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Attempt six questions for full credit.
This is a closed book examination.
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This exam has 7 questions and 9 pages
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1. (i) (5 points) Define the concept o-field.
(ii) (5 points) Define the concept measure on a o-field.

(iii) (5 points) Let Y be a subset of X. For any family M of subsets of X, denote by My the
family My = {MNY; M € M} of subsets of Y. If M is a o-field of subsets of X, show that My
is o-field on Y. Note that you are not allowed to assume that ¥ € M.

(iv) (5 points) If p is a measure on (Y, My ), does v(M) = pu(M NY) define a measure on
(X, M)? Justify your answer.

Solution:
(i) Let X be a set. Then a collection F of subsets of X is a o-field if and only if

(a) X € F.
(b) Ac F= X\AeF.
(c) Ay € Ffor k€ K, K countable = | J, . Ax € F.
(ii) A measure on a o-field F of subsets of X as a function p: F — [0, 00] such that

(a) u(0) =0.

() p (User Ak) = D ek 1(Ax) whenever K is a countable index set and Ay, are pairwise disjoint
subsets of X with A € F and |J, ., Ax € F.

(i)
(a) Since X e M, Y =X NY € My.

(b) Let B € My. Then there exists A € M such that B = ANY. But Y\B = (X\A4)NY € My,
since (X \ A) € M.

(c) Let By € My for k € N, then there exist A, € M with B, = Ay NY. But now we find
Ure, B = (Upe; Ak) NY and it follows that | J,-, Bx, € My since 3o, A € M.

(a) v(0) = pu(0) =0.

(b) Let Ay be pairwise disjoint subsets of X in M, then By, = Ay NY are pairwise disjoint
subsets of Y in My. Further, as in (c) above ;- , Br = (U,—, Ax) N'Y and consequently

k=1
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2. Let (X, M, ) be a measure space.

(i) (5 points) Under what conditions can one define [ f(z)du(x) for a signed M-measurable
function f on X7 In this case give the definition in terms of the integral of nonnegative M-
measurable functions on X.

Let g be a nonnegative M-measurable function on X satisfying [ g(z)du(z) < cc.
1
(ii) (5 points) Prove Tchebychev’s inequality p({z;g(z) > t}) < n /g(x)du(x) for t > 0.
(iii) (5 points) If f € LP(X, M, u) where 1 < p < oo, show that the inequality
plfas [f (@) > t}) <t F11

holds for every ¢t > 0.

(iv) (5 points) For every p with 1 < p < oo, find a measure space (X, M, u) and a measurable
function f on (X, M) such that p({z;|f(x)| > t}) < ¢ P holds for every t > 0 but f ¢ LP(X, M, u).

Solution:
(i) The integral is only defined if [ |f(x)|du(z) < co and in this case we set

[ t@dute) = [ fo@inta) - [ £-@)duta

where fi(x) = max(0, £f(z)).
(ii) Let E; = {x;g(x) > t}, then we have

/ g(@)du(z) > / L, du(z) = tu(E),

1
so that u(E;) < n /g(x)du(:v) as required.
(iii) Applying the previous part of the question to g = |f|P we have, since {z;g(z) > t*} =
{z;[f(2)] >t} that
p{z; | f(2)] > 1}) < p({; |g(2)| > #7}) < tp/!}(x)du(ﬂﬁ) = [[fI5e"-

(iv) Put f(z) = 277 on 10, o[ with Lebesgue measure and then {z;|f(z)| > t} =|0,¢ 7P| has
measure exactly ¢, but / |f(z)[Pdx = / x tdx = oo, so f ¢ LP(]0, o0).
0 0

3
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3. (20 points) State whether the following statement is true or false and give either a proof or
an explicit counterexample.

Every closed subset of the real line with empty interior has zero Lebesgue measure.

Solution:
This is false. The easiest solution is as follows. Let (gx)32; be an enumeration of the points of

QnNJ0,1]. Let X = U]Qk —2727% g + 2727, Then X is a union of open intervals and hence is
k=1
= 1
open. The measure of X is bounded by Z 2 1k — 7 Hence [0,1] \ X is a closed set of measure
k=1
1
at least —. But if [0,1] \ X contains an interval of strictly positive length, there is a rational

number ¢ € [0,1] \ X. But this is impossible since then ¢ = ¢, € X for some k € N.

