Final Examination Friday, 5 December 2003 Mathematics MATH139

1. (9 marks) Find the following limits. You may use L’Hospital’s Rule, when appropri-
ate, if you wish.
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(C) zi{I—13 $2 + 4x + 3

2. (9 marks) Find the derivative of each of the following functions

5
(a) f(z) =227% —27° (b) f(x)

X

=371 (c) f(x) = 2 In(x3 + 5)

3. (9 marks) Find the derivative of each of the following functions

(a) f(x) = arcsin(z~2) (b) f(z) = e’ (c) f(z) = In(1 + (cos x)?)

4. (10 marks) Find all horizontal and vertical asymptotes of the graph of

z* +5

fo) = 7 s

For each asymptote that you have found, justify your answer by writing down a limit
which implies the existence of the asymptote.

5. (10 marks) Find the equation of the line tangent to the curve
3z° +ay® +2y* =4

at the point (z,y) = (1, —1).
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6.

(i) (3 marks) Find all critical points of the function f(x) = cos(z) + (x — ) sin(x)
in the interval 0 < z < 3.

(ii) (4 marks) Classify each such point as a local minimum, a local maximum or
some other kind of critical point.

(iii) (3 marks) Find the absolute maximum value of the function z — f(x) on the
interval 0 < z < 3.

(i) (4 marks) Find the first derivative and second derivative of the function
f(z) = (2* — 2 + 22 — 2)e”.

(ii) (3 marks) Determine where the function is increasing and decreasing.
(iii) (3 marks) Determine where the function is concave up and concave down.

(10 marks) When a spherical tank of radius a feet is filled with water to a depth of =

1
feet, the volume of water that it contains is §7T$2(3a — ) cubic feet (for 0 < z < 2a).

If the tank has radius 5 feet and is being drained at a constant rate of 3 cubic feet per
minute, how fast is the water level declining when the depth of water in the tank is 2
feet. Give your answer in feet per minute.

(10 marks) A lamp emitting light equally in all directions is mounted on a vertical
track above a horizontal bench. The degree of illumination of a tiny piece of paper
lying flat on the bench is proportional to » =2 sin(f) where r is the distance between
the lamp and the piece of paper and 6 is the angle between the path of the light and
the surface of the bench. If the piece of paper is at a horizontal distance of one metre
from the track, how high above the bench should the light be positioned in order to
illuminate the paper to the greatest degree. You should assume that the only light to
reach the paper comes directly from the lamp.
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