form

gH :={gh:h e H}.

— Lemma 11.2: Facts about Cosets

1. The cosets are equivalence classes for the relation on G defined z ~ y if y~'x € H.

2. Two cosets are either equal or disjoint; G' = Ily,,.;cnyg; H for a suitable {g; : i € I} C

G (I some index set).
3. 7H=9yH <= y o ¢ H < 27'yc H <= 3hc Hst x=yh.

4. tH=H <— x € H.

® Example 11.10: S5

Let G = S3, H = {1,(123),(132)} = ((123)). Examples of cosets of H would then
be

H = {1,(123), (132)}
(12)H = (13)H = (23)H = {(12), (23), (13)}

We can write, then,

G = HII(12)H.
® Example 11.11: Z/6Z
Let G = Z/6Z, H = (3) = {0,3).
1+ H=1{1,4}
2+ H = {2,5}

3+H={3,0l=H

< Definition 11.11: Index of a Subgroup
Let G be finite, H < G. We define the index of H in G, denoted [G : H] as the number of
distinct left cosets of H in G.

Proof. (Of lemma 11.2)
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1. (Equivalence relation)

(@ z~z < zlz=1€H
b)z~y = yloeH = zly=(w'la)yteH

r~yy~z = ylzeHzye H = 2y ylveH = 27zwe
H— x~y

(Equivalence class of 2) If v € y,y ‘v € H = 2 'ye H = y=x(z"'y) € zH.
Conversely, ify € tH = y = zh,somey € H. y 'z = (zh) 'z =h 'zla =h7t €

H = z~y.

2. (Cosets equal/disjoint) This follows directly from 1. by properties of equivalence rela-

tions.

3. (Equivalence) vrH = yH = x,y have same equivalence class and so x ~ y —
x 'y € H. Then, tH = yH = yH = xH, so the same logic follows symmetrically.
r'ye H = x~y = x=yh,someh € H.

4. (tH = H <= x € H) Let y = 1. This then follows directly from 3.

|
— Theorem 11.1: Lagrange’s Theorem
Let GG be finite, H < G. Then,
(G- H]|H| = |G,
and in particular,
[H| 1G]
— Corollary 11.1
Let G be a finite group, g € G. Then, ord g| | G |.
Proof. ordg = |(g)| | |G|, by Lagrange’s Theorem. |

Proof. (Of Lagrange’s Theorem) Let G be a finite group, I < (. Since the cosets of a subgroup

form a disjoint union of the group itself, we can write
G = Uierg:H,
for some index set I. Let a, b € (G, and define the function
f:aH — bH, z— ba 'z

We claim this is a well-defined, bijective function.
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+ (Well-Defined) Let # = ah for some h € H. Then, ba~'x = ba~'ah = bh € bH, hence
the map is well-defined.

+ (Surjective) Take y € bH, y = bh. This is the image of ah (where a fixed as defined), that

is, ba—'ah = bh as desired.

« (Injective) Consider ba 'z, = ba~'zy. Multiplying both sides by ab™! = z; = .

Thus, this is indeed well-defined bijective map, moreover, each coset of ¢g;  has the same num-

ber of elements. Specifically, we have

1G=> |gH|=> |H|=|I|-|H]|.

el i€l

Thus, we have that
|G| = [H]| - |1],

moreover, in the language of the theorem,
|G| = |H|-[G : H].
[ |

Remark 11.1 (Applications of Lagrange’s Theorem). 1. Let GG be a finite group of primer or-

der p; then, G is cyclic, moreover, every element of G, # e, generates G.

2. Every element of a group must have an order that divides the order of the group. This follows
from Lagrange’s combined with the fact that ord g =| (g). For instance, a group of order 6

cannot have an element of order 4 nor 5.

Remark 11.2. Note that ifn | |G
taking n = |G

, this does not imply that 3 an element of G of order n. Indeed,

, this would imply that group G would be cyclic.

