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1. (a) Define “z, € R and (z,) converges to a € R”.

(b) Let z, = v/n+ 1 — /n. Prove that (z,) converges and also the sequence
Yn = /N X, converges. Find the limit in each of the above two cases.

2. (a) Define what is meant by a Cauchy sequence.
(b) Prove that every Cauchy sequence is bounded.
(c) Give an example of a bounded sequence which is not Cauchy.

(d) Suppose z,, > 0 for each n € N. Suppose also that (m,ll/n) converges to L < 1.

Show that z, — 0.

3. (a) State the Bolzano-Weierstrass Theorem.
(b) Suppose f : (0,1) — R is a bounded function such that lir% f(z) DOES NOT
T

EXIST. Show that there are two sequences (x,), (y,) in (0,1) such that
lim z,, = 0 = limy,, such that lim f(z,) and lim f(y,) exist but are not equal.

4. (a) State the Intermediate Value Theorem.

(b) Suppose f : [a,b] — [a,b] is continuous. Prove that there exists at least one
z € [a,b] such that f(z) = z.
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(a)
(b)

Define what is meant by “f : A — R is uniformly continuous”.

suppose f : A — R is uniformly continuous. Prove that if x, is a Cauchy se-
quence in A then (f(z,)) is a Cauchy sequence.

Suppose f : (a,b) — R is uniformly continuous. Prove that f is bounded on (a, b).

Define what is meant by the derivative of a function f at a point ¢ € I, where f
is defined on the interval I.

State the Mean Value Theorem.

Suppose f : [a,b] — R is differentiable such that the derivative f’ is continuous
on [a,b]. Show that, for every ¢ > 0, there exists a § < 0 such that for all z,y iu
[a,b] with 0 <| x — y |< § we have

flz) = ()

T =y

- f'(z)] <e



