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(a) Define f:I — R is a continuous function where I is an interval.

(b) Suppose f : [a,b] — R is continuous and is such that f(z) is never rational for any
x € [a,b]. If f(a) = /2, find f(b). Justify.

(c) If f and g are both continuous defined on the same interval I C R.
Let A={z: f(x) =g(x)}. f z, € A and z,, - t € I, show that ¢t € A.

2. (a) Let A and B two sets that are bounded above. Prove that C = {z+y:2 € A,y € B}
is also bounded above. Further show that

sup C' = sup A + sup B.

1 m
(b) Let S={z:z= (—§> - %, n,m € N}. Find the sup and inf of S.

3. Consider the polynomial p(x) = 2® — 7z + 4. Construct a suitable contractive sequence
and deduce that there is a solution of p(z) =0 in (0, 1).

4. (a) Define “f : A — R is uniformly continuous”.

(b) Let ACR, f: A — R be uniformly continuous. If (z,) is a Cauchy sequence with
x, € A, prove that (f(x,)) is Cauchy.

(c) If f: A — Ris uniformly continuous and in addition, A C R is a bounded set, show
that f is bounded.

5. (a) State the Mean Value Theorem.

(b) Suppose f: R — R has a derivative at all points and that f(c) = 0 for some ¢ € R.
Show that g(z) = | f(z)| has a derivative at ¢ if and only if f'(c) = 0.

(c) Let f:[0,1] — R be continuous on [0, 1] and differentiable on (0,1). If f(0) = 0 and
f" is decreasing on (0,1), prove that

I

TZf’(x)f0r0<x<1and

ii. the function g : (0,1) — R defined by g(z) =

is decreasing on (0,1).

f(z)
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State the Bolzano-Weierstrasse Theorem.

Suppose A C R, prove that either A is bounded below or there exists a sequence
(n), Tn € A, such that limz, = —o0.

Let f : [a,b] — R be continuous. Assume that such a function is bounded. Prove
that f attains its sup and inf in [a, b].

State the Location of Roots Theorem.

Suppose p(x) = aomz®™ + agm_12*™ ' + -+ + a1 + ao for some m € N (i.e. a
polynomial function of even degree) such that (as;,)(ag) < 0. Show that there are
at least two values 1,1, € R such that p(t;) = 0 = p(t2).

(Hint First consider the case when ay,, > 0.)
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