11.5 Homomorphisms/Isomorphisms

< Definition 11.12: Group Homorphism

Let G, H be groups, and define f : G — H. f is called a group homomorphism if

f(9192) = f(91)f(g2),

v.gla 92 S G
The kernel of f is taken

kerf={g€G: f(g) =en}.
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— Lemma 11.3: Consequences of Homomorphisms

Let f : G — H be a group homomorphism.

1. fleq) =en’%
2. flg™h) = f(g)™,

3. Im (f) < H (that is, the image of f is a subgroup of H)

Proof. 1.
flec) = flegea) = flea)f(ea)
= f(eq) " fleq) = flea) " fleq)f(eq)
— ég = f(eG)
2.

en = flec) = flgg™") = fl9)f(g™")
— flg) en = f9) ' f(9)f(g™)
— flg ) =flg!

3. ey = f(eg) € Im(f). Let hy, hy € Im(f), and let h; = f(g;). Then, h1hy = f(g192) and
hi' = f(g1)™" = en,hiho,hy' € Im(f), hence Im (f) a subgroup of H.

|
2Note that this is a
consequence, not an axiom, as
.. . it was in ring
< Definition 11.13: Group Isomorphism homomorphisms.

A group homomorphism f : G — H is a isomorphism if it is bijective. We denote G = H

if such a function exists.

— Proposition 11.6

Let f : G — H be an isomorphism. Then, g = f~! : H — G also an isomorphism.

Proof. g bijective, as f bijective and thus its inverse is also bijective. It remains to show that
Ve,y € H, f~H(zy) = f~(z) - f~(y). We have:

FU @) = F(F @) ) = f(F ay) =y (5)
FUT @) ) = U @) () = 2, (6)

noting that as both lines evaluate equivalently while computed in different orders, the claim

holds, hence g = f~! a bijective homomorphism and is thus an isomorphism. [ |
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— Proposition 11.7: Isomorphism an Equivalence Relation

= is an equivalence relation on groups.

Proof. 1. (reflexive) G = G' by f = eq

2. (symmetric) G; = Gy — G, i> Gy — Gy f;; G = G,=23G,

3. (transitive) f : G5 — Ga, g : Go — (3, then consider g o f : G; — (5. This is bijective
(composition of bijections is bijective). Take x,y € G, then (g o f)(zy) = g(f(zy)) =
g(f(2)f(y)) = 9(f(x)g(f(y)) = (g © f)(x)(g © f)(y), hence g o f a homomorphism.

— Proposition 11.8: Cyclic; |G| = |H|=n = G= H

Let™n € Z*. Then, any two cyclic groups of order n are isomorphic.

Proof. Suppose GG = (g), H = (h) of order n. Define f(g*) = h” for any integer a. This is well
defined (¢° = ¢* = ¢*" =ec = nl(a—b) = [f(g") = h* = *(h")" = h* = f(g")).
This is a surjective (h* = f(g*)Vh, g) homomorphism (f(g%¢®) = f(g*™*) = hot® = hoh’ =
f(g*)f(g®)), and is also injective because f(g%) = h® = ey = nla = ¢* = eg. Thus,
any cyclic group of order 7 is isomorphic. Moreover, any cyclic group of order 7 is isomorphic
to Z/nZ over addition. |

— Lemma 11.4

Let f : G — H be a group homomorphism. ker f < G, and [ injective iff ker f = {eq}.

Proof. We have that e € ker f since f(1g) = 1g. Suppose g1,92 € ker f —  f(q1) =
flg2) = en = f(9192) = f(91)f(92) = emen = ew == g1g2 € ker f. Suppose
gekerf = f(g7') = f(g9) ' =ey =ey = g~ ' € ker f, hence all the group axioms
hold and ker f < G.

(=) Suppose f injective. Then, f(es) = ey uniquely, and so ker f = {ec}.

