Final Examination December 10, 1996 Mathematics 189-242A

1. (a) Define what is meant by a bounded sequence, a convergent sequence, a monotone
sequence. Prove that a convergent sequence is bounded. Give an example to
show that a bounded sequence need not be convergent.

(b) If (a,) is a convergent sequence, (b,) a bounded sequence and lim(a,) = 0, show
that (anby) is convergent and lim(a,b,) = 0.
2. (a) If S is a bounded nonempty set in R, show that the set S’ = {z : —z € S} is

bounded, and determine its bounds in terms of the bounds of S.

(b) Let A and B be bounded nonempty subsets of R, and let
A+B={a+b:a€ A, be B}. Prove that sup(A + B) = sup A + sup B.
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3. (a) Ifa, = ——+ ...+ —, for all n € N, show that = < a,, <1 for all n; show
n+1 2n 2

further that (a,) converges.

(b) If ap, = v/n+1—4/n for all n € N, show that (a,) and (y/na,) both converge.

4. (a) Let f :[a,b] — R be continuous. Prove that f attains an absolute maximum on

[a,b].
(b) Suppose that f : (a,b) — R is continuous and let

lim f(z) = lim f(z)=0.

z—a+ z—b—

It f<a—2|-b
c € (a,b).

) > 0 prove that f attains an absolute maximum at some point

5. Define what is meant by the statement that a function f is uniformly continuous on

an interval. State a theorem on the uniform continuity of a continuous function on

a bounded closed interval. Show that a function f can be uniformly continuous on

every bounded interval and yet not be uniformly continuous on R. Show however that

if in addition lim f(z), lim f(x) both exist and are finite, then f is uniformly
x—+00 T——00

continuous on R.

6. State the Mean-Value Theorem. )
Let f be a differentiable function in R with |f'(z)| < 2 for all z € R. Prove that for
any z,y € R
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