4
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4. Let (X, M, p) be a measure space.
(i) (10 points) Let (f,)o2, be a sequence of real-valued M-measurable functions on X. Let
A={z e X;lim, . fn(x) ex1sts} Show from first prmmples that A € M.

(ii) (10 points) If A, € M forn =1,2,3,... and if Z w(A,) < 0o, show that p-almost every

point of X lies in only finitely many of the A,,.

Solution:

(i) We show first that if (f,,)5°, is a sequence of M-measurable functions on X taking values
in the extended real line [—o0, c0], then sup,, f, is also M-measurable. This is a consequence of
the identity

{z; ilolzlf fulx) >t} = | J{@; fule) > 1}

n=1

and the fact that the intervals |¢, 00| generate all Borel subsets of [—00,00]. An exactly similar
argument shows that inf,, f,, is M-measurable. It now follows that

limsup f,(x) = inf sup fn() and liminf f,(z) = sup inf fulz)

n—00 m=1p=m n—00 m=1n=m

are also M-measurable. Now, interpreting the phrase “lim, ... f,(z) exists” to mean that the
limit exists in R (as opposed to [—o0, o0]), we see that

X\ A= {z;limsup f,(z) = —oc0} U {x;ligiorolf fn(z) =00} U {x;ligg}f fu(z) <limsup f,(x)}.

n—oo n—0oo

The first two of these sets are seen to be measurable and the third can be written

{a;liminf f,(z) < limsup f,(2)} = | J <{93; liminf f,(z) < q} N {z;q < limsup fn(x)}>

n—oo n—oo
q€eQ

and hence is also measurable. It follows that X \ A and hence A is measurable.
(ii)) The set E of x that belong to infinitely many of the A, can be written as ﬂ U A,

m=1n=m

Thus, for all m € N,

E)S,u([j An> Z —

since Z w(Ay,) < oo. It follows that u(E) = 0. So, for almost all z, x lies in only finitely many
of the A
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5. Let u be Lebesgue measure on [0, 1].
(i) (6 points) Show that the functions fi(t) = v/2cos(knt) form an orthonormal set in the
Hilbert space H = L*([0, 1], Bjo,1), 1) as k runs over the positive integers.
(i) (4 points) Let M be the closed linear span of {f;k =1,2,3...}. Find g € H, such that
g L fi for all £ € N and deduce that M is not the whole of H.
(iii) (6 points) Let f(t) = v/2sin(nt) and P the orthogonal projection onto M. Find a series
expansion (convergent in H) for P(f) in the form

P(f) = Zakfk
k=1

computing the a; explicitly.
(iv) (4 points) By comparing the norms of f and P(f), show that f ¢ M.

Solution:
(i) We have
I fell5 =2 /I(Cos(kﬂrt))?dt _ /1 (1 + cos(2k7rt)>dt = {t + %] 1 .
and for k #£ ¢
(fr, fo) = 2/01 cos(kmt) cos(frt)dt = /01 (cos((k — O)mt) + cos((k + €)mf)>dt
_ [sin((k — O)mt)  sin((k + K)mf)} ! 0
(k= O)m (k+0Om |,

showing that (f;)2, is an orthonormal set.
(ii) Let g =1y € H and then it is clear that

1

{fe:9) = \/5/01 cos(kmt)dt = v/2 [Sm](fﬂl ~0

n 0

so that g L f for all £ € N. Extending by linearity and continuity, we see that ¢ 1 M, that
g ¢ M and that M C H.
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(iii) We obtain
ar = (f, frx) = 2/0 cos(kmt) sin(mt)dt = /0 (sin((k‘ + 1)mt) — sin((k — 1)7Tt)>dt

_ [cos((k —D7t)  cos((k + 1)7rt)}1 _ 21+ (=D

(k—O)r  (k+ D« (k2 — D)m
4
_ { —W if k£ is even
- — T
0 if k£ is odd

Now we also have

1£11% = 2/01(sin(7rt))2dt = /01 (1 - cos(27rt)>dt - {t _ sin;%t)}: —1

™

So, that if f € M then f = P(f) and ||f|| = [|P(f)||. We can compute (using Maple)

- - 16 -8
P 2 = 2 = = < 1 = 2
PO =D louf =3 e = 11

and it follows that f ¢ M. The exact summation is difficult to arrive at and is easily circumvented
with estimates. We have 4¢?2 —1 > 3¢% for ¢ > 1, leading to

- 16 o 64
t “dr ) = 1
ZZ (402 - 1) — 97r2 Z < /1 ’ x) o7m

using the integral test to make the estimation.