(<) Suppose ker f = {ec}, and f(g1) = f(g2). Then, ey = f(g1) "' f(g2) = flg: ") f(g2) =
flgrlg) = gilgs€kerf — gilga=eq = g1 = go = [ injective. [ ]

— Corollary 11.2

Let p € P. Then, any two groups of order p are isomorphic are cyclic, and isomorphic to
Z/pZ.
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Proof. Suppose |G| = p. Choose any g € G, g # eg. Let H = (g). By Lagrange’s Theorem,
|H| | |G| = p, so |H| =1 or p, but by construction, |H| = p (since g # eg) , hence |H| = |G)|.
Thus, G a cyclic group of order p and is thus, by the previous example, we have that G =
Z7/pZ. |

— Proposition 11.9
Let f : G; — G5 be a homomorphism and H < G;. Then, f(H) < G,.

Proof. « lg, € H = lg, = f(1g,) € f(H)

ex,y € f(H) = da,b€e Hst.x = f(a),y = f(b) = zy = f(a)f(b) = f(ab).
a-be H = f(ab) € f(H) = xy € f(H)

ex€ f(H) = o '=f(a!)fora e H . Then,a™' € H = f(a™!) € f(H).

Hence, f(H) < G» [

— Lemma 11.5
Let g € Gy, f : G1 — G2 a homomorphism. Then, ord(f(g))|ord(g).

Proof. Suppose n = ordg = ¢" =1 = f@") =fo)"=f(g) =1lg, = flg)" =
le, = ord(f())n n

— Corollary 11.3

If f: Gy — G an isomorphism, f induces bijections between subgroups of H < G; and
K < (9, that is,

Gl>Hl—>f(H)<G2; G1>f71(K)(—‘K<G2.

— Theorem 11.2: Cayley
Let G be a finite group of order n. Then, G is isomorphic to a subgroup of .5,,.

Proof. Let g € G,andlet 0, : G — G, a — ga. We claim that 0, a permutation.

Note first that o, injective,
o4(a) =0,(b) = ga=gb = a=0b,
and surjective, since

Vb€ G,o,(g7'b) =b.
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Now consider the map

G — S, g oy

This map is a homomorphism:
ogn(a) = gha = o,(on(a)) = o4, = og ooy,

noting that the operation in S, is o. This homomorphism is injective; let o, be the identity
permutation. Then, o,(e) = e == ge = e == ¢ = e. Thus, since the image of a
homomorphism is a subgroup, the image of G under this map is a subgroup of S, that is,

G < S, and the proof is complete. |
— Lemma 11.6

Let T', Z be sets, and f : T' — Z a bijection. Then, the group of permutations of 7" and Z

are isomorphic.

Proof. Let o € Sy. Then, foo o f~!: Z — Z is a bijection. Hence, we have the map

Sp— Sy, o+ fooof
This is a group homomorphism; given oy, 05 € St,
foarooyo f7H = (forf ") (foaf ).
Similarly, given 7 € S, we can define the map
Sy —Sr, T floTolf.

This is also a homomorphism, hence, there exists a bijective homomorphism between S — Sz

and thus the two are isomorphic. |

11.6 Group Actions on Sets

< Definition 11.14: Group Action
Let G a group, S # &. G acts on S if we have a function

GxS—58, (g,8)—gxs,

where

1. exs=sVscS;

2. (g192) *s = q1 * (g2 * $)Vg1,92 € G,s € S.

§11.6 Groups: Group Actions on Sets p- 76



® Example 11.12

D,, acts on the vertices of the n-gon;

() =i+a; yli)=n—i+2

® Example 11.13: Conjugation

G acts on itself by
GxG—G, (g,h)r ghg™ "

® Example 11.14
Let H < G. H acts on GG by

HxG—dG, (h,g)— hg=hx*g.

® Example 11.15

D, acts on the set S of 9 elements where the 9 elements form a 3 x 3 square. Now
suppose we were to color each square by one of the three colors red, green, blue.
Then, we’d have 3? possible colored squares. A natural question would be to ask how

many colored 3 x 3 squares exist, up to symmetries?

® Example 11.16
R acts on the sphere S; some 6 € R rotates the sphere by 6.

— Definition 11.15: Orbit
Let GG, S be as defined above. Let s € S. The orbit of s is defined

Orbs={gxs:ge G} CS.

Note that this is equal to all the images of s under *.

Remark 11.3. In example 11.16, the orbit of s € S would be the latitude line; that is, all points

with the same distance from the rotation axis.

