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page.
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5. Dictionaries are not permitted.

This exam comprises the cover page, 2 pages of 6 questions and a table of Laplace
Transforms.



Math-325

1. (a)

(b)

December 2010 1

Solve (implicitly)
(3x2y + 2zy + y3)dx + ($2 + yz)dy =0,

by finding an integrating factor u(x) (which is a function of x only).

Find the general solution y(x) of

Let
y(t) =y’ -3,  y0)=2,
and let yo(t) = 2 for all t > 0. Find the first two approximations y;(t) and y2(¢) to the
exact solution by Picard iteration.
Show that
Y () =y, y(0) =0,
has more than one solution, by finding two different solutions. (Briefly), which of the

conditions of the basic existence and uniqueness theorem for solutions of the initial value
problem is violated in this example?

Let p(x), q(z) and g(x) be continuous on an interval I, let yi(x), y2(z) be a set of
fundamental solutions to L{y] = 0 on I, where L[y] := y" + p(z)y' + ¢(z)y, and let y,(x)
be a particular solution to L[y|(x) = g(z) on I. Show that there is a unique choice
of ¢1, g such that y(z) = ciyi(x) + caya(x) + yp(z) solves the initial value problem
Lly|(z) = g(x) and y(xo) = a, y'(xo) = B, (where z¢ € I).
Solve

y' =2ty =2 y(0)=1, y(0)=0

Lyl = (x = 2)y" + (1 —2)y + y.

Show that y;(z) = e” solves the homogeneous problem L{y;|(z) = 0.

Find second solution y2(z) which solves L[ys](x) = 0 (with yo linearly independent of
y1)-

Let y1, y2 be a fundamental set of solutions to L[y](z) = 0. State (but do not derive)

the equations which define a particular solution y,(«) which solves L{y,|(x) = g(z) when
using Variation of Parameters.

Find the general solution of
Llyl(z) = (z - 2)%€*",

where L[y] is the differential operator defined above.
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5. Consider the differential equation

(a) Define regular singular point. Find the regular singular point of the given equation, state

day” +2y +y=0

the indical equation and find its roots.

(b) Find a fundamental set of Frobenius series solutions for = > zy expanded about the
regular singular point z. Your answer should include an expression for the general nt*
coefficient in each series solution, not just a recursion relation.

(c) For what value(s) of « is it possible to satisfy the initial value problem y(zg) = 1,

y'(z9) = « for this equation?

6. Let y(t) solve

Y +y=6t—m) +ut—2me P y0)=1, y(0)=0
(a) Find an expression for Y(s), the Laplace transform of y(t).
(b) Find y(¢).
Table of Laplace Transforms
’ function f(t) Laplace transform F(s)
1 1/s (s>0)
" n!/s"t (s >0)
et 1/(s—a) (s>a)
sin at a/(s* +a?) (s>0)
cos at s/(s?> +a?) (s>0)
R0 F(s+a)
U(t —a) or Uy (t) (a = 0) e /s (s>0)
(t—a) (a>0) e~
Ut —a)f(t —a) or U, (t)f(t —a) | e *F(s)
f(”() s"F(s) = s" 1 f(0) = s"2f(0)--- — [ D(0)
JEXI0) fo gt —7)dr F(s)G(s)




