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1. (a) Fix a Lebesgue measurable set E C R with m(E) < oo and let € > 0. Prove that for
some 7 (which may depend on €) we can find bounded intervals I,,..., I, such that
the set J := I, U...U I, satisfies m(EAJ) < e. Here, EAJ denotes the symmetric
difference.

(b) Show that in (a) if we impose the additional requirement that £ C J, then the set
‘ J may not exist. (Give a counterexample with specific E, ¢.)

2. (a) State and prove Fatou’s Lemma.

. (b) Prove or disprove: If {f,} is a sequence of nonegative measurable functions in a
measure space (X, M, u), then

lim sup ( / fndu ) < / (lim sup f,,)dp.
n—o0 n—00

* 3. Evaluate, justifying all limit operations:

2 T
- ne
lim ————————dz.
n=co JL1 n2g2 4 cos?x
n

4. (a) Suppose that f € L*(X, M, p) and [ fdu < co. Prove that f(z) is finite for u—
' ‘almost all z € X.

(b) Suppose {fn} C L?(X, M, 1) and that for all N € N,

N
3 e = fille S 1
) k=1

Prove that the real series Y r2; fr(z) converges to a finite limit for p-almost all z € X
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5. Let f, fa € L}(X, M, p),n = 1,2,... and suppose that f, — f in the metric of L. Let
gk : X = [-1,1},k =1,2,... be measurable functions such that for each fixed n € N,

Jim / fagkdp = 0.

Prove that
i, [ fodu=o

(a) Let ¢1,¢a,... be an orthonormal sequence of elements of an inner product space and
f an element of the space. State the Bessel inequality.

(b) X f € L*([0, 2x]), prove that

n—00

2w
lim /0 f(z)cosnz dz = 0.

(c) Let § > 0 and let E C [0,27] with m(E) > 0. Prove that there can be at most
finitely many distinct integers n with the property

cosnz > é forallz € E.



