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1. (10 points) If f is a bounded function on [a,b] and P and @ are partitions of [a, b], prove
that there is a partition R of [a, b] such that R satisfies both of the following inequalities:

L(P,[) < L(R,f) and U(R,f)<U(Q,f).

2. (15 points) Let f : [a,b] — R be a bounded function.

(a) Define the oscillation w¢(z) of f at a point z.

(b) Prove that f is continuous at 2, if and only if wy(zo) = 0.

3. (15 points)
(a) Define the concept “set of measure zero” and prove that any subset of a set of
measure zero is a set of measure zero.
(b) State Lebesgue’s Criterion for Riemann integrability.

(c) Let f: [a,b] — [0,00) be an integrable function such that {z € [a,b] | f(z) > 0} is
not a set of measure zero. Prove that [° f > 0.

4. (10 points)

(a) Give an example of a continuous F' : [0,1] — R such that F'(z) exists at all points

z € [0,1] except z = 3.

(b) If I": [0,1] — R is continuous, f : [0,1] — R is integrable, and F(z) = f(z) at all

points = € [0, 1] except = 3 and z = 2, prove that Ji f=F(1) = F(0). (You may

assume the first fundamental theorem of calculus.)

5. (10 points)

(a) Define “open set” and “closed set” in R.

(b) Show that the union of any family of open sets is open and that the intersection of
any family of closed sets is closed.

6. (10 points)

(a) State the Weierstrass M-Test.
(b) Fix 7 > 0 and let D = [r,00). Prove that the function f defined by

f@) = > 2ED e

n=1

is continuous on D.



