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Answer all questions. All questions count equally.

1. Decide if the following statements are true or false.

a) E na, converges —> E a, converges
1 1

(b) f(z) :=sin(1 /z) is Riemann - Darboux integrable on [0, 1]
(c) Suppose f is continous on [1,00) and [ f is finite then f(z) tends zero as n — oo.

2. Justify your conclusions. :
(a) fa(z) := nz(1 — 2?)" for each n,z € [0,1]. Prove that ( fn) converges pointwise but
the convergence is not uniform.
oo
(b) Suppose (ay) is a bounded sequence of real numbers such that Zan diverges.

n=0
o0
Show that Z a,z" has radius of convergence 1.
0
3. (a) Find lim Z by using the definition of Riemann - Darboux integral of an
n—00 kz

appropriate contlnuous function.

(b) Let f : [0,1] — R be continuous. Prove that the Cauchy-Reimann integral
1
f(=z) e
—=——— dx is finite.
V1—z2
4. (a) SupposekP and @) are polynomial functions of degree p and q respectively. Suppose
oo
further that whatever be k € N, Q(k) # 0. Prove that Z:(——l)'c+1 g% is convergent
k=1
if and only if p < gq. ‘

(b) Show that » —1? <2++V2.
. T ns

5. (a) Let K; and K, be two non-void compact subsets of R such that K; N Ky =
Prove that inf{|z — y| : z € K3, y € K,} is > 0.
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(b) Let (f,) be a sequence of continuous functions on R such that V z € [0, 1]',

fn(z) £ fa—1(z) Vn > 2. Suppose Vz € [0,1], f.(z) — 0. Prove that ( fn) converges
to 0 uniformly.

[Hint:Ve > 0, prove that {V,,,} is an open cover of [0,1}if Vi, = {z : fim(z) < €}]

. (a) Define/Explain the following concepts.

(i) dis a metric on a set X

(ii) z, € X and y € X,z, — y in the metric d

(b) Let F be a non-void closed subset of a space X with a metric d and let
p(z, F) = inf{d(z,y) : y € F}.

Prove that p is a continuous function on X such that {z : p(z, F) = 0} = F.

(c) Let F; C X, F;, C X be two disjoint non-void closed subsets of the metric space

plz, Fr) : : :
X, d). Prove that f(z) = is a continuous function X — [0, 1].
*.9) 0= ) + ol B 0.1

(d) Use the f in (c) above and show that there are open sets V; D F; such that
VinV, =0.
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