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1. In each of the following ease, translate the statements into propositional
formulas. Decide in each case whether the set of all those formulas is
consistent, justifying both your answers. Use p for “pistachios are perfect”,
q for “quizzes are quiet” and r for “ragweed is riotous”.

{a) (5 marks) If pistachios are perfect and quizzes are quiet, then ragweed-
is riotous. If pistachios are perfect, then either quizzes are quiet or
ragweed is riotous. Pistachios are perfect and ragweed is not riotous.

(b) (5 marks) If pistachios are perfect and quizzes are quiet, then ragweed
is riotous. If pistachios are perfect, then either quizzes are quiet or
ragweed is riotous. Pistachios are not perfect and ragweed is riotous.

2. Suppose that the binary relation & on the nonempty set A is reflexive and
transitive. [We do not assume it is either symmetric or antisymmetric.]

{2) (5 marks) Suppose we define F on A by aEb if and only if a/2h and
bRa. Show that E is an equivalence relation on A,
{b) (5 marks) Prove that, if ' Ea and & Eb, then o Rb if and only if o' RY'.

(¢) (5 marks) As usual, we call the set of equivalence classes 4/F and
use [a] for the class containing a € A. We define a relation R of A/E
by: _

[] R[] if and only if aRb.

Prove that 2 is a partial order of A/E.

3. {10 marks) Suppose that (L1; <1} and {L; <) are lattices such that L N
Ly =0 and T and L are distinct things not in L; U Ls. We let
L=1Ly ULy U{T, L} and define < on L by ‘

a < bif and only if either a =1, or b=T, ore,bc Lianda <1 b, or a,b € Ly and a <2 b.

You don’t need to verify that (L; <) is a lattice, but show that if L, or L
{or both} has at least two elements, then this lattice is not modular.

4. (20 marks, 10 for each part) One of the following statements is a logical
theorem and the other is not. Identify which is which, and give a quasi-
formal proof of the logical theorem; give a structure verifying that the
other is not a logical theorem. f and g are unary function symbols,

VJ:Vy(fga: = foy— 5= y) — V:I)Vy{_f:[.‘ =fy—zxz= y)

Yavy(for = foy —z=y) = VaVylgr =gy — z =y) .
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. (10 marks) We invent a structure M = (M; fM, PM), where f is a unary
function symbol and P is a binary relation symbol as follows.

M= {0:, ﬁ? '7}$ fM(a) = .fM(rB) =7 fM(7) = and PM = {(au 0"): (a17): (ﬁa’?’): (757)}'
De_cide whether or not

M EVzAy(Pzfy A —P fxy).
Justify your answer.

. (15 marks) Give an informal proof from Peano Arithmetic of the following.
You may use anything done in class or on the assignments, but not for
instance the fundamental theorem of arithmetic, since we did not prove
that. Recall we use the abbreviation #(x) for “z is a prime number” and
x|y for “x divides 3.

Vavy¥z((r(z) An(y) Am(z) Az # y) = (= -y)l(z -2 2).

7. (10 marks)' Prove that if & is a limit ordinal, then for any ordinal 4, #+a

is a limit ordinal. {The addition is of course ordinal addition.)

. {10 marks) Give a formula in prenex normal form which is equivalent to
the formula
Yy(Py — Qzy) A —Vz(Pr A JyQry).

Here of course P is a unary predicate symbol, and €} is a binary predicate
symbol. .



