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1. (a) Let a > 0 and b, = (V> + na — n) for n € N. Show that (b,)
converges and find the limit of (b,).

1
(b) Let 2, = 1, 2p4q1 :=z,, + ox Show that (z,) — co.

(c) Suppose a, € R and a, — 0. Let b, = Gt tan show that
n
(bn) converges to 0 [Hint: Given fore > 0, choose a k such that
n k n
laj| < %for allj > k. Write Zaj = Zaj +Zaj. ]
1 1 k+1

2. Decide if the following statements are true or false. Justify your con-
clusion in each case.

(a) flz) =

tion on R.

sinz

;Z # 0 and f(0) =1 is a uniformly continuous func-

(b) There exists a function ¢ : R — R, continuous at 0 and discontin-
uous at 1 and verifies g(x + y) = g(z) g(y) for all z,y € R.

(c) (zx)is abounded sequence of real numbers and Un = max(zy, - ,Ty),
then (y,) converges to sup(z,).

3. (a) (i) State the Bolzano-Weierstrass theorem.
(ii) Suppose z, € R. Show that either there exists a subsequence

of z,, that converges to a real number or there exists a subsequence
that tends to +oo or —oo.

(b) (i) Define the derivative of ¢ € I of a function defined on an in-
terval I (assume c is not an end point)

(ii) Suppose f : R — R is differentiable at ¢ and that f(e) =0.
Show g(z) := |f(z)| is differentiable at ¢ if and only if f’ (¢) =0.
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4. (a) State the Min-Max Theorem and Bolzano’s Intermediate Value
Theorem.

(b) Suppose f is a continuous function on [0,1] such that £(0) < f(1)
and suppose further that f does not take on any of its values more
than once. Show that f is strictly increasing.

5. (a) State Rolle’s Theorem.

(b) Let g(z) = 2" + ax + b where a,b € R. Prove that q has at the
most (i) two distinct real roots if n is even and (ii) three distinct
real roots if n is odd. ‘

6. (a) State the Mean Value Theorem.

(b) Let f be continuous on |z — ¢| < a and differentiable on
0 < |z —c| < a. Suppose that lim f'(z) exists and equals [. Prove
r—c

that f is differentiable at ¢ and f(c) = I.



