Final Examination December 15, 1999 189-322A /382A

1. (20 marks) Give definitions of contraction mapping, iterated function system, Hausdorff
metric, and explain, giving examples, how an iterated function system gives rise to a
fractal.

2. (20 marks) Describe the Deterministic Fractal Drawing Algorithm and the Randomized
Fractal Drawing Algorithm and explain how and why each one works.

3. (20 marks) Find the fixed points, determine their stability and sketch the phase space for
each of the following:

(a) The discrete dynamical system given by f(z) = 2? —x +1/2.

(b) The continuous dynamical system z' = 1? — 3z + 2.

4. (20 marks) For the system of differential equations
R
y'= 2 —y
(a) find the fixed points and determine their stability.
(b) Show that for 0 < zy =y < 1, there is a solution (z(t),y(t)) satisfying
z(t) = y(t) for all ¢
2(0) =z =yo = y(0)

lim z(t) = Jim y(t) =0

{00 g
tl}gloox(t) - tl}glooy(t) =1

(c) Draw the phase space.

5. (20 marks) A fractal curve is generated as follows:

Write down a corresponding IFS consisting of two maps, and compute the fractal dimen-
sion of the curve in two ways.
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6. (20 marks)

(a) Describe the construction of the Cantor Set C and list its properties.
(b) Define chaos for a discrete dynamical system.

(c) Show that the dynamical system
f(z) = 3zmod 1 z el

is chaotic.
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