Final Examination April 24, 1997 Mathematics 189-319B

MARKS
(17) 1. Solve and interpret physically:
(a) Vip(z,y) =0; O0<z<mm O0<y<m
(i) ¥(2,0) =0, (i) ¥(0,y) =0, (i) ¢(m,y) =0,  (iv) ¢(z,7) = 5.
Leave your answer in simplest form.

0
(b) 8—:{):V2¢; O<z<m O0<y<m, t>0.

(i) 1[)($,0,t) =0, (ii) ¢(0ayat) =0, (iii) ¢(Wayat) =0, (iV) ¢(w,w,t) =5,
(v) ¥(z,y,0) = f(z,y).

(C) V21/}(£B,y) = —F(J?,y).
(i) 1/)(33,0) =0, (ii) 'Qb(an) =0, (iii) d)(ﬂ-ay) =0, (iV) 1[)(33,71') =9.

(11) 2. (a) Find the eigenvalues and eigenfunctions of
2?y" +ay +3y=Ay; y(1) =0, y(2) =0.

(b) Expand f(z), piecewise smooth, in terms of the eigenfunctions of (a).

Leave your answer in simplest form.

(16) 3. Solve and interpret physically:

(a) %—f:g%f; O<z<m t>0.

O ¥OH=0, @) velmt) = Golen] =0 (@) (@0 = flo)
(b) %—f:%+h(m,t); 0<z<m t>0.

O 900 =0, @) walmt) = |FEED] <0 @) (@0 = flo)
() %—‘f — ‘227‘2” + h(z, ).

(i) $(0,) = F(t), (i) o(m,t) = G(¢), (i) ¢(,0) = f(=).
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4. (a) Obtain the general solution of Laplace’s equation in spherical coordinates with
no  dependence, i.e. V2(r,¢) = 0, 0 < ¢ < 7, with 1 finite at ¢ = 0 and
¢ =m.

(b) A sphere of radius “a” centered at the origin is placed in a uniform flow with

speed V, along the z-axis. Find the velocity potential.
Hint: Solve V2¥(r,¢) =0, r >a, 0<¢ <.

(1) {Z—ZZ:] = 0, (ii) lim [¢(r, ¢) — Vprcos @] = 0.

7—>00

5. A sphere of radius b has its surface maintained at a temperature 7y. There is a
constant heat generation at the rate (). The initial temperature is f(r). Find the
temperature at any point inside the sphere after time ¢.

Leave your answer in simplest form.

10
Hints: (a) ¢ = ¢(r,t), (b) ga—?’: — V%) = %
6. Solve and interpret physically:
%—:{) 32715+6m, O<z<l, t>0
: .\ | OY
Ow0.0=3 @) 0] =20 -s, i) b0 = (a)
z=1

Leave your answer in simplest form.
7. Solve and interpret physically:
(a) V2¢9(r,2)=0; 0<r<b 0<z<m.
(i) ¥(r,0) =0, (i) ¥(r,m) = f(r), (i) (b, z) = g(2).
(b) V2¢(r,z) = —F(r,z); 0<r<b, 0<z<m.
(i) #(r,0) =0, (i) ¥(r,m) = f(r), (i) ¥(b, 2) = g(2).

Good Luck!
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