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INSTRUCTIONS

Attempt six questions for full credit.
This is a closed book examination.

Write your answers in the booklets provided.
All questions are of equal weight, each is alloted 20 marks.

This exam has 7 questions and 4 pages
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i) (4 points) Define the concepts field and o-field.
ii) (2 points) Define the concept of premeasure on a field and measure on a o-field.
(iii) (2 points) Define the concept of outer measure.
(iv) (4 points) State the Carathéodory Extension Theorem.
(v) (8 points) If u is a premeasure on a ﬁeld F of subsets of X and p* is the outer measure it

defines on X by the equation p*(A) = inf Z w(A;) where the infimum is taken over all possible

sequences of sets A; € F such that A C U 1 A, show that for any subsets A and B of X that
W (AU B) 4 p* (AﬂB) < ' (A) + w(B).

2. Let (X, M, 1) be a measure space.

(i) (5 points) Under what conditions can one define [ f(x)du(z) for a signed M-measurable
function f on X? In this case give the definition in terms of the integral of nonnegative M-
measurable functions on X.

Let g be a nonnegative M-measurable function on X satisfying [ g(z)du(z) < oo.

1
(ii) (5 points) Prove Tchebychev’s inequality u({z; g(z) > t}) < g/g(m)du(x) for t > 0.
(iii) (10 points) Let u(X) = 1and let f be a signed M-measurable function such that [ fdu = 0

and [ f?dp = 1. Show that u({z; f(z) > s}) <
Hint: Consider g(z) = (sf(z) + 1)%

for s > 0.

1
1+ 2

3. (i) (5 points) State the Monotone Convergence Theorem.
(ii) (5 points) State the Dominated Convergence Theorem.
(iii) (10 points) Find nll_{gon e _

the inequality |sin{u)| < min(1, Ju|). Otherwise, justify all steps and for full credit simplify your

answer as much as possible.

sin <—> dz. In answering the question you may use
n

4. (i) (5 points) Let (X,S) and (Y, T) be measurable spaces. Define S ® 7.

If X is a metric space, we denote By, its Borel o-field.
(ii) (15 points) Prove in detail that Bg ® Br = Bge.
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5. (i) (5 points) State Tonelli’s Theorem.
(ii) (5 points) State Fubini’s Theorem.
(ili) (10 points) Starting from the identity

* u
e sin(uz)dr = ———
0 U+ 8

valid for s > 0 and u € R, show that

/ e‘sm*cgs(—x)dx = 11In(s* +t*) — In(s)
0

t —_—
provided that s > 0 and t € R. Hint: / sin(ux)du = 16*08“33).
0 €T

6. Let £ be the Lebesgue o-field on [0, 00 and du(z) = e~®dz. Consider the linear subspace M
of H = L*([0,00[, L, ;1) consisting of equivalence classes of functions that are periodic a.e. with
period 2w, i.e.

flz+2m) = f(z) a.a. z € [0, 00|

(i) (4 points) Show that M is itself an L? space over a smaller o-field than L.

(ii) (4 points) Deduce that M is a closed linear subspace of H. What fact are you using here?
(iii) (4 points) Show that for f,g € H,

0 2T
{f,g) = Z 6_2’“"/ f_(:c + 2km)g(x + 2km)e *dx
k=0 0

(iv) (4 points) Show that the closed linear span of the functions z — €™ as n runs over all
integers is the whole of M. What fact are you using here?

(v) (4 points) For an arbitrary member f of H, let h be its orthogonal projection on M. Show
that

o

h(z) = (1—e)> e 7 f(z + 2kn),

k=0

for almost all 2 in [0, 27| (and extended by periodicity for other values of ).
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7. Consider the trigonometric polynomials P, and Q,, defined for nonnegative integers m induc-
tively as follows

Po(t) = Qo(t) = 1 and Prya(t) = Pu(t) + €27 Qm(t), Qmi1(t) = Pn(t) — 2™ Qm(t)

(i) (5 points) Show that Pi(t) = 1+ e, Q1(t) = 1 — e, Py(t) = 1 + ¢t + €% — %t and
Qat) = 1+ et — e2it 4 gBit,
(ii) (5 points) Show that ﬁ’;l(n) =0ifn < 0orifn > 2™ and that P:n(n) = 1 or —1 otherwise.
(iii) (5 points) Show that |Ppi1(t)]® + [Qmi1(t)]2 = 2(|Pn(t)]?* + |Qm(t)|?) and deduce first
that |Bp(t)[2 + |Qm(t)[2 = 2™+ for all t and then that sup | Pn(t)] < 23

2
(iv) (5 points) Show that / | B (t)[Pdt = 2™,
, 0