In example 11.14, the orbit of x € H would be Orbx = Hx = {hx : h € H}, a right coset of
HinG.

— Definition 11.16: Stabilizer

|
~
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Let GG, S be as defined above. Let s € S. The stabilizer is defined

Stabs={geG:g*xs=s} CG.
Remark 11.4. In example 11.16, Stab s = 27wZ; unless s at the pole, then Stab s = R.
In example 11.14, take s € G. Then, Stabs = {h € H : hxs = hs = s} = {1}.

In example 11.13, Stabs = {g € G : gsg™! = gxs = s} = {g € G : gs = sg}, which is

defined as the centralizer of s, that is, the elements that commute with s.

< Definition 11.17: Collection of Cosets
If H < GG denote by G \ H the collection of left cosets  H of H in G. We have then

|G\H|=[G:H]=|'%'|,

if G finite (by Lagrange’s Theorem).

— Lemma 11.7: Properties of Group Actions

1. Let 51,52 € S. 51 ~ sy if dg € G s.t. g x s1 = s, . This is an equivalence relation; the

equivalence class of s; is Orb s;.

2. Let s € S. Stabs < G.

Proof. 1. + (Reflexive) ex s =5 = s~ s

« (Symmetric) s; ~ s => Jg € Gst.gxs; =8, = g ' x(gxs)=g!

and (g7 1g) *s; = g ' xsy. Hence, exs; = g 1xsy = 51 =g sy = sy~ s1.

* So

« (Transitive) Suppose s; ~ sg, So ~ s3. Then, g1, g2 € G s.t. g1 x 51 = Sa, go * S2 =

53 = (9201) 51 = g2 % (g1 % 51) = Go % 53 = 53 = 51 ~ 53.
By definition, the equivalence class of some s; is all elements such that g x s; = s; for
some g € G, the very definition of Orb s;.

2. Let H = Stab s.

o (Identity)exs=s = e€ H

« (Closure)Let g1,90 € H = g1xS=58,gaxs =5 = (g192)*s = g1 %(gaxs) =
gLlxs=8 = q1go € H

« (Inverses)Letg € H = gxs=5 = g Yg*xs) =g 'xs = (g7lg)xs=
glxs = exs=glxs = s=¢glxs = gleH

§11.6 Groups: Group Actions on Sets p- 78



— Proposition 11.10: Orbit-Stabilizer Formula

There exists a bijection G \ Stab s — Orb s, that is, between the left cosets of Stab s in G
(see definition 11.17) and the orbit of s.

Proof. Let H := Stab s. Define a function ¥ : G\ H — Orb s, where V(gH) := g * s.

« (Well-defined) Suppose gH = ¢, H; then, g3 = ghyh € H — g1 xs = g* (h*

s) =, g*s.
heStab

+ (Surjective) Any element of Orb s is of the form g x s for some g, namely, of the form
V(gH)

+ (Injective) Suppose )(gH) = ¥ (g1 H). Then, we have

-1
gxS=g1*5§ sl s:g’lgl*s — gilgleStab:s:H — g1H =gH

[
— Corollary 11.4
Suppose G finite. Then,
|Orbs| = |G\ H| =[G : H| = |S’|c§1|)s| = %
Proof. Follows from Orbit-Stabilizer Formula and Lagrange’s Theorem. |

— Definition 11.18: Fix, I, N
Let GG be a group acting on S. Then, for g € GG, s € S, we have

Fixg:=t{s € §: g*s=s} = {fixed pts of g.

Define too

1 gxs=s
I(g,s) = 0
else

and
N :=10rb of Gin S.

< Theorem 11.3: Burnside’s Lemma
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Assume S, G finite.
1 .
N = jj_G Z Fix g.

geG

Proof. We will evaluate

> ) I(g.s) =) _|Stabs|

seS gelG seS
proposition 11.10 Z |G‘
| Orb s
seS
1
= |G
Gl Z | Orb s
seS
Z|G|-N
* : any orbit Orb s of size ¢ contributes % = |les‘ t times.