6. (i) (5 points) State Fubini’s Theorem.
(ii) (5 points) State the Dominated Convergence Theorem.
In the remaining part of this question, you may assume without proof that

de —
7re cos(z)dx ol

/“ i (sin(a) — tcos(a))e™t® + te=2
2

for t > 0 and a > 2. . .
(iii) (10 points) By considering the iterated integral / cos(z) / e " dt dz, show that
=27 t

-0
* cos(x o0 te—2mt
/ ( )da: = / 5 dt
=27 z t=0 t*+1

where the integral on the left is treated as an improper integral. Be sure to justify all steps.

7
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Solution:
(i) Let (X,S,p) and (Y,7,v) be o-finite measure spaces. If any one of the three quantities

[ e lavtduta) = [ 1116 < v) = [ [ 17 plaut)nty).

is finite, then

/fxydy Ydp(x /fdpxz/ /fxyd,u )du(y).

(ii) Let f, be a sequence of measurable functions and suppose that f,, — f pointwise. Further
suppose that there is a (nonnegative) function g such that |f,| < g pointwise for every n € N. If

[ gdp < oo, then necessarily
[ o — [ tan.

(iii) We leave a fixed for the moment. Then

/ |cos(x)|/ e " dt dx :/ de < 00
=27 t=0 =27 T

so from Fubini’s Theorem we have

/ COS / cos(z / At dx
=27 =2
/ / cos(z Wy dt
t= =27

—t —ta t —27t
/ (sin cos(a))e " +te i@t
t2+1

 cos

Therefore, bearing in mind that / ﬂ
=27 T

it is not defined as a lebesgue integral), it suffices only to show that

o] : _ —ta
/ (sin(a) — tcos(a))e d— 0.
t=0 t2+1 a—oo

dx is interpreted as an improper integral (note that

We could use dominated convergence here, but it is quite easy to use hard estimates

/°° (sin(a) — tcos(a))e a| < /°° t+1 —ta gy
=0 2 +1 =0 7 +1

< / 2e " dt =247t — 0.
t

=0 a—00

since 282 +1) — (t+1) =2(t — 1)>+ £ > 0.

o J BN |
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7. Let f be an L' function on the circle group T for the normalized linear measure 7. For each
of the following properties of f determine an equivalent condition on the sequence ( f (n))nez of
Fourier coefficients and briefly justify your answer.
(i) (7 points) f is real-valued.
(ii) (6 points) f € L*(T,n).
(iii) (7 points) f has an infinitely differentiable version.
Solution:
(i) We have

7 (n)= / Fhe™dn(t)

- | [ rean)]

~ o)

So, if f is real, then f = f and f(n) = f(—n) Conversely, if f(n) = f(—n) then f and f have
the same Fourier transform and by the uniqueness theorem, they must agree (almost everywhere).
Hence f is real (almost everywhere).
(ii) Since the exponential system e, (t) = ¢ (n € Z) is an orthonormal basis for L?(T), we have
1£113 = 3 ez | f ()2, A necessary and sufficient condition for f € L? is then .0 | f(n)[? < cc.
(iii) We have from integration by parts

() (n) = / F(B)emdn(t) = in / F(t)emtdn(t) = inf(n)

provided that f and f’ are continuous. Thus, if f is k& times continuously differentiable, we have

((%) f)A (n) = (in)* 7 )

and since the k™ derivative is in L? this gives Z In?*| f(n)|?> < co. It follows that for every k € N,
neZ
supnez 141 ()] < oo, A
Conversely, if for every k € N, sup,,c; [n|*|f(n)| < oo, then replacing k with k + 2 we find
Z In|¥| f(n)| < co. Consequently all the Fourier series Z(m)ef(n)emt for ¢ =0,1,...,k converge
nez nez

d k
absolutely and uniformly and standard results from MATH 255 allow one to conclude that ( %) f

1s continuous.



