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1. Suppose v is a shift invariant measure , domv = Ay (= the Lebesgue o—algebra in

RY), v([0,1) x - -+ x [0,1)) = 1. Prove that v = my (= Lebesgue measure in R?).
d

. Suppose A € A;, A C [0,1], 0 < y < my(A). Prove that there is a Lebesgue

measurable B C A such that m;(B) = y. (Consider the function z — m;(A N
[0,z]), 0<z<1).

. Suppose E;, Ez, E; are Lebesgue measurable subsets of [0,1}, and any z € [0, 1] belongs

to at least two of E;. Prove that one of E; satisfies the inequality m;(E;) > 3. (Look
atXEJ'

. Let f be a function continuous on [a, b] and differentiable at any point of (a,b). Prove

b
that if f' is bounded, then f(b) — f(a) = /f'dml.

. Let (X, A, 1) be a measure space, g(X) < +00,(fn)az 2 sequence in L°(X,p)

(= a.e. finite measurable functions), f € L%(X, ). Prove that the following are equiv-
alent:

(A)fn 4 f: (B) any subsequence (fn, )i2;(n1 < ng < ---) contains a subsubsequence
(Fan, )2, (s < k2 < ---) such that fn,, — f 2.

. Suppose p(X) < +00, p=1, (fn)32, is a sequence in LP(X,p), 3 | fa llp< +oo.
n=1

: o 0o
Prove that Y fa(z) absolutely converges a.e., D fa € LP(X,u), and

n=] n=1

I Zi fallp< i:: I Fa lp-
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(10) 7. Let (f2)$2, be a sequence of non-negative functions, fn eL'(X,p)(n = 1,2.--), f eL'(X, p).

Prove that if f, n———-:gof a.e. and /f,,dp n:——;o/fdp, then || fa— f | _ 0. (Hint:
X

X
(f = fa)+ < f). Is it true if we drop the non-negativity assumption?

(10) 8. Suppose f,g € LY (X,p). Put F(z,y) := f(z)g(y)(z,y eX). Prove that
" FeLY(X x X,p®p), and

/ Fd(#@u)=k/fdu-k/gd#.

XxX

(10) 9. Suppose f, € L}(X,p)(n = 1,---), sup|fa] € LY(X,p). Prove that the following are
n

equivalent:

(4) fa =05 (B) I falh =20




