
Final Examination December 7, 1998 189-375A

1. (11 marks) Solve the vibrating string problem:

@2 

@x2
=
@2 

@t2
; 0 < x < 1; t > 0

(i)  (0; t) = sin t, (ii)  (1; t) = 0.

(iii)  (x; 0) = 0, (iv)

"
@ 

@t
(x; t)

#
t=0

= 1� x.

Leave your answer in simplest form.

2. (7 marks) Solve
@ 

@t
=
@2 

@x2
+ 3; 0 < x < �; t > 0

(i)  x(0; t) = 0, (ii)  x(�; t) = 0, (iii)  (x; 0) = 7.

3. (12 marks) Solve the following boundary value problem:

r2 (r; �; z) = 0; 0 � r < b; 0 � � < 2�; 0 < z < h

(i)  (r; �; 0) = f(r; �), (ii)  (b; �; z) = 0, (iii)  (r; �; h) = 0.

4. (a) (6 marks) Solve r2 (r; ') = 0; r > a; 0 � ' � �.

(i)

"
@ 

@r

#
r=a

= 0, (ii) lim
r!1

[ (r; ')� V0r cos'] = 0 and interpret physically.

(b) (1 mark) Verify the orthogonality of the Legendre polynomials of odd order for the
interval [0; 1] Z 1

0
Pn(x)Pm(x)dx =

Ænm

2n+ 1
:

(c) (6 marks) Find the potential  (r; ') in the in�nite region r > b; 0 < ' < �

2
, if

 = 0 on the plane portion of the boundary (' = �

2
; r > b);  ! 0 as r !1 and

 = f(cos') on the hemispherical portion of the boundary (r = b; 0 � ' < �

2
).

(d) (4 marks) Consider the special case of f(cos') = cos3 '.

You may assume that the general solution of Laplace's equation in spherical coor-
dinates, i.e. r2 (r; ') = 0; 0 � ' � �;  �nite at ' = 0 and ' = �, is given by

 (r ') =
1X�

A rn +
Bn

�
P (cos') where P are the Legendre polynomials of
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6. (10 marks) Solve and interpret physically

r2 (r; z) = �q(r; z); 0 < r < b; 0 < z < �;

(i)  (r; 0) = 0, (ii)  (r; �) = 0, (iii)  (b; z) = 0.

7. (7 marks) Solve the integral equation

Z
1

�1

y(�)d�

t2 + 25� 2t� + �2
=

1

t2 + 36
:

8. (11 marks) Solve
@2 

@x2
+
@2 

@y2
= 0; x > 0; y > 0

I.  (0; y) = T0.

II.
@ 

@y
(x; y)

����
y=0

= h[ (x; 0)� T1].

III. lim
y!1

 (x; y) = T0 and interpret physically.

9. (13 marks) Solve

@ 

@t
=

@2 

@x2
+ h(x; t); �1 < x <1; t > 0

 (x; 0) = f(x):
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