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(X,A) denotes a measurable space, (X,A, µ) a measure space.

MARKS

(10) 1. Let (Ek)∞k=1 be a sequence of elements of A. Suppose
∞∑

k=1

µ(Ek) < +∞ and prove

that µ-almost all points of X belong only to a finite number of Ek’s.

(10) 2. State and prove the Lebesgue theorem on convergence in measure of an almost every-
where convergent sequence of functions.

(10) 3. Let E be a Lebesgue measurable subset of Rn. Prove that E = G\e where G is a
Gδ-set, mn(e) = 0.

(5) 4. Suppose f is a non-negative measurable function on X,

∫

X

fdµ < +∞(∗). Prove that

lim
a→+∞

aµ({f > a}) = 0 (∗∗) .

Does (∗∗) imply (∗)?

(10) 5. Suppose (∗) holds (see problem 4). Prove that

lim
p↓0

∫

X

fpdµ = µ({f > 0}) .

(15) 6. Let (rk)∞k=1 be an enumeration of all rational points of [0, 1]. Put

fp(x) :=
∞∑

k=1

1

2k|x− rk|p
(x ∈ [0, 1], p > 0)

(1/0 = +∞). Prove that

∫ 1

0

fpdm1 < +∞ if p < 1,

∫

I

fpdm1 = +∞ for any non-

degenerate interval I ⊂ [0, 1] if p ≥ 1, fp(x) < +∞ m1−a.e. in [0, 1] for any p. (Use
the inequality (A1 + . . . +An)α ≤ Aα1 +Aα2 + . . . +Aαn for 0 < α < 1, n = 1, 2, . . .).
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(15) 7. Put

I1 =

∫ 1

0

[∫ ∞

1

(e−xy − 2e−2xy)dx

]
dy

I2 =

∫ ∞

0

[∫ 1

0

(e−xy − 2e−2xy)dy

]
dx

Prove that all four integrations can be understood in the sense of Lebesgue and give
finite results, but I1 6= I2. Does it contradict Fubini’s theorem?

(10) 8. Let f be a non-negative Lebesgue measurable function on R. Prove that
Γf := {(x, y) ∈ R2 : x ∈ R, 0 < y < f(x)} is Lebesgue measurable (Γf ∈ A2), and

m2(Γf ) =

∫

R

fdm1 .

(5) 9. Let f be a non-negative Lebesgue measurable function in R2. Suppose that for m1-
almost all x ∈ R, fx is m1-a.e. finite. Prove that for m1-almost all x ∈ R, fx is
m1-a.e. finite.

(10) 10. Let f, g be summable functions on X. Suppose µ(X) = 1 and prove

∫

X

fdµ ·
∫

X

gdµ ≤
∫

X

fgdµ

if f and g are comonotone, that is (f(x) − f(y)) · (g(x) − g(y)) ≥ 0 for any x, y ∈ X.
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