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MARKS

(9) 1. Consider an entire function f(z) for which =[f 0(z)] = �ey sinx; f(0) = 5 + 3i,
f(�=2) = 2i. Express f(z) as a function of z.

(10) 2. Evaluate Z
C

dz

z(ez � 1)

where C is the circle jz � 3ij = 12.

(12) 3. Evaluate Z
1

0

sin2 x

x2(x2 + 1)
dx :

Justify carefully your conclusions.

4. Find the inverse Laplace transforms of

(9) (a)
e��s

1=2

s
; � > 0. Express your answer in terms of an error function. (See useful

information.)

(11) (b)
1

s3 sinh s
, expressing your answer in real form.

(12) 5. Find the sums of the following series using residues:

(a)

1X
n=1

1

n2 + 4
, (b)

1X
n=1

(�1)n
n2

.

(6) 6. Evaluate

(a)
y

�

Z
1

�1

cos �d�

(x� �)2 + y2
, and (b)

y

�

Z
1

�1

sin �d�

(x� �)2 + y2
.
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(18) 7. (a) Use the Schwarz-Christo�el transformation to determine a function that maps
the region indicated in the w-plane onto the upper half of the z-plane with the
boundary mapped as shown.

(b) Find the potential (steady-state temperature) distribution in the semi-in�nite
slab of 13 units whose boundaries are maintained at the potentials (steady-state
temperatures) indicated.

(c) Show that if f(z) = u(x; y)+ iv(x; y) is an analytic function of a complex variable
then

R[sin�1 f(z)] = sin�1

"p
(u+ 1)2 + v2 �p(u� 1)2 + v2

2

#
:

2



Final Examination December 6, 1996 Mathematics 189-249A

(d) Find the steady-state distribution in the region below.

If z = rei�, express your �nal answer in terms of r and �.

(3) 8. (a) Deduce the complex potential for a uniform line source of strength k at the origin.

(3) (b) Deduce the complex potential for a vortex at the origin with circulation 
.

(7) (c) Obtain the complex potential for 
ow around a long circular cylinder of unit
radius immersed in a 
uid moving uniformly with speed V0 parallel to the x-axis.

Write down the potential function, stream function, stagnation points and sketch
the 
ow pattern.

Useful Information

1.

Z
1

0

e�ax
2

cos bxdx =

r
�

4a
e�b

2=4a; a > 0.

2. cos 2� = 1� 2 sin2 �.

3.

Z
dzp
1� z2

= sin�1 z + C.

4.

Z
dzp
z2 � 1

= cosh�1 z + C.

5. erfx =
2p
�

Z x

0

e�u
2

du.

Good Luck!
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