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INSTRUCTTONS

e Attempt all questions.

e Answer in the exam booklet(s) supplied.

e This exam will be marked out of 90, out of a possibility of 100 marks.
¢ The function logx is understood to mean log, (x) = In(z).

e The expression l|statement] takes on value 1 if statement is truc and 0
if staternent is false.

® You are not allowed any notes, texthooks or similar material.
e Non-programmable caleulators are allowed.

s Good luck!

This exam comprises the cover, 5 pages of questions; 3 pages listing pmf’s, pedf’s and
some of their properties; and 2 pages with tables of common sampling distributions.
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1. [12 marks total]
Let X and ¥ have joint probability density function

. 2
.fXY(J::y) = 'H—z‘]l[{] <x0<y x4y < H]a

and corresponding joint cumulative density function Fyy(z,y).

('d) {3 marks|
Show that fxy(x,y) is indeed a density.
(b) i. [L mari)
For which values of (z,y) is I7yy = 07 You do not need to justify your
AISWer,
ii. [1 mark]
For which values of (x,y) is £xy = 17 You do not need to justify your
dAIISWeET.
iii. [2 warks]
Set. up an integral to determine Fyy(n,y) i 0 < @ < 8 and 8 — ¢ <
y << 8. Do not solve the inlegral.
(C) [2 marks)
. 2
Show that fx(x) = 55(9 — )10 < & < ).
(d) {3 marks)
Lel /= 1, and find the value of Iy x(1/2/1/3) = P[Y < 1/2|X = 1/3].

2. [10 marks toial]
Let Xy,..., X, be a random sanple from a N{g, 1) distribution (see page 7).
Tod 7 — % 1 n - . - . ~s
Let =X == 3" | X, Assume it known that f is g-unbiased.
Show that /i is the best {minimum variance) unbiased estimator of p in two
ways:

(ﬂ) [6 marks}
by showing that its variance meets the Cramér-Rao lower hound;

(b) [4 marks]
by using the equality condition of the Cramér-Rao theorem.

CONTINUED
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3. [10 marks total]
Let Y7,....Y, be a random sample from an Exp(g3) distribution {see page 6).
(a) Let Y, = min; Y;.
i (2 mark) Show that Y., ~ Exp(/3/n). (State without proof any formula
that you may want to use to prove this result.)
ii. (1 merki Show that J = n¥,, ir an unbiascd estimator of 4.
(b) Let Y = L5 v,
i. [2marks) Show that ¥ ~ T(n,3/n). (Statc without prool any property

of moment-generating functions that vou may want to use to prove
this result.)

ii. [ mark] Show that 3 =Y is an unbiased estimator of 4.
(C) [2 marks] .
Find the relative efficiency of 3 with respect to (.
(d) {2 arks) _
Make a statement about the consistency of both 7 and j3.

4. [14 marks total]
(a) Let Xy,..., X, be a randow sample from a I{a, ) distribution, o > 0
and [ = (} both unknown.

i. [ mwarky Find the method of moments estimators of « and 3, say & and
g
hA .

il [3 marks] Show that & and & are consistent. Statc clearly any result vou
use in doing so.

(b) Suppose now that Xy,..., X, is a random sample [rom a T{o, 3) distri-
bution, this time with « > ¢ known and g > 1 anknown (note the
constraint on /7).

i. [5warks) Find the maximum fikelihood estimator of 3, say ;3’ .

ii. 2 marks] Find the maximum likelihood estimator of A = 1/3.

CONTINUED
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5. [12 marks total]

The following data consist of height measurements in centimeters of 5 randomly
selected male children at ages 3 and 5.

Height at [Teight at  Ditference
Child 3 years (i;) 5 years (v;) (i ~ 2;)

1 38.2 164.4 16.2

2 86.6 99.7 131

3 36.4 160.3 139

1 90.7 106.9 16.2

5 67.1 83.2 16.1

Observed sample mean 83.8 98.9 15.1
Observed sample variance 90.1 85.8 2.22

Assume that the data are observed from Normal populations.

(ﬂ) [5 marks)
Find a 95% coufidence interval of the form (0, +00) for the variance of the
height of male children at 3 years.

(b) [7 marks]
Find a 95% confidence interval for the difference in height amongst boys
between ages 3 and 5.

G. 12 marks total]
Let X and Y have the same joint probability density function as in Question 1.
We wish to test Hy 0 = 1 against 11} : 6 > 1. We have two competing tests:
o Tost 1 X >1—+/0.05
s Test2: X >cand Y » e

(2_1) [3 marks]
Show that the probability of a Type I error under Test 1 is 0.05.
(b) [4 marks)
Find ¢ such that Test 2 has a probability of a Type T error of 0.05 as well.
(C) [5 marks)
Determine the power functions of both tests for 8 > 1. (If vou have not
found c in part (b), express the power function of Test 2 in terms of ¢.)

