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(X,.A) denotes a measurable space, (X, A, u) a measure space.

. Let (Eg)?2, be a sequence of elements of 4. Suppose Z,uJ(Ek) < +o0o and prove

k=1
that p-almost all points of X belong only to a finite number of Ey’s.

. State and prove the Lebesgue theorem on convergence in measure of an almost every-

where convergent sequence of functions.

. Let E be a Lebesgue measurable subset of R”. Prove that £ = G\e where G is a

Gs-set, my(e) = 0.

. Suppose f is a non-negative measurable function on X, / fdu < +o00(x). Prove that
b's

lm ap({f >a})=0 (*x).

a— 400

Does (kx) imply (%)?

. Suppose (*) holds (see problem 4). Prove that

tim [ rdu = p({f > 0)).
X

. Let (rg)52; be an enumeration of all rational points of [0, 1]. Put

oo

fpl) = m (z €10,1}, p>0)
k=1

1
(1/0 = +00). Prove that / fpdmy < +o00 if p < 1, /fpdml = +oo for any non-
0 I

degenerate interval I C [0,1]ifp > 1, f,(z) < 00 mi—a.e. in [0,1] for any p. (Use
the inequality (A; +... + A4,)* <A+ A +... +AS for0<a <1, n=12,...).
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(15) 7.

(10) 8.
(5) 9
(10)  10.

Put

1 00
I = / {/ (e7*¥ — 26_2”)(130] dy
o LJ1
00 1
I, = / {/ (e™*¥ — 26_2”)(14 dx
0 0

Prove that all four integrations can be understood in the sense of Lebesgue and give
finite results, but I3 # I>. Does it contradict Fubini’s theorem?

Let f be a non-negative Lebesgue measurable function on R. Prove that
Fy:={(z,y) eR?:2€R, 0<y< f(x)} is Lebesgue measurable (I'y € A5), and

mg(I‘f) = fdm1 .
/

. Let f be a non-negative Lebesgue measurable function in R2. Suppose that for m;-

almost all x € R, f, is mi-a.e. finite. Prove that for mi-almost all x € R, f% is
mi-a.e. finite.

Let f, g be summable functions on X. Suppose pu(X) = 1 and prove

/fdu-/gdué /fgdﬂ
X X

X

if f and g are comonotone, that is (f(z) — f(y)) - (¢9(x) — g(y)) > 0 for any z,y € X.
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