OTOH,

YD Igs) =) 1(g,9)

seS geG geG seS

ZFixg

geG
— ) Fixg=|G|-N

geG

1
— N = —ZFixg.
Gl 2=

Remark 11.5. Recall example 11.15; we had asked how many possibilities of a 3 x 3 square (S),

colored with three different colors, existed up to symmetries by D,. This is equivalent to asking for

the number of orbits that exists for S.

We have

Fix1 =4S = 3% anything times 1 brings it to itself

Fixz = 33
Fixz ' =33
Fix 22 = 3°

For general D,,, all the elements in D,, \ () = {z% :a =0,...,n — 1} are reflections. They

are also orientation reversing and order two (x%y - %y = yx %2y = y* = 1).

Hence, we have that Fixy = 3% = Fix 2%y = Fixzy = Fix23y.
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Hence, we have from Burnside’s,

N=—-(3"42-3+3"+4-3% =2862.

ol

11.7 More on the Dihedral Group

~— Lemma 11.8

Letz € D,. Then, ord 2% = = 1. As a permutation of the n vertices of the corresponding
n-gon, we have * = product of disjoint cycles, where all of the elements {1, ..., n} appear,

each of this same length.

® Example 11.17: n = 8

i o, a | ord
T (12345678) 1| 8
x? | (1357)(2468) |2 | 4
3| (14625836) | 3| 8
xt | (15)(26)(37)(48) | 4 | 2
z° 5] 8
28 | (1753)(2864) |6 | 4
z’ 71 8

Proof. Write z as a product of disjoint cycles, in which every 1 < ¢ < n appears. Then,
consider the cycle in which 7 appears (take 7 as the first element, since we can simply rearrange

any permutation such that this holds):
(i,1a,1 4 2a,...,i+ (k —1)a),

where k is the minimal positive integer such that i + ka =, 1; ie, the first time that this cycle
closes. But this means that ka =,, 0, that is, this £ does not depend on the particular i we are

considering; it remains to show that this £ is as given in the lemma.

We have that,
VE € Z,n | Ka <— 1 | K- ¢
(a,n) (a,n)
n /
— —— |k

(a,n)

=—> min. possible ¥’ is

(a,n)
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— Corollary 11.5

The ¢ of elements y € (x) s.t. () = (y) is p(n). Such y = 2 and of ord n. The § of such
y'sisf{l <a <mnst (a,n) =1} = p(n).

— Corollary 11.6
For any d|n, Jelt of ord = d € (x).

Proof. z™/¢ |

Remark 11.6. In fact, there 3p(d) elts of order d in (x).

— Proposition 11.11

Every element on D,, \ {1, z,...,2" '} is a reflection. If n odd, the reflection has exactly 1
fixed vertex. If n even, the symmetries y, 2%y, . . ., 2" 2y have 2 fixed vertices; the symme-
tries zy, . .., 2" 'y have none.

® Example 11.18

Consider necklaces with 8 beads, with 4 Blue, 2 Green, 2 Red. How many combina-
tions, up to Dg symmetries, exist?
Proof. We will approach this using the C-F formula; we have N = & % Fix g.

Note first that Fix 1 = § designs = (i) (;1) = 420.

g€Ds

First, we claim that fora = 1, 3,5, 7, Fix 2® = 0; indeed, any z° for these a would

necessitate every bead to be of the same color.

Next, we claim that Fix 22 = Fix 2% = 0; indeed, we have two disjoint cycles of
order 4, so any element in these “gaps” would have to be of the same color, hence,

suppose one of these were green, then all 4 would be green; this is possible.

Next, Fix z* = (;) (that is, we choose which of the four pairs of 2 elements we take

to be blue) times -2 (which of the 2 remain pairs are green), which gives Fix 24 = 12.

Now, take o = reflection, with no fixed vertices; there exist 4 such o. Fixo = (;1)

(which of the four vertices are blue) -2 (which of the 2 remaining vertices are red (or

green, wlog)) = 12.

Now, take 0 = reflection with 2 fixed vertices; there exist 4. We have Fixoc =
3+3+6=12.

Thus, N = (420 +9 - 12) = 33, u
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