CONTINUED
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7. {8 marks Lotal]
Consider the following observations of the number of metro trains going through
a station between 8:00 and 8:15 over a period of 50 days:

Number of
trains  Frequency

0 17
1 14
2 10
3 9
4 or more 0

Test the null hypothesis that these data come from a Poisson distribution at
the = 0.05 level.

8. [12 marks total]
Consider the data [rom Question 5. Let ¥; be Lhe height of child i at 5 years,
and z; be the height of child i at age 3.

(a) {4 marks)
Use the observations to obtain least-sqnares estimates of o and @ in the
model

Yi=a+ 8x, + ¢
tor ¢; ~ N(0,0%), % > 0 unknown.

(b) [1 marks|

Estimate the variances of the estimators in part (a).

(C) [4 miarks] 7
Test Hy 1 3 =0 against, [T - 3 # 0 at the 5% level.

CONTINUED
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9. [10 marks total: | mark per guestion]

Answer the following by true (T) or [alse (F). Do not justify your answer.

(a)
(b)

(©)
(d)
(e)

()
(g)

@

If Y is a continuous random variable, then P X < z}Y = y] = 0 for any
random variable X.

If Xy, X, is a N{p, 0?) random sample with j# and ¢2 known, then

X — _
\/57_; ~ N(0,1).
Let X have probability density function f{z) = (%)«1771 10 < = < ).
Then 4X is a pivot for 0.

A sequence of randorm variables X, is consistent, if and only if Var X, —0
and Bias(X,,) = 0 asn - oc.

Let X = [X|,...,X,] be a random sample from a distribution with pa-

rameter 8 € ©. We wish to test [Ty against H,., where H, U H, = ©. Then
the likelihood ratio statistic of Iy vs. H; is given by

v LOJX

A(x) - HOX)

L{#X)

where L(#|X) is the likclihood of 8, 0, is the maximum likelihood cstimator
of 7 lor 8 € Hy, and @ is the maximum likelihood estimator of 8.

We obtain a 5% confidence interval [u., b] for a parameter 8, where o and
b arc observed values of some statistics. Then [0 < 6 < 3] = 0.95.

We have a random sample X,,..., X, from an Txp(3) distribution (scc
page 6). We wish to test Hy 0 3 = fy vs. Hy 0 8 = 8) with 0 < 8, < /.
Then for any probability of Type T error, the test with the greatest power
at 3 will have a rejection region of the form X < ¢ for some c.

Let Xy, ..., X, be a raudom sample from a N(p, %), p € IR unknowu and
¢? > 0 known. Then the sample mean and sample variance of the random
sample are independent,.

Let Xi,..., X, be a random sample from a N(u, 02), 1 € IR and 6% > (
both unknown. Then the sample mean and sample variance of the random
sample are independent.

In a simple lincar regression setting, the method of least squares and the
method of maximum likelihood vield identical estimates.

END OF FINAL EXAMINATTON.
A list of pmf’s and pdf’s follows.
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List of probability mass functions and probability density functions:

- Beta, Beta

o If X ~ Boeta(a, 3), then X has probability density function

Mo+ 3) a1

[ = (1 — )0 < @ < 1]

INCAINIE)
for @, 4 » 0. See (Gamma distribution for properties of the Gamma lunc-
tion.
&
E[X]= -
* BlX] o+ 3
3}
o Var[X] = s

(0 + 8+ D%a | F42)

- Bin Binoimial

e [f X ~ Bin(n,p), then X has probability funection

&

fla) - ( " );r)‘"(l ) e € {0,1,...,n}],

wheren =12, .. and 0 < p < 1.
o 1[X] = np.
e Var [X] = np(1 — p).
o MGE: My (t) = [1 — p+ pexp(t))”.

- x2 Chi-squared

o [f X ~ %% then X has probability density function given hy
a2l

f) = TR0

exp(—xz/2) 1z > 0].
with » = (.
e See Gamma distribntion for propertics, as X ~ y% « X ~T (% 2).
- Exp Exponential
o It X ~ Exp(f), then X has probability density function

fle) = —j;exp ([;) iz > 0]

for 3 = (.
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o CDF: Flz) = 1—exp(—x/3) ifz>0
R AT 0 otherwise.

¢ See Gamnma distribution {or other properties; as X ~ Exp(3) & X ~

(1, 4).

