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1. Let E C R be a bounded, Lebesgue measurable set. Given ¢ > 0, show that there is an
open set G and a compact set C' with

(a) CCECG
(b) m(G\C) < e.
Hence show that for any Lebesgue measurable subset F of R

m(E) = sup{m(C) : C compact, C C E} = inf{m(G) : G open, G D E}.

2. Let (X, S, 1) be a measure space, f > 0, measurable on X. If v;(E) = / fdu, we know
E

that p(E) = 0 implies vp(E) = 0. If f is integrable on X prove the stronger statement
that given € > 0 there exists 6 > 0 such that x(F) < § implies v;(E) < e.

3. Find lim nsin <£> [z(1 + 2?)] 'dx.
0 n

n—oo

[Justify carefully all interchanges of limits.]

4. State the theorems of Fubini and of Fubini-Tonnelli on the integration of functions mea-
surable with respect to the product of two o-finite measure spaces (X, A4, u) and (Y, B, v).

Show that o 1
/0{/0( y dy}dm#/{/ ‘”_y)dx}dy

: : d y a? —y
although both sides exist. lHlnt 8_y <x2 n y2> = o y2)2']

What does Fubini’s theorem then tell you?
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5. (a) State Holder’s inequality. Let (X, S, u) be a finite measure space with p(X) = 1,
and f € LP for some p, 1 < p < co. Use Holder’s inequality to show that f € L!

and || f[lv < [|flp-

(b) Iffna fELp(X,S,,LL), 9n, gELq(X,S,,U/), 1 <p<OO, q:p%

1,andfn—>fin

L? g, — gin L4 show that

fugn = fgin L' and [ fugudn— [ fodp.
X X

6. Let (X, S, ) be a measure space, (¢,), n € N an orthonormal sequence in L*(X, S, u),
and (c,) € 2.

State the Riesz-Fischer theorem for (¢,) and (c,). Now for each n € N, put s, = Y _ ¢;¢;
j=1

o o
and v, = ) _ |¢;>. If (n;), i € N s a strictly increasing subsequence of N such that Y _ vy,

j=n =1
converges, show that (s, ) converges a.e. p as i — 0o.
[Hint: Use the Riesz-Fischer Theorem to identify the limit, and then, together with the
sum form of the Monotone Convergence Theorem to show that (s,,_1) converges a.e. u
as ¢ — 0o. A similar, but simpler argument shows that ¢,¢, — 0 a.e. g as n — oco.]

7. Prove or disprove the following, i.e. if the statement is true, give a proof, if it is false give
a counterexample.

(a) Every Lebesgue measurable set of strictly positive Lebesgue measure contains a non-
empty open interval.

(b) If f is an integrable function on a measure space (X, S, ), then {z : |f(z)| # 0} is
a countable union of sets of finite measure.

(c) The sequence {e™* :n =0,1,2,---} is complete in L*[—7,7].
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