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Problem 1.[10 MARKS] Find bases for the row, column and null spaces of the
following matrix

11 2 01
2 2 50 3
A=10 0 0 1 3
8 11 19 0 11

Problem 2. Let V be the subspace of R* spanned by

1 1 0
S0l s ol o _|o
‘1 1 y U2 O!J 1

1 1 0

Let W = V* be the orthogonal complement of V.
(a) [4 MARKS] Find an orthogonal basis for W
(b) [6 MARKS] Let T be the orthogonal projection onto W. Find the matrix of 7'

using the basis in part (a).

Problem 3. Let P; be the space of polynomials of degree at most 2. Suppose that

A=1| -1 2 -1

is the matrix for a linear transformation T : P, — P, with respect to the basis
B = {p1(z),p2(x),p3(x)} of Py, where pi(z) =1+, po(z) = 1+ 22, and p3(z) = = + 2

(a) [4 MARKS] Find [T'(p1)]ws, [T(p2)]e, and [T(p3)]s.
(b) [4 MARKS] Find T'(p1), T(p2), and T(ps3).
(c) [6 MARKS] Find the standard matrix of 7" with respect to the basis A = {1, z, z*}.

Problem 4.[10 MARKS] Find the least-squares solution Z* of the system

B 11 B 2
A =0, whereA= |1 0| andb=| 2
01 2

Determine the error ||b — AZ*||.
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Problem 5. Let V = C|[0, 1] be the vector space of continuous functions on the interval
[0,1]. For f,gin V let

() = [ (-7 @)t
0 :
(a) [4 MARKS] Show that (.,.) defines an inner product on V.

(b) [6 MARKS]| Let W be the subspace of V spanned by f; =1 and f; =1t for ¢ in
[0,1]. Compute the matrix A = [a;;], 1 <4,j < 2, where a; = (fi, f;).

(c) [6 MARKS] Find an orthonormal basis of W.-

Problem 6.[8 MARKS]| Compute the determinant of the matrix

a b c
A= a4z b4+z ct+z
at+y b+y ¢

¢
where a, b, ¢,  and y are real numbers.

A=15 5]

where 4 stands for the imaginary unit, i.e, 32 = —1.

Problem 7. Let

(a) [4 MARKS] Determine all eigenvalues of the matrix A.
(b) [4 MARKS] Find a non-singular matrix P such that P~1AP is a diagonal matrix.

(c) [6 MARKS] Give a general formula for A", where n is a positive integer.

Problem 8. Suppose that A is an orthogonal matrix with real entries. Show that
(a) [4 MARKS] A™! is an orthogonal matrix.
(b) [4 MARKS] det(A) = +1.