-I' Gamma

o [[ X ~ I'(a, /1), then X has probahility densily function

b1
flr) = r—(aﬁ—”;y”*] exp(—z/8) 1z > 0]
for a, /4 = 0, where (o) - [7 ¢V exp(-w)dr. The Gamma function

I'{rv) has the following properties:
= I'la + 1) = ol'(&) for o > 0
— (1) = 1;
— H nis a positive integer, I'(n + 1) = nl;
- 1) = VT

o li5[X] == af.

o Var [X] = o3

o MGF: Myx(t) = (1 — g1)=

- Geom Geometric

o If X ~ Geom(p), then X has probability mass function

flz) = p(l —p)*
forpc [0,1] and £ €0,1,2,....

1 -
o
1—p
P
e MGF: My(l) = +—2—

1 -(1—pet”

o Var[X] =

- N Normal

o If X ~ N{y,0?), then X has probability density fanction

fle) = \/517?; CxXp { 212(1" — 1) } 1z € R]

for p € IR and o2 > 0.
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o 1E[X]=p.

o Var[X] =o"

o MGEF: Mx(t) = cxp (,u.t + JZE;).
- N3 Negative Binomial

o If X ~ NB(r,p), then X has probability function

O N I SN

r—

0 otherwise,
forr=1,2,..., and 0 < p < 1.
o BX] = %
o Var[X] = u

pz

o MGF: My(t) = (l—“(”fic;_"}m) .

- Po Poisson

o If X ~ Po(A), then X has probability function
. )\:1' )
flz) = (exp(w)\)?]l[.v C{0,1.2,...}]
for A > 0.
o E[X]=A.
o Var[X] = A
o MGF: My {t) = explA(e’ — 1)]

END OF LIST OF PMF’s and PDI"s
Tables of some sampling distributions follow.
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Upper tail probabilities of the standard Normal distribution
z 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 (.09

0.0 10.5000  0.4960 0.4920 0.4880 0.4840 04801 0.4761 0.4721 0.4681 0.4611
0.1 104602 04562 04522 04483 04443 04404 0.4364 0.4325 0.4286 0.4217
02104207 04168 0.4120 04090 0.4052 04013 0.3974 0.3936 0.3897 0.3859
0.5 1 03821 0.3783 0.3745 0.3707 0.3669 0.3632 0.3594 0.3557 0.3520 0.3483
14103446 03409 0.3372 0.3336 0.3300 03264 03228 0.3192 0.3156 0.312t
0.5 | 0.3085 0.3050 03015 0.298F 02946 0.2912 02877 0.2813 0.2810 0.2776
0.6 | 0.2743  0.2709 0.2676 0.2643 02611 0.2578 0.2546 0.2514 0.2483 0.2451
0.7 10.2420 02389 02358 0.2327 0.2296 0.2266 0.2236 0.2206 0.2177 0.2148
0.8 | 0.2119  0.2090 0.2061 0.2033 0.2005 0.1977 0.1949 0.1922 0.1894 0.1867
0.910.1841 0.1814 01788 0.1762 0.1736 0.1711 0.1685 0.1660 0.1635 0.1611
LO [ 0.1587 0.1562 0.1539 0.1515 0.1492 0.1469 0.1446 0.1423 0.1401 0.1379
11101357 01335 01314 01292 03271 0.1251 01230 0.1210 0.1190 0.1170
L2 0.1151 0.1131 01112 01093 01075 0.1056 0.1038 0.1020 0.1003 0.0985
1.3 ] 0.09G8 0.0951 0.0931 0.0918 0.0901 0.0885 0.0869 0.0853 0.0838 (0.0823
14100808 0.0793 00778 0.0764 0.0749 0.0735 0.0721 0.0708 0.0694 0.0681
L5 1 0.0668 0.0655 0.0643 0.0630 0.0618 0.0606° 0.0594 0.0582 0.0571 0.0559
L6 | 0.0648 0.0537 0.0526 0.0516 0.0505 0.0495 0.0485 0.0475 0.0465 0.0455
L710.0446 0.0436  0.0427 0.0418  0.0409 0.0401 0.0392 0.0381 0.0375 0.0367
L8 1 0.0359 0.0351 0.0344 0.0336 0.0329 0.0322 0.0314 0.0307 0.0301 0.0204
19100287 0.0281 0.0274 0.0268 0.0262 0.0256 0.0250 0.0244 0.0239 0.0233
2.0 100228 00222 0.0217 0.0212 0.0207 0.0202 0.0197 00192 00188 0.0183
2.1 100179 0.0174 0.0170 0.0166 0.0162 0.0158 0.0154 0.0150 0.0146 0.0143
22100139 0.0136 0.0132 0.0129 0.0125 0.0122 0.0119 0.0116 0.0113 0.0110
2.3 10,0107 0.0104 0.0102 0.009% 0.0096 0.0094 0.0091 0.0089 0.0087 0.0084
24100082 0.0080 0.0078 0.0075 0.0073 0.0071 0.0069 0.0068 0.0066 0.0064
2.5 0.0062 0.0060 0.0059 0.0057 0.0055 0.0054 0.0052 0.0051 0.0019 0.0048
2.6 10,0047 0.0045 0.0044 0.0043 0.0041 0.0040 0.0039 0.0038 0.0037 0.0036
27100035 0.0034 0.0033 0.0032 0.0031 0.0030 0.0029 0.0028 0.0027 0.0026
2.8 100026 0.0025 0.0024 0.0023 0.0023 0.0022 0.0021L 0.0021 0.0020 0.0019
2.91 00019 00018 0.0018 0.0017 0.0016 0.0016 0.00615 0.0045 0.0014 0.0014
3.0 1 0.0013 0.0013 0.0013 0.0012 0.0012 0.0011 0.001L 0.0011 0.0010 0.0010
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t distribution quantiles x* distribution quantiles
Degrees of Upper tail probability Upper tail probability

