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6.

(a) Define the concepts ‘(a,) converges to a’ and ‘(b,) tends to oo’.

(b) Let 0 < a < b < c. Prove that ([a® + b" + ¢*]}/™) converges to c.

(c) Suppose z, > 0 for all n and that ((—1)"z,) converges. Prove that (z,) converges.

(a) Let (a,) be a monotone increasing sequence. Prove that either (a,) converges to
a € R or (a,) tends to co.

(b) Let (a,) be an increasing sequence which converges to a. Define
1
b, = E[al-}-az-l----—l—an]

for all n € N. Prove that (b,) is increasing and converges to a.

(a) State the Mean Value Theorem.

(b) If f is differentiable on an interval I and f’ is bounded, prove that f satisfies a
Lipschitz condition and hence that f is also uniformly continuous on I.

(c) Hence or otherwise prove that z — sinz is uniformly continuous on R.

(d) Let f be a monotone function on [a,b] such that f satisfies the intermediate value
property. Show that f is continuous.

. A differentiable function f : I — R (where I := [a, b]) is said to be uniformly differentiable

f(z) = f(y)

— f'(z)| < € whenever
=Y

if for every € > 0 there exists a 6 > 0, such that

|zr —y| < d and z,y € I.
Prove that f is uniformly differentiable if and only if f’ is continuous on I.
(a) Suppose f is uniformly continuous on [a,b] and on [b, c|. Prove that f is uniformly
continuous on [a, c|.

(b) Let f: A — R be uniformly continuous and further for every z € A,

1
|f(z)| > k > 0. Prove that — is uniformly continuous on A.

1
(c) Give an example of a uniformly continuous function f such that — is not uniformly
continuous.
(a) Let I be an interval and f : I — R continuous. Further, let |f(z)| > 0 for all z € I.
Prove that either f(z) > 0 for all z € I or f(z) <0 for all z € I.
(b) Let p(z) := z* + az® + bz? + cz + 1. Show that lim p(z) = oo. Hence, prove that

there exists a zy € R such that p(zo) = Inf. {p(z) : € R}.
[Hint: Find a L such that |z| > L = p(z) > 2 and note that p(0) = 1].
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