[reedomn 0.t 005 0025 0.0L 0.005 0.1 (.05 0.025 0.01 G.005
1 3.08 631 1271 31.82 63.66 2.71 3.34 5.02 6.63 7.88
2 1.89 292 430 696 962 4.61 5H.99 7.38 9.21 10.60
3 1.64 235 318 454 hHhad 6.25 7.81 9.35 11.34 12.84
4 1.53 213 278 375 4.60 7.78 9.49 1114 1328  11.86
H 1.48 2.02 257 336  4.03 9.24 11.07 1283 1509  16.75
1§ 1.44 194 245 314 371 10.64 1259 1445 1681  18.55
7 1.41 189 236 300 3.50 1202 1407 1601 1848  20.28
8 140 L.86 231 290 3.36 13.36 1581  17.63  20.09  21.95
9 1.38 183 226 282 325 14.68 16492 1902 2167  23.59
10 137 181 223 276  3.17 15.99 1831 2048 2321 25.19
il 1.36 1.80 220 272 311 1728 19468 2192 2472  26.76
12 1.36 178 218 268  3.05 13,55 2103 2334 2622 28.30
13 1.35 177 216 265 3.01 19.81 2236 2474 2769  29.82
14 135 176 214 262 298 2106 23.68  26.12 2014  31.32
15 1.34 175 213 260 2.95 2231 25.00  27.49 3058  32.80
16 1.34 175 212 258  2.92 23.54  26.30  28.85 32,00  34.27
17 lad 174 211 257 290 2477 2759 30,19 3341 35.72
18 133 173 210 255 288 2599  28.87 3153 3481 3716
19 1.33 173 200 254 286 2720 30.14 3285 3619  38.58
20 133 172 200 253 285 2841 3141 34.17  37.57  40.00
21 1.32 1.72 2.08 252 283 2962 32,67 3548 3893  4l.40
22 1.32 1.72 207 251 282 30.81 3392 36,78 4029 42.80
23 1.32 1.71 207 250 281 3201 3517 3808 4le64 4418
24 L32 171 206 249 280 || 33.20 3642 3936 4298 4556
25 132 171 206 249 279 3138 37.65  40.60 4431 46.93
26 Lal 171 206 248 278 35,56 3889 41.92 45064  48.29
27 1.3l L7 205 247 277 36.74 4011 4319 4696 49.64
25 1.31 1.70 205 247 276 3792 4134 4446 4328 50.99
29 131 1.7 205 246 276 30.09 4256 4572 4950 5234
30 131 170 204 246 275§ 40.26 4377 46,98  50.89 5367
35 1.31 169 203 244 2.72 46.06 49.80  53.20 5734 6027
4{) 130 168 202 242 270 51.81 5576 59.31 63.69 6677
45 1.30 168 200 241 269 5751 6166 6541 6996 7317
50 1.30 1.68 201 240 2.68 63.17 6750  7l42  76.15  79.49
hd L300 167 200 240 267 gr.80 7331 Y738 82.29 857
60 130 167 200 239 266 7440  7D.08 8330 K838 01495
80 129 166 1.99 237 264 96.58  101.88 106.63 112.33 116.32
L0 126 166 198 236 263 | 11850 12434 12056 13581 140.17
120 126 166 198 236 262 || 140.23 14657 152.21 15895 163.65
oc 1.28 164 196 233 258
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